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Abstract 
 
The geopotential model testing methodology has been theoretically developed by Burke et al. 
[1996]. The Working Group Global Geodesy Topics participated in the accuracy estimation of 
geopotential models for which the Geopotential Model Evaluation and Monitoring Network was 
established. This testing network covers about 70 % of the earth surface [Burke et al., 1996; Burša 
et al., 1997b] including the territory of Canada. The accuracy of the geopotential model EGM96 was 
tested on 1248 GPS/leveling points over the territory of Canada [Burša et al., 1999a; Burša et al., 
1999b]. The Helmert orthometric heights of the GPS/leveling points are defined in the North 
American Vertical Datum 1988 (NAVD88), while the geodetic (ellipsoidal) heights of these points 
are defined in the International Terrestrial Reference Frame 1997 (ITRF97).   
The accuracy of the geopotential model EGM96 on the GPS/leveling points over the territory of 
Canada is investigated in this paper. For the estimation of accuracy of the EGM96, Helmert’s 
orthometric heights obtained from more recent adjustment of the vertical datum Adjustment January 
1998 [Adj. Jan. 1998, see Véronneau et al., 2001] are used. 
 
Resumen 
 
La metodología para probar modelos geopotenciales ha sido desarrollada teóricamente por Burke 
et al [1996]. El Grupo de Trabajo sobre Tópicos de Geodesia Global ha participado en la 
estimación de la exactitud de modelos geopotenciales, para lo cual ha establecido la Red de 
Evaluación y Monitoreo de Modelos geopotenciales. Esta re de prueba cubre cerca del 70% de la 
superficie de la Tierra [Burke et al., 1996; Burša et al., 1997b] incluyendo el territorio del Canadá. 
La exactitud del modelo geopotencial EGM96 fue probada en 1248 puntos GPS sobre bancos de 
nivel en el territorio del Canadá [Burša et al., 1999a; Burša et al., 1999b]. Las alturas ortométricas 
de Helmert de los puntos GPS sobre bancos de nivel están definidas en el Datum Vertical de 
Norteamérica de 1988 (NAVD88), mientras que las alturas geodésicas (elipsoidales) de estos 
puntos están definidas en la Marco de Referencia Terrestre Internacional de 1997 (ITRF97). 
Este artículo muestra los resultados de la exactitud del modelo geopotencial EGM96 en los puntos 
GPS sobre bancos de nivel en el territorio canadiense. Para la estimación de la exactitud del 
EGM96, las alturas ortométricas de Helmert empleadas fueron obtenidas del ajuste del datum 
vertical mas reciente realizado en enero de 1998 [Adj. Jan. 1998, ver Véronneau et al., 2001]. 
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Introduction 
 
The practical application of the testing methodology requires the geocentric spherical coordinates φ  
and ; , λ ( )λφ∈Ω , ( )πππ 20;2/2/OO ≤λ≤≤φ≤−∈ΩΩ∈Ω , the geodetic heights  above the 

geocentric reference ellipsoid, and Molodensky’s normal heights 

( )Ωh

( )ΩNH  of the testing points. 
Helmert’s orthometric heights  are not suitable for testing over continents because of their 
hypothetical character within the earth crust. On the other hand, Molodensky’s theory of normal 
heights does not assume any hypothesis about the topographical density distribution. Therefore, 
the orthometric heights must be transformed into the normal heights.  

( )ΩOH

Comparing the height anomalies evaluated from a geopotential model and determined from GPS 
and leveling, the accuracy of geopotential model can be estimated [Burke et al., 1996]. 
 
 
Relation between Helmert’s orthometric and normal height 
 
Helmert’s [1890] defined the orthometric height  
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so that the mean gravity along the plumb line ( )Ωg  between the geoid surface ( )( )ΩΩ∈Ω∀ gO r:

 
and the physical surface of the earth ( ) ( ) ( )( )Ω+Ω≅ΩΩ∈Ω∀ O

gtO Hrr:
 
is evaluated applying the 

Poincaré-Prey’s gravity gradient  
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In the above equations,  denotes the geopotential number, ( )[ ΩtrC ] ( ) t/,rg ∂Ω∂  and ( ) n/,r ∂φγ∂  
stand for the actual and normal gravity gradient,  is Newton’s gravitational constant, and the 
mean value of topographical density  is adopted instead of the actual topographical density 

 distribution. 

