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GPS is rapidly maturing into a 
system that provides position-
ing information to wide range 

of civil users. This phenomenon is driving 
both the rapid growth of location-based 
applications and the development of re-
ceiver technology targeting the needs of 
a true mass market. These receivers, de-
signed to operate reliably under adverse 
conditions and in different environments, 
are typically based on miniaturized, low-
cost modules. They are commonly re-
stricted to modest accuracy (meter range) 
and low navigation update rates (1 hertz, 
or a few Hz at most). 

Using primarily L1 code ranges for 
onboard navigation, some receivers also 
provide raw measurement data sampled 
at up to 10 Hz and additionally contain-
ing L1 carrier-phase ranges. The qual-
ity of the latter is usually sufficient to 
successfully apply relative phase-based 
processing techniques such as real-time 
kinematic (RTK) positioning. With such 
an approach, centimeter-level accuracy, 
as required for certain scientific applica-
tions, becomes possible with mass-market 
receivers. However, RTK requires the use 
of a base or reference receiver, typically 
within a range of 10 to 20 kilometers. 
Moreover, some kind of static or dynamic 
initialization is required in order to solve 
for phase ambiguities.

Instantaneous ambiguity resolution can 
only be accomplished under exception-
ally good conditions. Besides complicat-
ing the measurement set-up and the data 
processing, these constraints can prohibit 
the application of phase-based differen-
tial techniques in certain situations. In 
response to these challenges, we have 
investigated an approach for achieving 
high-accuracy positions based on mea-
surement time differences from a single 
low-cost receiver.

The idea of time differences is to ex-
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Let’s review. Most radio signals consist of a carrier wave that is  
modulated in some way. This includes the GPS satellite signals. The  
pseudorandom-noise ranging codes and the navigation message are  
modulated onto the L-band carriers using binary biphase modulation.  
A GPS receiver uses the ranging codes to determine its distance from  
multiple satellites and then, through the process of multilateration, its  
position. But what about the carrier phase? Is it just a means to convey 
the ranging codes and navigation message? Definitely not.

A GPS receiver determines its velocity as well as its position and it does 
this not by differencing sequential code-based positions, which would not 

be very accurate, but rather by measuring 
the Doppler shift of the received carrier.

But the carrier can be used in other ways 
too. In fact, it can be used for determin-
ing positions, just like the code, but with 
much higher precision. Over 20 years ago, 
surveyors and geodesists devised ways to 
make use of recorded measurements of 
the phase of the received carriers to deter-
mine accurate relative positions between 
a roving receiver and a base or reference 
receiver at a known location. The technique 
was enhanced over the years, evolving into 
an approach known as RTK or real-time 
kinematic positioning. As its name sug-
gests, RTK is usually employed in real time 

using auxiliary radio communications (often cell-phone-based) between 
the base and rover receivers. However, RTK-style positioning can also be 
used to postprocess collected data, achieving the same high-accuracy 
standards. But one of the difficulties with the RTK approach is resolving 
the so-called carrier-phase ambiguities. One cycle of the carrier looks just 
like the next, so how can you determine the exact number of cycles in the 
carrier between the satellite’s antenna and the receiver’s antenna? Well, it 
can be done, but even with increasingly sophisticated techniques, there is 
a limit to how far away a rover can be from the base station.

Isn’t there a way to get rid of the integer ambiguity problem? There 
is. If you time-difference sequential carrier-phase measurements, the 
ambiguity actually disappears! As we’ll see in this month’s column, you 
can determine accurate relative positions using time-differenced carrier-
phase measurements. But there are some caveats. Read on.

If you time-difference 

phase measurements,  

the ambiguity disappears.
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pand the concept of differential GPS to the time domain. The 
use of time differences overcomes the need for a base receiver or 
any initialization process, while still providing decimeter and even 
sub-decimeter precision when postprocessing data from low-cost 
receivers. Solely using phase measurements, the method does not 
use any smoothing or filtering, which could cause hard-to-resolve 
effects in the resulting solution. However, these advantages do not 
come for free as the accuracy of a time-difference-based solution 
inevitably degrades with time (that is, the length of the data-col-
lection time span). Nevertheless, the use of external correction 
data does allow for precise processing of parts of a platform’s 
trajectory for up to several minutes at a time.

