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Aprimary application of GPS is the
precise positioning of a myriad of dif-

fering user platforms over a broad spec-
trum of environments, on and above the
Earth’s surface. Current processing tech-
niques rely on relative positioning between
receivers, carrier-phase ambiguity res-
olution, differential receiver corrections,
or spatial interpolation of receiver net-
work information, implemented in dynam-
ics-tuned filtering schemes to greatly
improve position accuracy over that pro-
vided by the Standard Positioning Service.

The potential of point positioning is
that it can remove these cumbersome
aspects of GPS positioning for many
applications. We have devised a novel
approach which obviates the need for
these techniques by using data from only
the user receiver and products of the
International GPS Service (IGS). 

This approach is not adversely affect-
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observables, relative positioning, and dif-
ferential positioning on local and wide-
area scales. In recent years some
researchers have turned their focus to
point positioning again. With the pro-
liferation of regional and global networks
of geodetic-grade GPS receivers, such as
the IGS network, precise GPS satellite
orbits and in some cases precise satel-
lite clock offset estimates derived from
such networks have been used to pro-
duce precise positioning results with a
single receiver. Mathematically, the GPS
satellite ephemeris and clock parameter
errors can be removed from the posi-
tioning functional model.

Work in this area first centered on
pseudorange-based positioning, and then
more recently on pseudorange and car-
rier-phase processing. The carrier-phase
strategies have involved the estimation
of the receiver state, undifferenced phase
ambiguities, and other parameters.

In our approach we have avoided the
ambiguity estimation process by uti-
lizing adjacent-in-time-differenced phase
measurements. This represents a form
of phase-smoothed pseudorange posi-
tioning. The rationale for such a for-
mulation, as will be seen, is to eliminate
the necessity for dynamic modeling of
the platform.

Pseudorange Processing
A number of researchers have proposed
and/or developed carrier-phase-filtered,
pseudorange processing techniques. Their
basic form can be attributed to the sem-
inal work of Ron Hach back in the early
1980s. The crux of carrier and pseudo-
range combination is the use of averaged
noisy code-phase range measurements
to estimate the ambiguity term in the pre-
cise carrier-phase range measurements.
The longer the pseudorange averaging,
the better the carrier-phase ambiguity
estimate. By performing the filtering in
the positioning domain, rather than in
the measurement domain, changes to the
tracked satellite constellation have lit-
tle effect as long as a continuous filtered
solution is possible. In essence, the pseudo-
ranges provide coarse position estimates
and the relative carrier phase measure-
ments provide precise position change
estimates. The position change estimates
are used to map all of the position esti-
mates to one epoch for averaging.

Several authors have developed sim-
ilar processing filters with a relative posi-
tioning formulation for terrestrial appli-
cations utilizing the double-differenced

With the removal of Selective Availability about two years ago, the twice-distance
root-mean-square horizontal accuracy of single-receiver, single-epoch GPS point
positioning afforded by the Standard Positioning Service has improved to better than
10 meters in many situations. Differential positioning techniques and the use of car-
rier-phase data can provide higher accuracies, even to sub-centimeter levels.
However, these techniques require raw data or corrections from another receiver. The
subject of this month’s column is the design of a GPS data processing technique
capable of producing positions with accuracies at the few-decimeter level using data
from a single receiver, regardless of platform dynamics.  This feat is accomplished by
combining two processing philosophies: point positioning – making use of precise
GPS constellation ephemeris and clock offset information to estimate a single receiv-
er’s state; and carrier-phase-filtered, pseudorange processing – supplementing
pseudorange-based positioning with carrier-based position-change information.

To discuss the technique and its applications, I am joined by two of my graduate
students, Sunil Bisnath and Tomas Beran. Sunil Bisnath received an Honours
B.Sc. in 1993 and an M.Sc. in 1995 in Surveying Science from the University of
Toronto.  For the past six years he has been a Ph.D. candidate in the Department of
Geodesy and Geomatics Engineering at the University of New Brunswick.  During
this time he has worked on a variety of GPS-related research and development pro-
jects at the Department’s Geodetic Research Laboratory, the majority of which have
focused on the use of GPS for space applications. Tomas Beran is also a Ph.D. stu-
dent in the same department where he has been working on his degree since 1999.
He received his Master’s degree from the Czech Technical University in Prague. His
main research area is low-cost spaceborne single-receiver GPS positioning.

ed by the decorrelation of biases in rel-
ative or differential positioning, un-
resolved phase ambiguities, spatial inter-
polation errors, or assumptions regarding
platform dynamics, and only requires
the tacit assumption of sufficient GPS
signals for positioning.