G
oρ

( Ωρ ,r )
Molodensky’s normal height  is given by [Molodensky et al., 1960] ( )ΩNH
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The mean value of normal gravity ( )Ωγ  along the ellipsoidal normal between the surface of the 
reference ellipsoid and the telluroid in equation (3) is expressed by the following series expansion  
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where  is the normal gravity at the telluroid ( ) ( )[ Ω+φγ N

o Hr ] ( ) ( )( )Ω+φΩ∈Ω∀ N
oO Hr: . 

Comparing equations (1) and (3), the difference between the normal and orthometric height, i.e., 
the geoid-quasigeoid correction , is equal to [Heiskanen and Moritz, 1967] ( )ΩδH
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According to Martinec [1993], the term ( ) ( )Ωγ−Ωg  on the right-hand side of equation (5) is 
approximately equal to the simple Bouguer gravity anomaly ( )[ ]Ω∆ t

SB rg , so that 
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Assuming also , the geoid-quasigeoid correction ( )[ ] ( ) ( )[ 0Hrrg N

ot ≈Ω+φγ−Ω ] ( )ΩδH  in equation (5) 
finally takes the following simple form  
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Relation between height anomaly determined from geopotential model and GPS/leveling 
 
The disturbing gravity potential  reads [Pick et al., 1973] ),r(T Ω
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where  is the actual gravity potential, ),r(W Ω ),r(U φ  is the normal gravity potential,  is the gravity 
potential at the geoid surface, and  defines the normal gravity potential at the surface of the 
geocentric reference ellipsoid. The disturbing gravity potential 

oW

oU
),r(T Ω  is harmonic above the earth 

surface, i.e., satisfies the Laplace equation ( ) 0),r(T:rr, tO =Ω∆Ω>Ω∈Ω∀ . 
The normal gravity potential  can be expressed in a form of the ellipsoidal coordinates u  and 

, 
),u(U β

β

                
( )
( ) φ
φ
+φ

=β tan
,ru

ea,ru
tan

222

,         ( )
( )( ) ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−φ

φ
++

−
=φ 2222

2222222
2

ea,ru
sinrea411

2
ear,ru ,             (9) 

 
as follows [Somigliana, 1929; see also Heiskanen and Moritz, 1967, eqn. 2-62] 
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where 
 



16     Robert Tenzer et al.  Revista Cartográfica 78-79 
 

     ( ) ( )
( )

( )
⎥
⎦

⎤
⎢
⎣

⎡ φ
−

φ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ φ
+=β

ea
,ru3

,ru
eaarctan

ea
,ru31

2
1,uq 22

2

,  ⎥
⎦

⎤
⎢
⎣

⎡
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=

ea
b3

b
eaarctan

ea
b31

2
1q

22

2

o .      (11) 

 
The normal gravity potential  at the level rotation ellipsoid is given by (ibid, eqn. 2-61) oU

      22
o aω

3
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b
eaarctan

ea
GMU += .              (12) 

 
The parameter GM denotes the geocentric gravitational constant, ω  is the mean angular velocity 
of the earth spin, and a/bae 22 −=  stands for the first numerical eccentricity [Bomford, 1971] 
while  and  are the semi-axes of the ellipsoid. a b
The actual gravity potential  in equation (8) is given by [Burša and Kostelecky, 1999] ),r(W Ω
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where )P  are the Legendre associate functions (of degree n  and order m ) for the argument 
of sine of the geocentric spherical latitude 

