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Abstract In this paper we simulate a model geodynamic event generated by a magmatic heat
source represented by a point source of heat embedded in an elastic hafspace. This simplistic
model, which can be considered relevant to geodynamic studies of volcanism, produces a
thermoelastic displacement field generating a perturbation density distribution. Both the
displacements and the perturbed density produce a gravity anomaly on the surface of the halfspace.
The objective is to demonstrate that this gravity anomaly, being a change in the surface gravity
caused by such a model geodynamic event, can be interpreted using the truncation methodology,
i.e., by transforming the gravity anomaly into a sequence of surfaces or profiles of the truncated
geoidal heights and interpreting such sequence instead, in exactly the same fashion as described in
Vajda and Vanieek [19994a]. The idea behind this ssimulation, demonstrated on a case of one point
source, is that density perturbations caused by geodynamic events can be interpreted from temporal
changes of gravity anomalies analogically as the anomalous density can be interpreted from gravity
anomalies with help of the truncation methodology. In turn the interpreted density perturbations can
give insghts on the nature of the geodynamic events as well as estimates on the depth of their
origin.

1. I ntroduction

In deformation modeling and prediction, the most interesting effects are those, which in principle
can be detected on the surface of the earth prior to an eruption. The surface temporal change of
gravity is an example of such observable piece of information. Hvozdara and Brimich [1995]
approximated a magmatic intrusion in earth’s crust by a point source of heat in order to model the
stress and displacement distribution within an elastic homogenous halfspace, the heat flow, and the
tempora change of gravity on the surface of the hafspace. Their model study will serve here as a
basis for our synthetic investigations, the aim being to indicate one possible way of interpreting the
tempora change of gravity in terms of the depth of the source of heat.

The objective of this paper is to demonstrate that the truncation methodology, a particular

gravity inversion technique based on the interpretation of the truncated geoid [Vada and Vanieek,
19994]; [1997], so far developed only for density distributions represented by point masses, can
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also be applied in geodynamic studies. Let us therefore briefly describe the truncation technique, as
we used to refer to it, first.

Vajda and Vanieek have studied the possibility of using the truncated geoid, which is an
incomplete geoid, defined below, in the gravimetric inverse problem, or in other words, for gravity
data interpreting. The truncated geoid is defined by the Truncated Stokes integral transform (cf. e.g.
Vgdaand Vanieek [19994], egn.(1), or [1997], eqn.(1) and Fig.1)

N« j ,|)=% aPali 61 9sG .1.j ¢1 gds, (1)

Al o)

where, just to recall, R isthe radius of the reference boundary sphere (mean earth’s radius for our
purposes), g isnormal gravity, (j ,1) and (j 61 @ are the horizontal positions of the computation
point and the integration point on the reference surface respectively, y , is the spherical radius of
the spherical cap being the integration domain Afy ,) and is referred to as the truncation radius or

the truncation parameter, Dg is the gravity anomaly, and NY - isthe truncated geoidal height, The

integral in egn.(1), which transforms the gravity anomaly into a truncated geoid, may be understood
as alinear filter - a weighted spherical window filter - with the Stokes function S [Stokes, 1849,
the kernel of the convolution integral in egn.(1), being the weight. Thus the interpretation of the
gravity anomaly is transformed into the interpretation of the truncated geoid. Note that the truncated
geoid has one free parameter, the truncation radius, which controls the size of the window used in
the filtering procedure mathematically described by egn.(1). Thisiswhy it would perhaps be more
accurate to refer to the truncation technique as the , truncation filtering®. In the gravity interpretation
by means of the truncated geoid, not just one truncated geoid (a surface or profile of the truncated
geoidal heights) at a specific selected value of the truncation parameter is used, but a whole
sequence of the truncated geoids with the value of the truncation parameter being varied
systematicaly is interpreted. Such sequence is denoted as the TG sequence. A sequence of the first
derivative of the truncated geoid with respect to the truncation parameter for the same sequence of
the values of the truncation parameter as in the TG sequence, denoted as the DTG sequence, is
interpreted along with the TG sequence, this being considered a data enhancement technique.

Vajda and Vaniéek used the computer simulation to produce synthetic gravity anomalies
generated by point mass anomalies, and the TG and DTG sequences computed from such synthetic
anomalies were studied with the am of developing the interpretation know-how. The computer
simulations have proved that the truncated geoid is a suitable tool in gravity inversion. A
methodology for interpreting synthetic gravity data (generated by sets of point masses) with help of
the truncation filtering - weighted spherical windowing (linear spatial filtering using the TG and
DTG sequences) was developed and at that time denoted as the truncation technique (Vada and
Vanieek [1997], [19994]). It is proposed, although not yet tested, that this filtering be used on real
gravity datato yield maximum depth to source estimates for pronounced isolated gravity anomalies.
Work on developing an interpretation know-how based on the truncation filtering for real density
distributionsisin progress.