In this article, we discuss first the con-
cepts of point positioning and pseudo-
range and carrier-phase processing. Then
we describe our single-receiver, platform-
independent processing strategy; discuss
several tests with terrestrial, airborne,
and spaceborne data; give conclusions,
and specify plans for future research.

Point Positioning
The original intent for GPS usage was
single-receiver, real-time, pseudorange-
based positioning. As is well known, this
original design has been altered and
enhanced by the use of the carrier-phase
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pseudorange and carrier-phase observ-
ables and the GPS broadcast ephemeris
in a sequential, least-squares processor.
Researchers at the Jet Propulsion
Laboratory (JPL) and the European Space
Agency proposed this type of filter in the
mid- to late 1980s for determining GPS-
based low Earth orbiter (LEO) trajecto-
ries. However, this strategy was aban-
doned for others, since at the time a global
array of terrestrial GPS reference sta-
tions did not yet exist to provide suffi-
ciently precise GPS ephemerides and
clock estimates. 

Filter Design
We have re-proposed this form of dynam-
ics-free processing for single-receiver
processing, utilizing only readily-avail-
able IGS data products and the mobile
receiver measurements. This approach
provides for very efficient, straightfor-
ward processing and takes full advan-
tage of the precise, three-dimensional
and continuous nature of GPS mea-
surements, as well as the existing GPS
data infrastructure.

Figure 1 shows the strategy’s process-
ing flow. The input pseudorange and car-
rier-phase data are pre-processed to detect
outliers, cycle slips, and other problems
in the data and then used to form the
processing observables. The position of
the mobile receiver is then estimated
with the filter described in the following
section. If necessary, an accurate inter-
polation procedure can be applied to pro-
vide the mobile receiver state estimates
at non-GPS-measurement epochs.

The observables fed to the filter are
the ionosphere-free, undifferenced pseudo-
range and the ionosphere-free, time-dif-
ferenced carrier-phase. For point posi-
tioning, a number of additional modeling
considerations must be taken into account
above and beyond those required for rel-
ative positioning. These include the rel-
ativistic GPS satellite clock correction
due to the eccentricity in the satellite
orbits; the offset between the phase cen-

ter of the GPS satellite anten-
na and the satellite center
of mass; GPS satellite phase
wind-up due to the relative
rotation of the satellites with
respect to the receiver; sub-
diurnal variations in Earth
rotation; solid Earth tides;
ocean loading; and consis-
tency between the models used
in the generation of the pre-

cise GPS orbits and clocks, and those
used in the point positioning processing.

Filter Models and Solution
The linearized filter observation model
in matrix form is given by

CPt, C��t, (1)
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where Pt and Pt
0 are the pseudorange

measurement and predicted value; ��t

and ��t
0 are the time-differenced carri-

er phase measurement and predicted
value; �xt-1 and �xt are the estimated cor-
rections to the receiver position and clock
at epoch t-1 and t; A t-1 and A t are the
measurement partial derivatives with
respect to the receiver position and clock
estimates for epochs t-1 and t; et and 
�t-1 are the measurement errors asso-
ciated with Pt and ��t; and CPt and C��t
are the covariance matrices for Pt and
��t. Note that at present, we assume the
pseudorange and carrier-phase mea-
surements to be uncorrelated between
observables and between observations.

Since the troposphere is a significant
contributor to the GPS error budget for

platform. Equation (2) represents a kine-
matic, sequential least-squares filter. This
filter is a special case of the Kalman
filter. Simply put, from Equation (1) the
pseudorange measurement contribution

(3)

Cpt
can be extracted along with the carri-
er-phase measurement contribution

(4)

C��t
The terms in Equation (3) can be direct-

ly mapped to those of the Kalman fil-
ter measurement model, and with some
rearrangement the terms in Equation (4)
can be effectively related to those of the
Kalman dynamic model. That is, the kine-
matic, sequential least-squares tracking
filter behaves like a Kalman filter because
the carrier phase measurements repre-
sent its dynamic model. Figure 2 illus-
trates the filter process.