( φsinmn,

φ ;   and  are the geodynamic coefficients of the 
harmonic expansion of the earth gravity field,  is an arbitrary parameter of length (usually the 
semi-major axis of the geocentric reference ellipsoid), and 

mn,C mn,S

oa
n  stands for the maximum degree of the 

retained harmonics. 
The height anomaly  is either defined as a difference between the geodetic height ( )Ως ( )Ωh  and 
the normal height , i.e., ( )ΩNH
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or can be evaluated from the geopotential model by applying the Bruns formula [1878] to the 
disturbing gravity potential  which is stipulated at the earth surface, so that [Molodensky et 
al., 1960] 
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By analogy with equation (10), the normal gravity ( )φγ ,r  can be defined by [Heiskanen and Moritz, 
1967, eqn. 2-64] 
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The partial derivatives  and ( ) u/,uU ∂β∂ ( ) β∂β∂ /,uU  in equation (16) read [ibid, eqn. 2-66] 
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and the abbreviation  is given by [ibid, eqn. 2-67] ( β′ ,uq )
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Numerical investigation 
 
The accuracy of the geopotential model EGM96 has been tested on 1443 GPS/leveling points over 
the territory of Canada. Helmert’s orthometric heights were used for the definition of the vertical 
datum NAVD88 as well as Adj. Jan. 1998. Therefore, Helmert’s orthometric heights  are first 
transformed to Molodensky’s normal heights 

( )ΩOH
( )ΩNH  according to the approximate formula in 

equation (7) if the simple Bouguer gravity anomalies ( )[ ]Ω∆ t
SB rg  are not available (see equation 6). 

The approximate relation between the geoid-quasigeoid correction ( )ΩδH  and the height is shown in 
figure 1. 
 

 
Figure 1. The geoid-quasigeoid correction [cm]. 

 
Depending on whether the direct, direct and indirect, or no zero-frequency tidal corrections are 
removed from the observations, the analysis of geopotential model is defined for the zero-tide, 
tide-free, or the mean tidal reference system [IAG SC3 Rep., 1995]. Since the complete tidal 
correction has been applied into the definition of the NAVD88 [Balazs and Young, 1982] and also 
Adj. Jan. 1998, the orthometric heights are assumed to be in the tide-free reference system [Burša 
et al., 1999a]. 
The residuals of height anomalies ( )Ως∆  on the GPS/leveling points, where Helmert’s orthometric 
heights are available in the vertical datum NAVD88 [Mainville, 1997], are computed according to the 
following equation  
 
          ( ) ( ) ( ) ( ) ( )Ως−Ωδ−Ω−Ω=Ως∆ EGM96

O HHh .              (20) 
 
The result is shown in figure 2. Subsequently, the residuals of height anomalies  on the 
GPS/leveling points for Helmert’s orthometric heights defined in the vertical datum Adj. Jan. 1998 
are shown in figure 3. 

( )Ως∆
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Figure 2. Differences between the height anomalies computed from EGM96 and GPS/leveling 

(NAVD88) for the parameters of the best fitting tide-free reference ellipsoid. 
 

 
Figure 3. Differences between the height anomalies computed from EGM96 and GPS/leveling  

(Adj. Jan. 1998) for the parameters of the best fitting tide-free reference ellipsoid. 
 

In both cases the parameters  m and  of the best fitting mean 
earth ellipsoid in the tide-free reference system [Burša et al., 1999a] are adopted for the evaluation 

52.6378136a = 260310.298f 1 =−
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of the normal gravity field. For the fundamental physical parameters, i.e., the geocentric 
gravitational constant , the mean angular velocity of the earth spin , the second zonal Stokes 
parameter  in the tide-free system, and the gravity potential on the geoid , the following 

values are adopted:  [Ries et al., 1992], 
 [IAG SC3 Rep., 1995], 

GM ω
2,0C oW

( ) 236 sm108.08.398600441GM −×±=
111 srad107292115ω −−×= ( ) 9

2,0 101.07.1082626C −×±−=  [IAG SC3 

Rep., 1995], and  [Burša et al., 1997a]. 22
o sm5.08.62636855W −±=

Furthermore, in this numerical investigation the residuals of height anomalies ( )Ως∆ , where the 
parameters of the reference ellipsoid GRS80 are used for the definition of the normal gravity field, 
are shown in figures 4 and 5. Since the normal gravity potential  on the level rotation ellipsoid is 
not equal to the actual gravity potential  on the geoid, i.e., 

oU

oW oo UW ≠ , the equation (8) is used for 
the computation of the disturbing gravity potential referred to the earth surface. 
 