The gravity interpretation using the truncation filtering is illustrated on a case of one point
mass anomaly in Fig.1, which presents the TG and DTG sequences generated by a negative point
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mass located at the depth of 4 km. In this figure, the profiles that are animated on the computer are
drawn al in one plot, hoping that the transparency is not lost and that the reader can follow the
evolution of the sequence (cf. also the more detailed comments to Fig.4 in Vgjda and Vanieek
[1999q]).

IFig.1

Fig.l The synthetic TG (a) and DTG (b) sequences generated by one negative point mass
anomaly at the depth of 4 km. The sequences are computed for the values of the truncation
parameter y , (in degrees of arc) from 0.1123 to 2.25 10° with a step of 2.25 10°; for the TG
decreasingly, for the DTG increasingly.

The above sequences are interpreted as follows. The horizontal position (e.g. latitude and
longitude, or plane x and y coordinates) of the point mass coincides with the horizontal position of
the high (positive point mass anomaly) or the low (negative point mass anomaly) of the TG or the
DTG. The depth of the point mass is determined from the onset of the so called dimple event (for a
negative point mass the sequence is up-side-down and there we should talk about a pimple event),
that is observed in the DTG sequence (cf. Vadaand Vaniéek [1999a])

d[km] =135.82[km/ly o['1, (29)

where d is the depth of the point massin kilometersand y , is the instant of the dimple onset, i.e, a
particular value of the truncation parameter, at which the dimple sets on in the DTG sequence,
given in degrees of arc. When evauating the TG and DTG sequence in planar approximation and
using a planar truncation parameter s, given in kilometers rather than in degrees of arc, cf. [Vgda

and Vaniéek, 2000], the relation between the depth of the point mass and the instant of the dimple
onset reads

dikm] = sy[km] , (2b)
For more details on interpreting the gravity anomalies in terms of sets of point mass sources the
reader isreferred to Vadaand Vanieek [1997].
2. Inter preting temporal changesin gravity anomalies by means of the truncation
filtering
As seen above, the three dimensional position of a point mass anomaly can be determined by

interpreting the TG and DTG sequences, i.e., by using the truncation filtering. Let us now assume
that agravity anomaly Dg(t,) given at atimeinstant t, changes over atime period of Dt=t,-t, toa

new gravity anomaly of Dgy(t,) due to some enforced geodynamic event. So the change in the gravity
anomaly in time reads

Dg= Dg(tz)' Dg(tl) . (3)
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Note that the position argument was omitted in egn.(3), so that this expresson may represent a
temporal change in the point gravity anomaly, atemporal change of a gravity profile, or a temporal

change of a surface of gravity anomalies. When the geodynamic event is such, that it has impact on
the mass (density) distribution below the reference surface, on which the gravity anomaly is given -
measured and reduced to, or computed at in case of synthetic case studies - i.e., the mass
distribution undergoes changes over the time interval specified above, the D'g is different from
zero and may be interpreted in the same way a gravity anomaly itself isinterpreted.

By replacing the gravity anomay in egn.(1) with the tempora change of the gravity
anomaly, we obtain a prescription for transforming the temporal change of the gravity anomaly into
the space of the truncated geoid

DN (I ):4% GPal ¢ 895G .1.j ¢l 9ds . (4)

Ay,)

We can refer to quantity DN’- as the tempora change of the truncated geoid at a value of the
truncation parameter of y,, since the integral transform of egns. (1) and (4) is linear and non-
singular (cf. eg., Vaniéek et a. [1987]) and it holds true that (again omitting the position
arguments):

DN =N (t,)- N*(,) . foranyy, ©
where
R -
NyD ti = ti Sds ’ I = 1' 2' (6)
() 4pg A(??)Dg( )

By computing the temporal change of the truncated geoid for a sequence of vaues of the truncation
parameter, we can construct the DTG sequence to be interpreted, smilar to the construction of the

TG sequence in the above section. Anaogically we can construct a D' DTG sequence representing
the first derivative of the temporal change of the truncated geoid with respect to the truncation

parameter. This sequence is composed of the D%g values evaluated for a sequence of
0g

systematically varied values of the truncation parameter as follows:

ajNyo(j dNyo dNyO DNyU+E))/U_ DNYU
= tz)' (tl): . (7)

lim
dy, g dy, dy o Dy (®0 Dy,

Numerically the DDTG sequence is evauated by differencing the DTG sequence and dividing
each difference by the step in the truncation parameter Dy ,. For numerical aspects of transforming

the D'g to DN’. and thus condtructing the DTG sequence, the interested reader is referred to

Vgjdaand Vanieek [1998]. When computing the DTG and D' DTG sequences in planar coordinates,
the truncation parameter y , is replaced by the planar truncation parameter s, , cf. [Vada and
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Vaniéek, 2000]. Once computed, these two sequences are to be interpreted exactly in the same
fashion as in the above section.

