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Biases and errors such as satel-
lite orbit error and atmospheric 
signal refraction are the pri-

mary limiting factors in successful long-
baseline, real-time kinematic (RTK) 
style processing of GPS measurements 
— either in real-time or post-processing 
mode. These error sources are depen-
dent on the distance between a refer-
ence and rover receivers. If they are not 
adequately accounted for, they can re-
sult in significant positioning errors in 
long-baseline applications. This is par-
ticularly true for the conventional sin-
gle-baseline RTK and hence reduces the 
effective inter-receiver distance of this 
technique to a few tens of kilometers.

We can apply effective strategies to mit-
igate these error sources. For example, the 
ionosphere-free linear combination of the 
L1 and L2 carrier-phase measurements 
can completely cancel first-order iono-
spheric delays. Although this approach is 
appealing for mitigating the ionospheric 
errors, we have to be prepared to accept 
some penalty. As it is difficult to fix inte-
ger ambiguities using the ionosphere-free 
observations for long baselines, float am-
biguity solutions (less accurate than fixed 
ones) are normally used. Due to the am-
plification of the noise by the linear com-
bination, the solutions are less precise. 
Errors in broadcast GPS satellite orbits 
have little effect for baselines up to a few 
hundred kilometers and, furthermore, can 
be virtually eliminated using precise eph-
emerides in post-processing mode. Tro-
pospheric delay is usually estimated based 
on model atmospheric predictions and/or 
surface meteorological observations made 
near the stations at the time of the GPS 
measurements. As this approach often 
inappropriately accounts for spatial and 
temporal variations in water vapor delays, 
it is a common procedure to estimate a 
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ScientiStS anD engineeRS continue to improve high-accuracy GPS po-
sitioning techniques — techniques pioneered a quarter of a century ago. The 
first GPS satellite, SVN01/PRN04, was launched from Cape Canaveral on 
February 22, 1978. And between 1978 and 1985, the U.S. Air Force orbited 
nine more prototype or Block I satellites to test key technologies before de-
ploying the operational constellation.

Surveyors and geodesists were among the earliest users of the Block I 
satellites. Using the satellite signals, they developed accurate positioning tech-
niques based on the use of carrier-phase observations — about two orders of 
magnitude more precise than code measurements. To reduce the effect of 

biases and errors in the measurements, they 
developed the concepts of between-satellite 
and between-receiver single differencing of 
the carrier-phase data as well as double and 
triple differencing. Raw measurements were 
recorded by receivers and then post-pro-
cessed to obtain receiver coordinates. Clever 
approaches were developed to handle the 
integer ambiguity of the carrier phases.

With the launch of the Block II satellites 
beginning in 1989, further improvements in 
positioning accuracy and efficiency became 
possible, including real-time carrier-phase-
based positioning with a radio link between 

a reference receiver and a remote receiver. This technique became known 
as real-time kinematic or RTK, as it permitted the remote receiver to rove 
and occupy different points in a single positioning exercise. But carrier-phase 
ambiguity resolution issues coupled with inaccurately modeled satellite orbit 
and atmospheric effects has limited consistent single-baseline RTK opera-
tion between reference and rover receivers to tens of kilometers. On longer 
baselines, inaccurate modeling can result in significant positioning errors. 
Network RTK, using simultaneously operating reference stations to better 
determine error corrections, can extend the area of coverage of RTK but it, 
too, has limitations.

In this month’s column, I am joined by my colleague Don Kim who has 
developed an innovative approach to long-range RTK. We describe how 
accurate modeling of atmospheric effects coupled with an ionosphere-free 
ambiguity resolution process results in successful long-range RTK that can 
be implemented in either single-baseline or network mode. Has the ultimate 
RTK approach been developed? Probably not. But we’re getting closer.

Has the ultimate RTK  
approach been developed?