 
Figure 4. Differences between the height anomalies computed from EGM96 and GPS/leveling 

(NAVD88) for the parameters of the geocentric reference ellipsoid GRS80. 
 

The mean anomalous height offsets ( )Ω∆ς  and the residuals ( )Ωσ ς∆  evaluated according to the 
following equations, where N is the number of point 
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are summarized in Table 1.  
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Figure 5. Differences between the height anomalies computed from EGM96 and GPS /leveling  

(Adj. Jan. 1998) for the parameters of the geocentric reference ellipsoid GRS80. 
 

Vertical 
datum Reference ellipsoid ( )Ω∆ς  ( )Ωσ ς∆  

Best fitting m57.0−  m38.0±  
NAVD88 

GRS80 m17.0−  m38.0±  
Best fitting m00.1−  m35.0±  Adj. Jan. 

1998 GRS80 m60.0−  m35.0±  
Table 1. The mean anomalous height offsets ( )Ως∆  and the residuals   ( )Ωσ ς∆

for the vertical datum NAVD88 and vertical datum Adj. Jan. 1998. 
 
The dependence of the mean offsets ( )Ως∆  and residuals ( )Ωσ ς∆  due to the retained harmonics of 
the EGM96 is shown in Table 2. 
 
 
Conclusions 
 
As follows from the results of the numerical investigation summarized in Tables 1 and 2, the 
telluroid computed from the orthometric heights in the vertical datum NAVD88 approximates the 
EGM96 telluroid better than the telluroid computed based on the orthometric heights in the vertical 
datum Adj. Jan. 1998. This corresponds to the fact, that the gravity and height data of NAVD88 
were used for the determination of the geodynamic coefficients  and  of the geopotential 
model EGM96. Since better accuracy of Helmert’s orthometric heights adjusted in the vertical 
datum Adj. Jan. 1998 is assumed, the systematic errors of the geopotential model EGM96 over the 
territory of Canada may be expected. These errors have the long-frequency character from the east 
to west coast of Canada with amplitude about 1 meter (see Figures. 3 to 5). As also follows from 
Table 2, this systematic trend can be indicated for all the frequency spectrum of the EGM96, i.e., 
also for the low-frequency part which can be precisely determined using only the satellite data. 

mn,C mn,S
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NAVD88 Adj. Jan. 1998. Degree of the 
EGM96 ( )Ως∆  ( )Ωσ ς∆  ( )Ως∆  ( )Ωσ ς∆  

20mn ==  -0.89 m m65.1±  -1.32 m m65.1±  
30mn ==  -0.87 m m35.1±  -1.30 m m23.1±  
40mn ==  -0.80 m m09.1±  -1.24 m m07.1±  
50mn ==  -0.82 m m94.0±  -1.25 m m93.0±  

100mn ==  -0.72 m m68.0±  -1.16 m m67.0±  
150mn ==  -0.67 m m53.0±  -1.10 m m51.0±  
180mn ==  -0.66 m m47.0±  -1.09 m m45.0±  
200mn ==  -0.65 m m45.0±  -1.05 m m42.0±  
250mn ==  -0.60 m m41.0±  -1.03 m m38.0±  
300mn ==  -0.58 m m40.0±  -1.01 m m36.0±  
350mn ==  -0.57 m m39.0±  -1.01 m m35.0±  

360mn ==  -0.57 m m38.0±  -1.00 m m35.0±  

Table 2. The dependence of the mean offsets ( )Ως ( )Ωσ ς∆∆  and the residuals  
due to the retained harmonics of the EGM96. 

 
 
References 
 
Balazs E.I., G.M. Young, (1982). Corrections Applied by the National Geodetic Survey to Precise 

Leveling Observations. NOAA Technical Memorandum NOS NGS 34, National Geodetic 
Survey, Rockville. 