Finally, if this tracking strategy is
performed after-the-fact and not in real
time, data smoothing can be performed.
That is, the data arc can be processed
in the forward and backward directions
and the results can be optimally com-
bined. The smoothed solution is

(5)

where ̂xst is the smoothed parameter esti-
mate, Cf t is the forward filter parame-
ter covariance, x̂ft is the forward filter
parameter estimate, Cbt is the backward
filter parameter covariance,  ̂xbt and is the
backward filter parameter estimate. This
is a fixed-interval smoother in which the
trace of the smoothed parameter covari-

platforms within the troposphere, the
UNB3 tropospheric prediction model is
optionally used. The omission of resid-
ual zenith delay estimation causes bias-
es in the position estimates which are,
on average, approximately a few cen-
timeters. A small improvement in posi-
tioning results can be obtained with such
estimation.

Another error source not explicitly
accounted for in our model is the pseudo-
range multipath. To mitigate the effect
of this phenomenon, a variant of the
pseudorange-minus-carrier-phase linear
combination is used to estimate the
pseudorange multipath plus noise vari-
ance. We use these variances to construct
more realistic pseudorange stochastic
models.

The best solution for Equation (1), in
a least-squares sense, is

(2)

where x̂ = x0 + �x (the estimate is equal
to the approximate initially assumed
value plus the estimated correction); wP

and w�� are the misclosure vectors for
the pseudoranges and time-differenced
carrier phases; and Cxt-1 is the receiver
position and clock covariance based
on the last epoch’s observations.

The position estimate at the previous
epoch, t-1, is used to estimate the posi-
tion at epoch t and so on for the moving
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FIGURE 4 Component errors in smoothed position estimates
for static, terrestrial data set
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FIGURE 3 Number of space vehicles (SVs) and the position
dilution of precision (PDOP) for static, terrestrial data set
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FIGURE 2 Combination of pseudo-range
and carrier-phase observations in the
kinematic, sequential least- squares filter
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ance matrix is smaller than the 
trace of the covariance matrices of either
filter.

Data Testing and Analysis
In order to validate the viability and 
performance of this strategy, we 
conducted a number of tests using the
latest version of the processing software.
This software, based on the University
of New Brunswick’s scientific GPS 
processing package DIPOP, consists of
a compiled pre-processor and main
processor. Even though the code was 
not designed to be optimal in terms 
of processing speed, all of the results
presented were generated in minutes.
Where applicable, we will mention addi-
tional processing or modeling that, with
future development, should improve the
accuracy of the results.

To illustrate the platform-indepen-
dent nature of the technique, three wide-
ly varying types of data have been
processed: terrestrial, airborne, and
spaceborne. The only common (and
required) characteristic of these data
sets is that they were collected with 
geodetic-grade receivers – that is, the
receivers were capable of measuring
high-quality (low-noise) pseudorange
and carrier phase dual-frequency 
observables. The only other data used
in the processing were the requisite 
IGS precise GPS constellation orbit 
and high-rate GPS constellation clock
offset products.

Static Data Testing
The objective of testing with static ter-
restrial data was to investigate the repeata-
bility of position computations with the
technique and to test the performance
of the technique against positioning results
derived from the highest quality geodetic
techniques.

We obtained the data used for this
testing from Natural Resources Canada
(NRCan) station Algonquin (IGS station
identifier ALGO) in Algonquin Park,
Ontario, Canada (latitude 46�N, longi-
tude 78�W). The data spans 24 hours 
on February 5, 2001. Note that we chose
the data set at random. The NRCan 
pre-processed receiver output contains
measurements with a 30 second 
sampling interval and a 10� elevation
mask angle.

As mentioned previously, the currently
un-estimated residual tropospheric delay
could cause errors of a few centimeters
in the position domain. The receiver 

The first aspect of the processing that
we analyzed, since this technique relies
solely on GPS observations, was the geo-
metric strength of the measurements
used. Figure 3 shows the number of satel-
lites tracked and the position dilution of
precision (PDOP). As can be seen, there
are always at least 5 satellites being tracked
in this data set and on occasion up to 10. 