InnovatIon InsIghts 
with Richard Langley

“Innovation” is a regular column that features discussions about recent advances in GPS technology and its 
applications as well as the fundamentals of GPS positioning. The column is coordinated by Richard Langley 
of the Department of Geodesy and Geomatics Engineering at the University of New Brunswick, who wel-
comes your comments and topic ideas. To contact him, see the “Contributing Editors” section on page 6.
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residual zenith delay from the data itself.
As an alternative approach to mitigating the error sources, 

network RTK based on multiple reference stations is often used. 
The integration of several reference stations into a combined 
network provides a capability for modeling the error sources at 
a rover within the network and enables lengthening the baselines 
up to a few hundreds of kilometers. Despite successful imple-
mentation of network RTK for long-baseline applications, how-
ever, its performance is not always equivalent to single-baseline 
RTK operating in short-baseline situations. As network RTK 
interpolates error corrections for a rover using the error estimates 
at reference stations, this approach is vulnerable to localized 
anomalous errors under unfavorable atmospheric conditions. 
For example, weather fronts and atmospheric conditions associ-
ated with heavy rainfall can cause rapid variations in the tropo-
spheric delay and, subsequently, the performance of an RTK 
system can be significantly degraded even across relatively short 
baselines. Such anomalies are not canceled in the interpolation 
procedure used for deriving rover delays. Also, solar-terrestrial 
interactions can cause significant changes in the morphology of 
the ionosphere, changing the propagation delay of GPS signals 
within time intervals as short as one minute. Such changes can 
last for several hours primarily in the polar, auroral, and equato-
rial ionospheres. During severe ionospheric activity, the correc-
tion accuracy deteriorates and adversely affects the ambiguity 
resolution over the network. When a rover is located outside 
the network boundary, network RTK must extrapolate error 
corrections for the rover. As a result, network RTK can face the 
same challenges as single-baseline RTK.

Over the past few years, University of New Brunswick (UNB) 
researchers have carried out several projects involving long base-
lines that, unfortunately, could not take advantage of network 
RTK. These included a field experiment to investigate the per-
formance of different neutral atmosphere mitigation strategies 
during the 2005 mission of the Canadian Coast Guard Ship 
Amundsen (a research icebreaker) in the Canadian Arctic and 
Hudson Bay, and collaboration with the University of Southern 
Mississippi to advance positioning results by means of improved 
differential tropospheric modeling in the marine environment of 
the Bay of Fundy in eastern Canada. In both studies, the number 
of reference stations deployed was not sufficient to adequately 
model the errors using network RTK. Instead, our approach for 
achieving high accuracies at greater distances from differential 
reference stations was to use single-baseline RTK in a novel post-
processing mode.

In this article, we describe our new approach for long-range 
RTK. Although this approach was originally developed for sin-
gle-baseline RTK over long distances in kinematic mode, it can 
be used for network RTK when requiring extrapolation of the 
differential ionosphere corrections for a rover located outside 
the network. It can also be used in cases where the rover located 
inside the network is experiencing local anomalies in the dif-
ferential ionospheric delays.

New Approach Considerations
The most common approach for achieving high accuracies with 
GPS technology in kinematic situations is RTK-style process-
ing. On designing an appropriate approach for long-range (say, 
30–100 kilometers) single-baseline RTK, we consider two basic 
requirements. Firstly, our new approach will be used in real-time 
applications such as machine guidance and vehicle navigation. 
More specifically, single epoch carrier-phase observations will be 
used to resolve ambiguities (that is, an epoch-by-epoch ambiguity 
resolution) in real-time situations. Secondly, the new approach 
will provide positioning solutions using fixed ambiguities rather 
than the ionosphere-free float ambiguities.

The Observation Model. In our approach, we use carrier-
phase observations double-differenced between satellites and 
receivers (DD). The linearized GPS carrier-phase observation 
model for long-range single-baseline applications is given as: 

        (1) 
where y is the vector of DD carrier-phase observations in dis-
tance units;  is the vector of unknown baseline components; s 
is the vector of orbit error contributions to the DD carrier-phase 
observations; T is the vector of DD tropospheric delays; I is the 
DD ionospheric delay parameter vector where  ; A is 
the design matrix corresponding to ; N is the vector of DD am-
biguities;  and  are the frequency and wavelength of the carrier-
phase observations, respectively; e is the noise vector including 
multipath, residual ionospheric delay (higher-order ionospheric 
effects and ionospheric scintillation) and receiver system noise;   

 represents the variance-covariance operator;  is the vari-
ance-covariance matrix of the observations; and i indicates the 
L1 or L2 signal.