Bomford G., (1971). Geodesy. 3rd edition, Clarendon Press. 
Bruns H., (1878). Die Figur der Erde. Berlin, Publ. Preuss. Geod. Inst. 
Burke K.F., M. Burša, K. Radej, Z. Šíma, S.A. True, V. Vatrt, (1996). Geopotential Model Testing 

Network: its Present and Applying. Working Group Global Geodesy Topics: Satellite 
Altimetry Applications, Proceedings at the TS ACR, presented at the 3rd Common Seminar, 
Bratislava.  

Burša M., K. Radej, Z. Šíma, S.A. True, V. Vatrt, (1997). Determination of the Geopotential Scale 
Factor from TOPEX/POSEIDON Satellite Altimetry. Studia geoph. et geod., Vol. 41. 

—————, (1997b). Tests for Accuracy of Recent Geopotential Models, International Geoid 
Service Bull. No. 6, D.I.I.A.R.- Politecnico di Milano, Italy. 

Burša M., J. Kouba, K. Radej, S.A. True, V. Vatrt, M. Vojtíšková, (1999a). Determination of the 
geopotential at the tide gauge defining the North American Vertical Datum 1988 (NAVD88). 
Geomatica Vol. 53, Canadian Institute of Geomatics. 

Burša M., J. Kostelecky, (1999). Space geodesy and space geodynamics. Published by the Ministry 
of Defence, Topographic Department of the General Staff of the Army of the Czech 
Republic, Prague. 

Burša M., J. Kouba, M. Kumar, A. Müller, K. Radej, S.A. True, V. Vatrt, M. Vojtíšková, (1999b). 
Geoidal geopotential and world height system. Studia geoph. et geod., Vol. 43, Prague. 

Heiskanen W. H and H. Moritz, (1967). Physical geodesy. W.H. Freeman and Co., San Francisco. 
Helmert F. R., (1890). Die Schwerkraft im Hochgebirge, insbesondere in den Tyroler Alpen. Veröff. 

Königl. Preuss. Geod. Inst., No. 1.   
IAG SC3 Report, 1995: Travaux de L’Association Internationale de Géodésie, Tome 30, Paris. 
Martinec Z., (1993). Effect of lateral density variations of topographical masses in view of improving 

geoid model accuracy over Canada. Final report of contract DSS No. 23244-2-4356, 
Geodetic Survey of Canada, Ottawa. 

Mainvile A., (1997). The February 1997 GPS on BM data file from Canada, a distribution data set 
for 1482 stations in Canada. Geodetic Survey Division, Natural Resources Canada, Ottawa.  



22     Robert Tenzer et al.  Revista Cartográfica 78-79 
 

Moloden
tional Field and Figure of the Earth. TRUDY Ts NIIGAiK, 131, Geodezizdat, 

em 

Pick M., , Amsterdam.  

tters 19, No. 6. 

Véronne ., S. Pagiatakis, A. Mainville, (2001). The Canadian Vertical Datum, a new perspective 
for the year 2005 and beyond. Vertical Reference Systems. Cartagena, Columbia, Feb. 20-
23.  

sky M. S., V.F. Yeremeev, M.I. Yurkina, (1960). Methods for Study of the External 
Gravita
Moscow. English translat.: Israel Program for Scientific Translation, pp. 248, Jerusal
1962. 
 J. Pícha, V. Vyskočil, (1973). Theory of the Earth’s Gravity Field. Elsevier

Ries J.C., R.J. Eanes, C.K. Shum, M.M. Watkins, (1992). Progress in the Determination of the 
Gravitational Coefficient of the Earth’s. Geophys. Res. Le

Somigliana, C., (1929). Teoria Generale del Campo Gravitazionale dell’Ellisoide di Rotazione. 
Memoire della Societa Astronomica Italiana, IV. Milano.  
au M


	Figure 1. The geoid-quasigeoid correction [cm].
	The mean anomalous height offsets  and the residuals  evalua
	,        ,            (21)
	are summarized in Table 1.
	Table 1. The mean anomalous height offsets  and the residual
	for the vertical datum NAVD88 and vertical datum Adj. Jan. 1
	Degree of the EGM96
	NAVD88