Figure 4 presents the results of the 
processing. We computed the error 

position and clock are estimated at the
data sampling interval and this produces
a satellite clock modeling error – a few
centimeters at the most, arising from
interpolating the 300 second interval IGS
satellite-clock product. Finally, we have
not accounted for Earth orientation, and
carrier phase wind-up. These compo-
nents can also produce centimeter-level
errors in position, and we will model
them in the near future.
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values by differencing the estimated posi-
tion from the benchmark International
Earth Rotation Service (IERS), epoch-
of-date, International Terrestrial Reference
Frame 1997 (ITRF97) coordinates. The
error in each component reaches a 
maximum of ± 50 centimeters. The error
fluctuates the most in the vertical com-
ponent. This is expected, given that 
we did not estimate the residual 
tropospheric delay, and given the 
inherent limitation due to the GPS 
constellation geometry.

use of additional equipment and data pro-
cessing. We have compared this technique
with relative processing.

We processed GPS data from an air-
borne gravity campaign, collected in
Greenland during August 2000 (see Figure
5) with our single-receiver processing
software package. We processed the same
data estimating the coordinates from
vectors to a reference station with a com-
mercial GPS package for comparison.
The resulting positions from both pack-
ages were twice differenced in time to
generate estimates of acceleration.

The equivalence of point and relative
positioning acceleration estimates at the
milliGal (mGal) level (1 mGal = 10-5

meters per second squared) shown 
in Figure 6 indicates that for the data 
tested our point positioning technique
can be used for airborne gravity deter-
mination.  The advantages of this single
receiver technique can been found in
many aspects — such as reduced equip-
ment cost and removal of baseline length
constraints. 

Spaceborne Data Testing
Spaceborne data is unique for several 
reasons. The platform carrying the GPS
receiver is traveling at very high veloci-
ty above the atmosphere which means
that the GPS satellites tracked change
constantly and there is no tropospheric
delay on the received signals. High-
fidelity dynamic models are typically
required for accurate position and orbit
determination (especially for LEOs), and
given precise orbits, this data type is an
excellent benchmark for mobile receiver
positioning.

An example spaceborne data set we
have processed consists of twelve hours
of CHAMP data from January 5, 2002.
This LEO orbits at an approximate alti-
tude of 410 kilometers with a nominal
period of 94 minutes, and provides dual-
frequency pseudorange and carrier-phase
data from a receiver designed at JPL. 

The data provided by the CHAMP Data
Center is unprocessed and provided at
10 second intervals. Data obtained by
the CHAMP receiver in 2001 contain a
large number of measurements at extreme-
ly low elevation angles. These measure-
ments have very low signal-to-noise 
values and we found that they produced
large position solution errors and large
phase residuals. However, at the 
end of 2001 JPL altered the receiver’s
tracking algorithm to cease tracking 
at elevation angles below zero degrees

Table 1 gives summary statistics for
this data set. The root-mean-square
(r.m.s.) error of the smoothed solution
is 15 centimeters in each horizontal 
component, while the vertical compo-
nent is 20 centimeters. The smoothed
total displacement r.m.s. is just less than
30 centimeters. Also of note are the few-
centimeter biases that exist in the hor-
izontal components. The standard devi-
ations (std.) give the r.m.s. about the
biased mean values. Given that we did
not apply the residual tropospheric delay
and the sub-daily Earth rotation varia-
tions, and that we interpolated the GPS
satellite orbits and clocks to 30 seconds,
these results are remarkably good, espe-
cially compared to typical standalone
GPS receiver solutions based on pseudo-
range-only data. Note that other pub-
lished precise positioning techniques
include dynamic information to con-
strain the solution space — for example,
process noise values indicating a sta-
tionary position.  