The time-difference GPS postprocessing technique is currently 
implemented at the Institute of Flight System Dynamics at the 
Technical University of Munich, where it is used for the precise 
evaluation of flight-path sections and individual maneuvers such 
as take-off, flare-out, landing, and dynamic soaring cycles, to gain 
insight into the flight-mechanics characteristics of the observed 
aircraft. Because our research is also focused on the flight charac-
teristics of miniaturized aerial vehicles and even birds, the sensor 
used must be fully self-contained, small, and lightweight. The 
maximum size should be 150 × 100 × 20 millimeters and the 
weight must not exceed 100 grams, including the data logger and 
power supply, which should last for 70 hours. These specifications 
can be met using one of the recently developed single-frequency 
GPS receiver modules. As the nature of the intended applications 
requires high precision without having to worry about any kind of 
initialization pattern or operating a second nearby receiver, time 
differences are used. By postprocessing the kinematic phase mea-
surements in time-difference mode, we can achieve the desired 
results. To validate our approach, we use RTK solutions generated 
by the Department of Earth Observation and Space Systems at 
Delft University of Technology (TU Delft). An RTK solution uses 
both L1 phase and code measurements and is based on resolving 
the integer ambiguities by means of the LAMBDA method.

The Concept
The basic problem when working with GPS phase data is the 
unknown cycle ambiguity in all range measurements. The ben-
efit of any time-difference-based approach is the possibility 
of simply canceling these parameters while obviating the need 
for a second receiver and dedicated statistical methods for 
ambiguity estimation.

The Observable. An ideal phase range measurement can be 
modeled as follows:

with the (true) geometric range, , between receiver and sat-
ellite (in meters); the vacuum speed of light,  (in meters per 
second); the receiver clock offset with respect to GPS System 
Time,  (in seconds); the L1 carrier wavelength (  = 0.1903 
meters); and the (non-integer) ambiguity  (in cycles). Note 
that  is not a function of time, , assuming that phase lock is 
maintained to the observed satellite; it has a constant value since 

signal lock-on. Differencing across two epochs,  and , yields 

. 

With  denoting the time-difference operator, one obtains 

where the ambiguity has been canceled!
Applications. The advantage of canceling ambiguities is the 

basis of various applications using time differences in different 
ways. For example, time-differenced double differences (so called 
triple differences across two receivers, two satellites, and two obser-
vation epochs) can be used for carrier-phase cycle-slip detection. 
Such observables can also be used for computing a precise baseline 
between a base or reference receiver and a roving receiver, provided 
that there are at least seven satellites in view (if only phase data 
is used). In tightly coupled GPS/INS systems, triple differences 
can support the dynamics estimation for attitude computation. 
In a similar context, carrier phases directly differenced between 
sequential epochs can be used instead of the noisier delta-range 
measurements to improve attitude information without the need 
for a base station. Time differences have been used in stand-alone 
GPS applications to process static data for gun-laying. This ap-
proach, enhanced by a loop-misclosure procedure, can also be 
applied to static measurements from civil receivers.

Kinematic Time Differences. Using time differences for pro-
cessing kinematic data is an unconventional approach, which 
emerged from the need for a high-quality but low-effort navigation 
solution. The model of time-differenced phase ranges, , is a 
function of receiver position and clock bias at the base epoch,  , 
and the current time, . Assuming the position and time bias at 
the base epoch to be known, one can solve  if mea-
surements, , to at least four satellites continuously tracked 
between  and  are available. These equations are linearized and 
solved iteratively via a least-squares estimator in a similar manner 
as that for standard single-point positioning. The resulting solu-
tion is the baseline vector pointing from the position of the receiver 
at the base epoch,  , to its location at the current time, .

For transforming this basic approach into a tool for successful 
data processing, several real-world effects have to be accounted 
for. The measured phase ranges are inevitably afflicted with non-
modeled, remaining errors caused by the “usual suspects” in GPS 
navigation: receiver-independent atmospheric delays, satellite 
clock and ephemeris errors, and receiver-dependent multipath 
and measurement noise. The receiver-independent errors cancel 
completely in the very first moment of processing but start to 
grow with increasing time spans, . This slow drift directly de-
grades the solution and is the limiting factor when working with 
time differences. Increasing the temporal correlation of the non-
modeled errors is the only way to compensate for this effect.

In addition, a “geometric” error affecting the quality of the 
relative solution is caused by an offset of the base position at  
from the true location. To keep this error acceptably small, the 
base position has to be determined within an absolute accuracy 
of a few meters. For these reasons, a way to monitor the quality 
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of the final solution is required for aborting processing when the 
expected precision exceeds a user-defined threshold. Ambiguities 
are assumed to be time-invariant during calculations. However, 
this is only true provided there is constant phase lock during . 
Cycle slips are discontinuities in the phase measurements caused 
by a temporary loss-of-lock in the carrier-tracking loop. Hence, 
the detection and exclusion of such slips and other outliers has 
to be ensured when working with time differences.