3. A synthetic example - a gravity anomaly caused by the thermoelastic defor mation of
the halfspace dueto a point sour ce of heat

The concept of applying the truncation filtering in geodynamic studies is illustrated on a synthetic
case study for a gravity anomay generated by a model geodynamic event - a thermoelastic
deformation of a halfspace caused by a point source of heat.

Let usfirst introduce the mathematical apparatus for modeling the said geodynamic event. A
static non-uniform temperature field T(X,y,z) in an elastic medium produces a thermoelastic
displacement field G satisfying the Lamé equation (e.g., Nowacki [1962])

(I +m)graddivi+mdivgradi=a, (3 +2m)gradT , 8

where | ,m are the Lamé elastic parameters, and a, is the therma coefficient of the linear
expansion. The term a.(3 +2mgradT represents the force in the equation of the elastic

equilibrium (egn.(8)). Selecting a point heat source located at (0,0,d) with the heat power w in
Weatts, the temperature field, assumed static, satisfies in a homogeneous medium the following
equation (e.g., Hvozdara and Brimich, [1995]):

| ; divgradT =- wd(x)d(y)d(z- d) , (9)

where | ;. isthe heat conductivity and d is the depth of the point source. The temperature field due
to such point source is axialy symmetric with respect to the zaxis T(x,y,2=T(r,2), where
r =x2+y? . By setting forth a boundary condition (Nowacki [1962])

T(r.2),, =0, (10)

this being a somewhat artificial condition, physically corresponding to having an equivalent but
negative heat source at height d above the boundary z=0 (the upper halfspace having the same heat
conductivity 1), we arrive at the expression for the temperature field

w

T(n)=—"—(R*- R} , (12)

I T

where

R=yr?+(z-df* R, =yr2+(z+d)* . (12)

Substituting the temperature field into egn.(8), it yields the solution for the thermoelastic
displacement G, (subscript T standsfor ,,thermoelastic*), cf. [Hvozdara and Brimich, 1995]
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), = Ar{R;l- R,'- 2dzR;’ +4d(1- n)R;*(R, +d + z)’l} :
W) = Allz- AR - (z+d)R; - 2d(1- )R, - 2zd(z+d)R;°} (13)
where A=w(@l +2ma[8ol; (I +2m)|* and n =1 /2( +m) isthe Poisson ratio.

The scenario for our modeled geodynamic event is as follows: Prior to the time instant t,
the heat source remains switched off and the halfspace has a constant density r, producing no
gravity anomaly on the boundary z=0, thus having

Dg(tl)zo : (14)

Then the point heat source at depth d is switched on. At atime instant t, the system reaches a
thermal equilibrium with the boundary condition of egn.(10) with thermal displacements of
eqgn.(13) producing a new and non-uniform density distribution r (x,y,2) =r (r,2)* r ,, and an uplift
of the hafgpace. Both the uplift and the non-uniformity of the density generate a gravity anomaly at
and after theinstant t,

Dg(tz):Dgl(t2)+ Dgz(tz) , (15)
where the non-uniform density generates Dy, (t,) and the uplift generates Dy, (t,). As was already
mentioned, the non-uniformity (perturbation) of the density distribution is caused by the
thermoel astic displacement, according to (cf. [ibid.])

r(r,2)=r,- r,divid, . (16)

The thermoelastic density perturbation -r , divii, generates Dg,(t,) that can be computed from the
perturbation potential Vv, [ibid.] satisfying the Poisson equation below the boundary, k being the
gravitational constant,

divgradV, (r, 2) = 4pkr , divi; , z3 0, (17)
and the L aplace equation above the boundary
divgradV,(r,z2 =0, z<O0, (18)

with help of the boundary conditions stipulating that the perturbation potential and its first
derivatives must be continuos at the boundary z=0, as

(19)

For that sake we need to evaluate ther.h.s. of egn.(17), cf. [ibid.]:
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diviiy =2AR* - R;'+2(1- 2 Jd(z+d)R;?} (20)
which resultsin

d

Dy, (t, ) =- 8kr (Al-N)——— . 21
The Dy, (t,), being a consequence of the vertical uplift, is expressed as [ibid.]

Dy, (t,) e‘ﬂg - 2pkr E(u : (22)
where 1111 isthe vertical gradient of normal gravity and the displacement is given by egn.(13).

Hence our synthetic (modeled) temporal change of the gravity anomaly reads, cf. egns. (3) and (14)

Dg= Dgl(t2)+ Dg, (tz) (23)

and is evaluated by substituting from egns. (21) and (22). Now the synthetic DTG and D DTG

sequences can be computed and interpreted.