Airborne Data Testing
The next test illustrates the performance
of the processing technique for a receiv-
er on a kinematic platform — an airplane
in level flight. The technique can be used
not only to provide the position of a 
moving platform, but its velocity and 
acceleration as well. Accurate determi-
nation of aircraft acceleration, for exam-
ple, is necessary for airborne gravity data
processing in support of various appli-

cations such as geoid
determination, and min-
eral and fossil fuel explo-
ration. Total acceleration,
measured by accelerom-
eters, is composed of the
Earth’s gravity field and
acceleration due to the
motion of the aircraft.
Aircraft acceleration can
be removed from these
measurements based on
GPS position estimates.
To meet the accuracy
requirements, carrier-
phase GPS measure-
ments in differential mode
are typically used and 
conventional relative 
processing techniques
applied. The purpose of
our test was to investigate
a single-receiver approach
for airborne positioning,
therefore avoiding the 

FIGURE 5 Flight path of the aircraft in
Greenland in August 2000
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TABLE 1 Summary statistics 
(centimeters) of component errors 
in smoothed position estimates for
static, terrestrial data set

Component bias std. r.m.s.
North 4.4 13.9 14.5
East 24.3 14.2 14.8
Up 0.6 19.8 19.8
3-D 6.2 28.0 28.7
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FIGURE 6 Acceleration difference between differential-pro-
cessing derived and single-receiver derived solutions.
Differentiation for acceleration was computed by the
third-order central difference of the Taylor series approxi-
mation for a 90-second filtering period.
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ering that the position accuracy of 
the dynamic orbit is approximately 15
centimeters in each component. That
is, the phase-connected point positioning
results have an r.m.s. similar to that 
of the benchmark solution. A major 
difference between the solutions is 
that GFZ’s required hours of processing 
time whereas UNB’s required only 
minutes.

These results compare favorably with
those from the terrestrial data set, indi-
cating high-quality observations fitting
well with the functional and stochastic
models.

Conclusions
Static, terrestrial testing results indicate
that near-decimeter position component
r.m.s. and few-centimeter position com-
ponent bias are attainable. These results
are seen as promising as there are sev-
eral improvements that have yet to be
made in our software. Airborne results
are favourable as well. The spaceborne
data testing indicates few-decimeter posi-
tion component r.m.s. Given all of our
test results to date, the goal of decime-
ter-level position component accuracy

and the resulting datasets are now much
more useful for geometric tracking.

The purpose of processing these test
data was to investigate the geometric
strength of the spaceborne measurements
and to assess the practicality and per-
formance of the technique against high-
quality CHAMP orbits. Figure 7 shows that
the geometric strength of the available
observations is lower than that for the ter-
restrial data set we analyzed. The aver-
age number of satellites tracked is 7.0.
However, there are many more PDOP
spikes due to filtered measurement out-
liers. The mean PDOP is 2.6.

Figure 8 shows the position component
differences of our smoothed pseudor-
ange/carrier-phase solution as com-
pared to the GeoForschungsZentrum
(GFZ)-determined dynamic orbit. Table 2
gives the associated summary statistics.
Note that the maximum deviation between
solution components is below the 
meter level. The biases are at the few-
centimeter level and the overall r.m.s. 
values are at the 20 centimeter level for
the along-track and cross-track compo-
nents and at the 30 centimeter level for
the radial component. These difference
statistics are judged to be good consid-

TABLE 2 Summary statistics (in cen-
timeters) of component differences
between UNB and GFZ position esti-
mates for CHAMP data set.

Difference Min. Max. Bias r.m.s.
Radial -76.4 83.3 -2.2 29.2
Along-track -61.7 56.6 -0.4 20.5
Cross-track -79.0 30.7 -8.5 20.1
3-D 5.8 115.0 37.0 41.0
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FIGURE 7 Number of SVs and PDOP for the CHAMP space-
borne data set
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FIGURE 8 Total displacement errors in position estimates for
CHAMP spaceborne data set
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is seen as attainable.
Several additional processing and mod-

eling capabilities are required to refine
the present strategy and allow for the
most accurate position estimates: mod-
eling of sub-daily Earth-rotation varia-
tions; phase wind-up; and residual tro-
pospheric delay estimation.

In terms of data processing, more data
sets need to be processed to examine the
repeatability of these results, and expand
the processing capabilities of this tech-
nique. Finally, predicted IGS GPS orbits
and clocks can be used to attempt real-
time precise point positioning.
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