FIGURE 1 illustrates the algorithm chosen to meet the above-
mentioned concerns. At the beginning of the trajectory section 
to be analyzed, a starting point at  is determined via code-
based single-point processing. The position of this point is ac-
curate only to within a few meters and therefore offset by  from 
the true track (grey line). All subsequent epochs, , are processed 
with respect to  using time differences and the resulting track 
(black line) is precise relative to this starting point. If maneuvers 
causing loss-of-lock on too many satellites are performed (like 
the Immelmann loop aerobatic maneuver shown by the dashed 
red line), processing has to be aborted. A new base position at  
can be imported from the single-point solution right after the 
maneuver (no re-initialization) and processing can be continued 
relative to the new base epoch. Such an event will inevitably 
cause a gap in the resulting trajectory. In the example, the solu-
tion fails again between the base epoch, , and the current 
time, . However, this time there are enough healthy satellites 
observed at  and  to calculate the baseline between these two 
points (referred to as an inter-epoch solution later in this article). 
A base-epoch handover preventing a gap in the solution can be 
realized and processing is hereupon continued to .

Quality of Results. Integrity and precision monitoring is real-
ized through residual analysis. The (unbiased) residuals, , are the 
differences between the observed time-differenced phase ranges 
and the estimated ones; that is, the ranges dropping out from 
the last iteration step of the non-linear least-squares procedure. 
For more than four used satellites, the variance of the measure-
ments, , can be estimated from an analysis of the residuals 
according to

 
where  is the number of observed satellites. The Jacobian needed 
for linearizing the navigation equations is constructed using the 
line-of-sight unit vectors as in the single-point processing proce-
dure. Therefore, the known concept of position dilution of preci-
sion (PDOP) can be applied to estimate the precision of the 
resulting baseline between  and :

Using this metric, the expected precision of the solution can be 
monitored at any time. The quality estimation is made less trans-
parent in the case of a base-epoch handover, as the residual level 
drops down close to zero for such events. For this reason, hando-
vers should be handled with care! Cycle slips or outliers increase 

the size of the residuals — which can, in principle, be used as a 
flag for detecting such bad measurements. As error drift raises 
the residual level over time, outliers run the risk of being buried 
by systematic errors. However, the residual level for a solution 
between subsequent epochs is very low as error drift has virtually 
no effect over small time intervals. The time-difference approach 
permits us to use the inter-epoch residual time history for outlier 
detection and classification. We are currently developing an al-
gorithm to automate this process.

Practical Validation
We will illustrate both the potential and the limitations of the 
time-difference approach using data gathered by a single-fre-
quency receiver module during one static and two dynamic 
experiments. The receiver module has a footprint of 25 × 25 milli-
meters and a mass of 3 grams. For the tests, we used an evaluation 
kit offered by the manufacturer with an active 25 × 25 millimeter 
patch antenna. An RTK solution generated by TU Delft served 
as a reference for the dynamic tests.

Static Test. A static test was performed on July 17, 2007, at the 

Å FIGURE 1 Basic principle of time differences.

Å FIGURE 2 Static test 3D error: (1) best solution, (1.1) uncer-
tainty estimate of best solution, (2) best solution with handover, 
(2.1) uncertainty estimate of best solution with handover, (3) no 
high-rate clocks, (4) broadcast ephemeris, (5) no ionospheric cor-
rection, (6) no tropospheric correction.

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

3D
of

fs
et

(m
et

er
s)

0 2 4 6 8 10
0

0.5

1.0

1.5

Time (minutes)

3D
of

fs
et

(m
et

er
s)

(1)
(1.1)
(2)
(2.1)
(3)
(4)

(5)
(6)



www.gpsworld.com	 May 2008  |  GPS World 51

airfield of Oberpfaffenhofen, Germany. To attenuate the effect of 
drifting errors, we applied various corrections when processing 
the data: signal propagation delays caused by the troposphere 
were ameliorated using the UNB3 model developed at the Uni-
versity of New Brunswick. The model features three surface pa-
rameters (temperature, total pressure, and water vapor pressure) 
in conjunction with expressions to describe their change with 
altitude. No external meteorological data are required for mod-
eling. We accounted for ionospheric phase advances by a thin 
layer model. Here, the total electron content (TEC) is extracted 
from ionospheric correction maps provided by the International 
GNSS Service (IGS) with a latency of approximately eight days. 
For obtaining improved satellite positions and clock corrections, 
we used final ephemeris products in conjunction with 30-second 
sampled satellite clocks — both provided by the Center for Orbit 
Determination in Europe (CODE), also provided with a latency 
of approximately eight days. More detailed information concern-
ing the correction methods can be found in our research paper 
listed in “Further Reading.”