The model that is presented here was constructed with the following parameters. the point heat
source is located at the depth of 4 km, its heat power w = 6.596 10° W, the halfspace having the
following material properties: r, = 2670 kg/nT, 1, =3Wm'K™, a, =10°K™, | =7.0510" Pa,

m = 6.075 10 Pa. The resulting gravity anomaly is presented in Fig.2.

| Fig.2.

Fig.2 Thetemporal change of gravity anomaly caused by the model heat source.

IFig.3.

Fig.3 The DDTG sequence, caused by the model point heat source at the depth of 4 km - a

detailed view. This sequence is computed in a planar approximation and the values of the
truncation parameter are in kilometers. The step in the truncation parameter in the sequence is

0.5 km.

Figure 3 presents the DDTG sequence generated by our model. Again the sequence that was
animated on a computer is displayed here with all the profiles drawn in the same plot, hoping that
the reader can follow the evolution of the sequence. The sequence evolvesin away resembling the
evolution of a DTG sequence generated by one point mass anomaly, cf. Fig.1b. From this we
conclude that the tempord variation of the gravity anomaly is generated by a temporal change
(perturbation) of the density distribution that is either a ,,point mass perturbation” or a radia
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perturbation density field. The dimple (pimple) sets on at the value of s, = 5.75 km = 0.5 km
(Fig.3b), from which the depth of the ,point mass perturbation® or of the center of the radia
perturbation density field is determined (cf. egn.(2b)) asd =5.75km + 0.5 km. What this means is
that by direct processing of data on the temporal change of the gravity anomaly we have constructed
a DDTG sequence that yielded the interpretation that the tempora change of gravity was caused by
apoint source located at a depth of 5.75 (+ 0.5) km.

|Fig4 |

Fig.4 The perturbation density field produced by the point heat source after reaching thermal
equilibrium. The horizontal axis is distance from the point heat source in meters, the vertical
axisis depth in meters.

We observe immediately, that our interpretation is precise to 500 meters and inaccurate by
1.75 km. The precision is given by the step in the planar truncation parameter. But what causes
such abias (offset) in the determination of the depth of the heat source? Since we are interpreting a
synthetic case and we know the model, we can take a look at the perturbation density given by
egns. (16) and (20) - it is portrayed in Fig.4. The perturbation density field is only nearly radial,
the deviation from being radial being caused by the boundary condition of egn.(10). However, the
signature of this perturbation density appears to be in the DDTG sequence alike that of a point
mass perturbation, although with a shifted (offset) depth. In order to have an unbiased interpretation
of the depth of the point heat source, we have to establish a new relationship between the depth of
the point heat source and the instant of the dimple onset, which would replace egn.(2b). This is
accomplished by smulating the point heat source at various depths in the interval of 1 km to 30 km
and determining the respective instants of the dimple onset, in other words by computer simulation.
Surprisingly enough, this relationship appears to be linear and reads

d[km] = 0.694 (+0.002) s;[km] . (24)
for depths between 1km and 30 km.
Conclusions

In the first section it was suggested that atemporal change of the gravity anomaly can be interpreted
in terms of a density perturbation generating the tempora gravity change in the same way a gravity
anomaly is interpreted in terms of an anomalous density generating the gravity anomaly. This
suggestion is general and may be applied to forward and inverse modeling as well as to any other
method of the gravimetric inversion. Here we have applied this suggestion to a particular gravity
inversion technique, namely the truncation filtering. The second section provides the apparatus for
such treatment. In the third section we have verified the said concept on a simplistic model case - a
geodynamic event driven by a point source of heat embedded in an homogenous elastic halfspace.

It was shown, that although the signature of the density, perturbed due to the point heat

source, inthe DDTG sequence is alike the point mass anomaly signature in the DTG sequence, the
interpreted depth of the point source, when using the expression relating the depth of a point mass
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source to the instant of the dimple onset (egn.(2b)), is biased. This is caused by the fact that the
perturbation density field is nearly radial rather than radial. A new formula for determining the
depth of the point heat source from the instant of the dimple onset, egn.(24), was established and
validated by the computer simulation (modeling).

At the moment the truncation filtering methodology is limited to interpretations in terms of
point sources only (cf. Vada and Vaniéek [1997]), but work is in progress to extend its
capabilities to more realistic density distributions.

It is also suggested, yet not tested, that real observed tempora variations of gravity
anomalies that are well isolated and pronounced, and accompanied by heat flows, be interpreted by
means of the technique presented in this paper, to provide the maximum depth to source of heat
estimates (with help of egn.(24)), in particular for estimates of maximum depth to sources of
volcanic activity.
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