The Objective Function. Least-squares estimation with in-
teger constraint for the ambiguity parameters is referred to as 
an integer least-squares problem. The objective function to be 
minimized in the integer least-squares problem, , is given as: 

        (2 ) 

where  is the vector of float ambiguity estimates;  is the vector 
of integer ambiguity candidates selected in the ambiguity search 
process;  is the variance-covariance matrix of the float ambiguity 
estimates;  is the set of integers; n is the number of the observa-
tions; and, again, i indicates the L1 or L2 signal. We’ll come back 
to the objective function, but let’s examine the error sources first.

Satellite Orbit Errors. Errors in broadcast GPS satellite orbits 
have little effect for baselines up to a few hundred kilometers and, 
furthermore, can be virtually eliminated using precise ephemerides 
in post-processing mode. If we assume that the broadcast orbits 
have a worst-case accuracy of 4 meters (on average, they are actu-
ally better than this), the approximate baseline component error 
becomes around 2 centimeters for a 100-kilometer baseline.

We validated this “rule of thumb” calculation by comparing 
broadcast orbits to those of the National Geospatial-intelligence 
Agency (NGA), which provides precise GPS ephemeris files refer-
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enced to satellite antenna phase center (APC) just like the broad-
cast orbits. FIGURE 1 shows an example of double-differenced 
broadcast orbit errors compared to the NGA APC precise ephem-
eris for long baselines. These orbit errors were projected onto 
the range directions. The top panel shows the distances (about 
74 kilometers) between a base station and a rover, the middle 
panel shows the elevation angles of the paired satellites used in 
double differencing, and the bottom panel shows the broadcast 
orbit errors in the range direction. The jump in the range-error 
plot is due to a switch in two-hour broadcast ephemeris sets. It is 
obvious that range-error differences using the broadcast orbit can 
reach up to a few centimeters for long baselines. But compared to 
the wavelength of the carrier-phase observations, range errors due 
to the broadcast orbits are not significant. This analysis confirms 
that we can safely ignore the orbit error term s in Equation (1) 
when using the broadcast orbits in real-time applications over a 
baseline of up to 100 kilometers in length.

Ionospheric Delays. The ionosphere-free linear combination 
and ionosphere modeling as a state both work well for long base-
lines once the parameter (ionospheric delay or float ambiguity) 
converges although it takes typically a few hours. In real-time 
applications requiring millimeter accuracy, however, these ap-
proaches are not practical. Instead, we use the ionosphere-nul-
lification technique that instantaneously nullifies the effect of the 
differential ionospheric delay in an ambiguity search process.

In our technique, we combine the two independent L1 and 
L2 ambiguity search processes into one simultaneous ambiguity 
search process. When a pair of L1 and L2 ambiguity candidates 
is selected in the simultaneous search process, we can virtually 
eliminate the large residual ionospheric effects (the first-order dif-
ferential ionospheric delays). Furthermore, this approach is able to 
instantaneously eliminate the differential ionospheric delay.

As the ionosphere-nullification technique estimates the iono-
spheric delays and ambiguities simultaneously using single-epoch 
carrier-phase observations (that is, an epoch-by-epoch ambiguity 

resolution), this technique may be less reliable than alternatives 
that model the ionospheric delays as a state in a Kalman filter or 
a sequential least-squares estimator. This is more likely to be true 
especially when the number of satellites being observed is insuf-
ficient (six or fewer satellites). However, under typical conditions 
(more than six satellites), the performance of the ionosphere-nul-
lification technique is comparable to the alternatives.

Tropospheric Delays. In precise applications requiring 
millimeter accuracy, the tropospheric delay can be estimated 
by a simple parameterization of the tropospheric delay. The 
line of sight delay, D, is expressed as a function of four 
parameters as follows:

    ( 3 ) 

where  is the zenith hydrostatic delay;  is the zenith non-
hydrostatic or (predominantly) wet delay;  and  are the north 
and east delay gradient in distance units, respectively; , , 
and  are the hydrostatic, wet, and gradient mapping functions, 
respectively; el is the non-refracted elevation angle at which the 
signal is received; and az is the azimuth angle at which the signal 
is received, measured east of north.

Under typical atmospheric conditions, GPS data may not 
have the sensitivity to detect atmospheric gradients and azi-
muthal asymmetry. In such a case, the tropospheric delay can 
be estimated by restricting the residual error to the zenith delay 
components.