At the beginning of the test, eight satellites were used yield-
ing a PDOP of 1.4. After 140 seconds, PRN27 drops below the 
elevation mask angle of 10 degrees causing the PDOP to increase 
to 1.6. FIGURE 2 illustrates the 3D offset of the resulting solution 
from the reference trajectory. Line (1) shows the best solution 
calculated using all corrections mentioned above. The drift of the 
remaining errors is slow and the error stays within 11 centime-
ters during 10 minutes of processed data. This result agrees well 
with the estimate of the 3D error shown by line (1.1). Line (2) 
represents the same solution with a base-epoch handover artifi-
cially triggered after 5 minutes. While the final result is virtually 
unaffected by this event, the estimate of the error, line (2.1), is. 
The estimate is reset to zero when changing the base epoch. Omit-
ting the 30-second sampled clock corrections, line (3), or using 
broadcast instead of precise ephemerides, line (4), significantly 
degrades the solution. Here, the use of clock corrections is even 
more important than the application of precise orbits. Omitting 
ionospheric, line (5), or tropospheric, line (6), models while using 
all other corrections causes a strongly increased error drift which 
significantly reduces the time span with good precision. The drop-
out of PRN27 causes steps in all solutions not using high-rate 
clock solutions. Even though this effect demands further investi-
gation, it is clear that using good satellite-clock corrections when 
performing time-relative data processing is very important.

The evaluation of a single test can only provide a first impres-
sion. It is not sufficient for making general statements concern-
ing the precision of the time-difference approach or the effect of 
error-correction models. A strict statistical evaluation is missing. 
However, the coincidence of the estimate of the error and the true 
offset of the solution helps us to judge the quality of future tests 
in the absence of a reference trajectory.

Vehicle Test. The trajectory of a vehicle test performed 
through open fields on February 14, 2007, with a measurement 
rate of 10 Hz is illustrated in FIGURE 3. For validation purposes 
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only, we installed a second receiver nearby to serve as a base sta-
tion, and a static initialization period of about 15 minutes was 
provided to enable RTK processing. Seven satellites above an ele-
vation mask angle of 10 degrees with a PDOP of 2.1 were tracked 
during 170 seconds of driving. The time-difference solution was 
obtained using all of the above-mentioned corrections. Its offset 
from the reference RTK solution stays below 8 centimeters dur-
ing the whole processing interval (see the black line in FIGURE 4). 
As with the static test, this result coincides well with the estimate 
of the 3D error (see the grey line in the figure).

Flight test. We performed a flight test on July 17, 2007, start-
ing from the airfield in Oberpfaffenhofen, Germany. The GPS 
antenna was mounted on the top of the cockpit of the Institute 
of Flight System Dynamics’ research aircraft (see photo).

As for the vehicle test, a base receiver was mounted nearby (the 
one used for the static test previously described) and a static initial-
ization period was provided for generating a reference trajectory. 
Several dynamic maneuvers with bank angles of up to 70 degrees 
were performed during the 47-minute flight (see FIGURE 5).

Because of the high dynamics, the recorded phase measure-
ments are afflicted with numerous outliers and cycle slips. These 
errors were detected, identified, and adapted at TU Delft through 
successful calculation of an RTK solution for the flight. Here, 
final precise orbits, Saastamoinen a priori tropospheric correc-

tions, and Kalman filtering with constant ambiguities (assuming 
no cycle slips occur) were used to process the data with an eleva-
tion cutoff angle of 15 degrees. (The 4-Hz sampled data were 
processed at 1 Hz for reasons beyond the scope of this article.) 
Correct ambiguities were obtained after 9 minutes of static ini-
tialization. A standard deviation of 1 centimeter was assumed for 
the undifferenced phase measurements (compared to 1 meter for 
the code ranges) taken by the low-cost receiver.

Two representative sections of the flight path were processed 
with the time-difference method (marked in magenta in Fig-
ure 5). Again, high-rate clock corrections in conjunction with 

Å FIGURE 6 Flight test/take-off: 3D trajectory color-coded with PDOP.
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Å PHOTO Research aircraft of the Institute of Flight System Dynamics.