In our technique, we use standard models for the a priori zenith 
hydrostatic delay, hydrostatic and wet mapping functions, and 
the gradient mapping function.

Estimation Model
Assuming that accurate real-time meteorological data are available 
at a reference station and a rover, we can almost perfectly account 
for the hydrostatic delay. And to avoid a mathematical correla-
tion between the partial derivatives of the tropospheric delay at 
two stations, the levering technique can be used, which fixes the 
tropospheric delay at the reference station and estimates the rela-
tive delay at the rover. We can now form a new carrier-phase 
observation model to estimate the unknown parameters (that 
is, the baseline components, x, and the tropospheric delay, T) 
at every epoch. The ionospheric delay I and ambiguities N are 
resolved in the ambiguity search process using the ionosphere-
nullification technique.

Adaptive Estimator. Since the tropospheric delays will not 
change dramatically under typical atmospheric conditions over a 
short time period, it might be better to estimate the tropospheric 
delay parameter adaptively as:

                                                   
(4) 

where  is the estimate of the tropospheric delay parameter at 
epoch k;  is the adaptive estimate of ; and  is a “forgetting 
factor” which is reciprocal to a correlation time (i.e., a smooth-
ing time interval). Depending on atmospheric conditions, we 
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can control the correlation time 
of the tropospheric delay param-
eter by changing . We can ini-
tialize the procedure using 
, where  is an estimate of the 
tropospheric delay parameter at 
an initial epoch.

Ionosphere Nullification. As-
suming that a simultaneous search 
process for the L1 and L2 ambigu-
ity parameters has been established, 
a pair of L1 and L2 ambiguity 
candidates can be selected in the 
process. Then, we can derive the 
L1 and L2 ionosphere observables 
using the ambiguity candidates. 
As a matter of fact, each ambigu-
ity candidate provides its corre-
sponding ionosphere observation. 
Once we have a new ionosphere 
observation, we can estimate a new 
float ambiguity estimate, . This new float ambiguity estimate is 
virtually free from the effects of the ionospheric delay. It should be 
noted that the updated variance-covariance matrix, , 
as well as the float solutions,  and , are computed once for 
every epoch’s observations outside the ambiguity search space. 
We have to carry out the same procedure on each candidate se-
quentially until no ambiguity candidate remains. Then, our goal 
is to find the ambiguity candidate that minimizes the objective 
function in Equation (2). FIGURE 2 shows the ionosphere-nul-
lification procedure.

One issue involved with the ionosphere-nullification technique 
is that the ionosphere observables are apt to be affected by mul-
tipath, receiver system noise, and residual ionospheric delay. As 
tropospheric delay and satellite orbit error are eliminated, they 
are irrelevant to the ionosphere observables. 

It should be noted that multipath is normally a dominant error 
source in the ionosphere observables. So ideally, a GPS antenna 
should be installed in a clear place with no close-by reflector in the 
vicinity of the antenna if the ionosphere-nullification technique 
is to be used in RTK processing. Otherwise, we need to reduce 
the effects of multipath in the carrier-phase observations when we 
process the data. The “filtering” block in Figure 2 can be designed 
to help take care of this issue.

Test Results
We tested our approach using data from the Bay of Fundy field 
experiment. Two GPS reference stations had been deployed at the 
Canadian Coast Guard building in Saint John, New Brunswick 
(CGSJ), and at Digby Regional High School in Digby, Nova Sco-
tia (DRHS), on either side of the Bay of Fundy near the terminals 
of an approximately 74-kilometer-long marine ferry route (see 
FIGURE 3). Two geodetic-grade receivers had been previously in-

stalled at the reference stations and on the Princess of Acadia ferry. 
Surface meteorological equipment had also been collocated with 
the three receivers. This ferry repeats the same routes between 
two and four times daily, depending on the season. The Bay of 
Fundy is in a temperate climate region with significant seasonal 
tropospheric variations (with temperatures between -30°C and 
+30°C). Data had been collected over the course of one year from 
the daily ferry runs.

Using the UNB RTK software, we post-processed the data 
recorded at a 1 Hz data rate at the pair of base stations (CGSJ 
and DRHS) and the ferryboat on May 21, 2004. We used a zero 
elevation cutoff angle for data processing. One of the tools we use 
to assess the success of atmospheric modeling or other approaches, 
such as the ionosphere-nullification technique, is the comparison 
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between short baseline (less than a few tens of kilometers) RTK 
solutions (for which RTK is generally regarded as reliable and un-
contaminated by differential atmospheric uncertainties) and simul-
taneous position solutions from longer RTK baselines over which 
the atmospheric models or other approaches are being assessed. As 
we intended to compare long/short baselines to the same rover to 

characterize long-baseline positioning performance, we processed 
a subset of the data near the end of a ferry run that provides such 
long/short baselines. Figure 3 illustrates the ferry crossing from 
Digby to Saint John and the data subset used. This arrangement 
provided both short (less than 3 kilometers) and long (greater than 
73 kilometers) baselines at the same time for one hour.

Ionosphere Nullification. We obtained epoch-by-epoch es-
timates of the DD ionospheric delays using the ionosphere-nul-
lification technique incorporated in the ambiguity resolution 
process. How do we know that the ionospheric delays in the L1 
and L2 carrier-phase measurements are eliminated by the iono-
sphere-nullification technique? We can confirm this by examin-
ing the residual error in each observation.

FIGURE 4 shows that the residuals of the L1 and L2 observa-
tions are almost identical to those of the ionosphere-free linear 
combinations. This implies that the effects of the ionospheric 
delays have been successfully nullified in the L1 and L2 observa-
tions. Minor differences in the residuals of the three observation 
types come from the noise models used for least-squares estima-
tion. For simplicity, we did not propagate the uncertainty of the 
ionospheric delay estimates into the ionosphere-nullified L1 and 
L2 observations. The effects of this negligence are insignificant, 
as seen in Figure 4.

Tropospheric Delay Estimation. An unmodeled tropospheric 
zenith delay error causes an error primarily in height determina-
tion. At very high elevation angles, an error in the tropospheric 
zenith delay is almost indistinguishable from the unmodeled 
height component. The zenith delay error can be well recovered 
at low elevation angles, which can subsequently increase the error 
in height determination if not done correctly. These results can 
be improved if tight constraints are placed on the station height 
components in static applications.

On the other hand, the adaptive estimator can be used in ki-
nematic applications as well as static applications. The adaptive 
estimator captures the changes of satellite geometry and mapping 
functions over a relatively short time period. This ability of the 
adaptive estimator enables us to distinguish the tropospheric ze-
nith delay from the unmodelled height component.

FIGURE 5 shows the wet zenith delay estimated at every epoch, 
without the assumption of atmospheric azimuthal asymmetry 
and use of gradient estimation. We can clearly see the effects of 
the forgetting factor α on the wet zenith delay estimates. When  

, we obtain noisy wet zenith delay estimates as no smoothing 
process works on the estimates. On the other hand, we will have a 
smoother wet zenith delay estimate when  becomes smaller.

The convergence patterns of positioning solutions (vertical 
component) are illustrated in FIGURE 6. We determined the refer-
ence solutions by least-squares estimation after removing the at-
mospheric delays and ambiguities that can be estimated by fixing 
the coordinates of the two reference stations, CGSJ and DRHS. 
Normally, a better performance of the adaptive estimator is antici-
pated for a smaller forgetting factor (that is, a longer smoothing 
time interval) under typical atmospheric conditions. However, 
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its performance may not be the same under severe atmospheric 
conditions. FIGURE 7 illustrates how well positioning solutions 
converge to the reference solutions when .

We also tried to estimate the tropospheric delays with atmo-
spheric gradients and azimuthal asymmetry. In this case, the tro-
pospheric parameter vector includes the wet zenith delay, , 
and the horizontal (north, , and east, ) delay gradients. The 
zenith wet delay and the north delay gradient did not converge 
for a relatively long time period. It took about fifty minutes before 
they converged. Furthermore, as illustrated in FIGURE 8, position-
ing solutions were biased with respect to the reference solutions. 
The horizontal components (especially, the north solution) were 
more significantly biased than the vertical components.

The poor performance with atmospheric gradients and azi-
muthal asymmetry, for both the single epoch observation model 
and the adaptive estimator, resulted from the fact that the tro-
pospheric parameters are almost indistinguishable from the 
unmodelled position components in this case. To improve its per-
formance, we may need a longer smoothing time interval or more 

satellites at lower 
elevation angles. 
Unfortunately, this 
may not always be 
practical for real-
time applications.