Å FIGURE 4 Vehicle test: 3D offset of the time-difference solution 
from the RTK solution with error estimation.
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Å FIGURE 3 Vehicle test: 2D trajectory in local topocentric coordinates.
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Å FIGURE 5 Flight test: Overall trajectory (visualized using Google Earth).
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precise ephemerides and tropospheric and ionospheric correc-
tions were used to process the cycle-slip-and-outlier-corrected 
data. FIGURE 6 shows the resulting 3D trajectory for taxi and take-

off in local topocentric coordinates, color-coded with PDOP val-
ues. With the number of used satellites dropping from six to five 
after 116 seconds, PDOP rises from 2.0 to 2.25. This moderate 
increase only marginally affects precision itself but has a negative 
impact on its estimation.

The 3D offset between the time-difference solution and the 
RTK solution stays within 2 decimeters during 3 minutes and 
20 seconds of processing (see black line in FIGURE 7). During the 
first 170 seconds, the estimate of the error (grey line) agrees well 
with the observed offset. This is not true for the last 30 seconds. 
Here, the residual level drops to low values, which directly af-
fects the precision estimate. Even though the true trajectory is 
not known, this effect is most likely caused by the low number 
of used satellites, which impedes the proper estimation of the 
measurement variance in this case.

A second section, as depicted in FIGURE 8, was processed 
with time differences. Here, a dynamic soaring-like maneuver 
was flown with a bank angle of approximately 50 degrees in an 
upward curve. This trajectory caused the number of used satel-
lites to drop from six to five after 12 seconds and a base-epoch 
handover after 16 seconds. PDOP values rose from 2.1 to 2.85 
after 12 seconds. Following the base handover, the geometry of 
the visible constellation remained poor with only five satellites 
available (PDOP of 7.1).

Due to the adverse visibility conditions, measuring the de-
scribed maneuver is difficult and the time span which can be 
processed with satisfactory precision is limited to half a minute. 
The low number of used satellites and the base-epoch hando-
ver after 16 seconds (error estimate drops to zero) reduce the 
reliability of the error estimation. This is confirmed by the grey 
line in FIGURE 9. In this case, the error estimate is very unsteady 
and too pessimistic — a result which can only be confirmed by 
comparison with a reference. During the considered time-span, 
the RTK and time-difference solutions coincide with less than a 
2 decimeter offset (see black line in Figure 9).

Conclusions
The time-difference approach is a true L1-only phase-observa-
tion processing method for measuring kinematic trajectories. 
Only one, low-cost, single-frequency GPS receiver is required to 
obtain decimeter or sub-decimeter precision relative to a start-
ing point for trajectory sections lasting up to several minutes. 
The temporal limitation represents the main downside of the ap-
proach. Further, one has to be aware that phase-data observables 
are very sensitive to signal obstruction and antenna tilting. This 
is a disadvantage faced by every type of phase-based processing. 
The user must always be aware of what he or she is actually doing 
with the receiver. However, no additional effort such as initializa-
tion, implementing a nearby base station, surveying a reference 
point, or making use of a satellite- or ground-based augmentation 
system is required for the time-difference method.

The technique permits trajectory determination virtually 

Å FIGURE 9 Flight test/take-off: 3D offset of the time-difference 
solution from the RTK solution with error estimation.
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Å FIGURE 7 Flight test/take-off: 3D offset of the time-difference 
solution from the RTK solution with error estimation.
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Å FIGURE 8 Flight test/dynamic curve: 3D trajectory color-coded 
with PDOP.
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anywhere and anytime. For successful ap-
plication, the use of error-correction data 
is the key. A static test showed that besides 
atmospheric compensation models, the 
use of precise, 30-second-sampled satel-
lite-clock-correction products is very help-
ful. The required data are available free of 
charge but only after a latency of several 
days, which currently prevents real-time 
application of the technique. The valida-
tion of data from a vehicle test under good 
GPS conditions with an RTK solution 
showed that the precision obtained with 
static data can be maintained when work-
ing with kinematic data. Furthermore, 
the possibility for monitoring the varying 
precision of the solution has been pointed 
out. The time-difference method has been 
developed for flight-data processing. The 
validation of two flight-path sections with 
an RTK reference solution with successful 
ambiguity resolution showed that preci-
sion expectations were achieved.

New software and hardware develop-
ments have spawned a wide variety of GPS 
applications unthought of only a few years 
ago. Consideration of the time-difference 
method might trigger the development 
of even more applications, adding to the 
panoply of GPS uses.  c

Manufacturer
The tests used evaluation kits incor-
porating TIM-LL and TIM-LP GPS 
receiver modules manufactured by u-blox 
(www.u-blox.com).
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