Static Results. 
A total  of three 
permanent stations 
already in operation 
have been used to 
compute the geo-
detic coordinates of 
CGSJ and DRHS. 
One station is lo-
cated in Fredericton, 
New Brunswick: the 
IGS station UNB1 
(now UNBJ) on 
the UNB Freder-
icton campus. The 
other two stations 
are the U.S. Continuously Operating Reference Station ESPT, 
in Eastport, Maine, run by NOAA, and the IGS station HLFX, 
in Halifax, run by Natural Resources Canada. Seven days of raw 
GPS data from each of the five reference stations were processed 
with the Bernese V4.2 software. During the processing, the IGS 
final SP3 orbit product was used and the coordinates of all three 
permanent stations were held fixed to their published ITRF00 
coordinates to estimate the coordinates of CGSJ and DRHS. The 
formal estimated uncertainty of these coordinates was smaller 
than 2 millimeters.

The first step in the RTK processing to validate the success 
of our approach was a confirmation of the RTK positioning 
solutions using the data recorded at CGSJ and DRHS. In this 
case, although test data was recorded in static mode, the data was 
processed as if it was obtained in kinematic mode. CGSJ was 
treated as the base station and DRHS as the rover. We present 
the statistics for the ambiguity-fixed RTK positioning solutions 
between CGSJ and DRHS in TAblE 1.

Kinematic Results. Since we have validated the success of 
the ionosphere-nullification approach using the data recorded 
in static mode at CGSJ and DRHS, we further tried to confirm 
its validity using the data collected in kinematic mode with the 
onboard GPS receiver. A pair of long/short baselines (DRHS to 
BOAT and CGSJ to BOAT) was estimated at each epoch and 
used to characterize long-baseline positioning performance.

After a pair of long/short baselines was estimated at each epoch, 
baseline components were compared for each pair of solutions. 
As FIGURE 9 shows, the long and short RTK positioning solutions 
vary by only a few centimeters. TAblE 2 provides the summary 
statistics. Mean differences of a few millimeters are observed in 
each Cartesian component, and the comparison one-sigma noise 
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p TAblE 2 Summary statistics for differ-
ences between ambiguity fixed RTK solu-
tions: CGSJ to BOAT and DRHS to BOAT

Mean 
(cm)

Std. 
(cm)

r.m.s. 
(cm)

dX -0.1 0.9 0.9
dY -0.2 1.7 1.7
dZ -0.3 1.6 1.6
dN -0.3 1.2 1.2
dE -0.2 1.0 1.0
dU -0.1 2.0 2.0

Mean 
(cm)

Std. 
(cm)

r.m.s. 
(cm)

dX -0.1 1.1 1.1
dY -0.2 2.3 2.3
dZ -0.3 1.5 1.5
dN  0.5 1.4 1.5
dE  0.6 1.3 1.4
dU  0.4 2.3 2.3

p TAblE 1 Summary statistics for ambigu-
ity-fixed RTK solutions, CGSJ to DRHS
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level is at the few-centimeter level.

Conclusions
We have experienced a number of challenges in resolving am-
biguities for longer baselines. One of the major challenges is the 
presence of unmodeled atmospheric delays. In this article, we 
discussed a possible new approach that does not rely on the con-
vergence of a parameter (atmospheric delay or float ambiguity), 
but which nullifies and estimates the effect of the differential at-
mospheric delay in the ambiguity search process. 

We propose the use of the ionosphere-nullification technique, 
which can virtually eliminate the large first-order ionospheric ef-
fects using the ionosphere observable in the simultaneous ambigu-
ity search process. We also propose use of the adaptive estimator 
for estimating the tropospheric delays.

Although this technique was originally developed for single-
baseline RTK over long distances in kinematic mode, it can be 
considered as an alternative approach or a parallel process for 
network RTK when requiring extrapolation of the differential 
ionospheric corrections for a rover located outside the network. 
It can also be used in cases where a rover located inside the 
network is experiencing localized anomalous ionospheric delays 
due to severe ionospheric activity. We plan to implement this 
technique in our network RTK software, which is currently 
under development. 
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