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Abstract

In order to have physical meaning, a height system must have some relation to the
Earth’s gravity field. Of the height systems that do, orthometric heights match best with
our intuitive understanding of height. The orthometric height of a point is the distance
travelled along a plumbline from that point to the geoid, and can be arrived at either
directly from leveling and gravity observations or indirectly by converting geodetic
heights to orthometric heights using a geoid model. This dissertation investigates recent
advances in orthometric height determination, to find out whether orthometric height
determinations can meet modern centimetre-level accuracy requirements. Persistent
barriers to improving orthometric height accuracy have been the impossibility of fully
modeling topographical density effects, the lack of suitable numerical methods, and the
lack of sufficient data.

The problem is addressed in six articles. The first two deal with direct calculation of
orthometric heights, providing a practical implementation of a rigorous theory of
orthometric heights able to deliver sub-centimetre accuracy in most cases, and showing
that numerical errors in this process can be kept below the one centimetre level. The next
two articles address the problem of the unknown density distribution in geoid
determination, describing a framework for including the full three-dimensional effect of
topographical density, and demonstrating that existing laterally-varying density models
can provide sub-centimetre results in most areas. Vertical density variations neglected in
such models are only expected to reduce accuracy to a few centimetres in mountainous

areas. The fifth article demonstrates a new method for downward continuation of gravity

il



anomalies, one of the largest numerical barriers to accurate geoid determination. The
final article evaluates satellite altimetry as a source of gravity data over lakes, finding it
promising but in need of further refinement.

The ultimate conclusion is that the physically meaningful system of orthometric
heights can be now realized to about a centimetre in most areas, given suitable data,
although in some especially challenging areas (e.g. mountain ranges) errors of several

centimetres must be accepted.
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Chapter 1: Introduction

1.1 Definition of objectives

This dissertation seeks to answer the question: can a physically meaningful height
system be precisely realized? A physically meaningful height system must be related to
the Earth’s gravity field. The most intuitive such system is orthometric heights, which
takes the geoid as its datum, and defines the height of a point as the length of the
plumbline extending from that point to the geoid (e.g., Heiskanen and Moritz [1967,
chapter 4]). The goal for precise heights for the past 20 years has been an accuracy of 1
cm or better (e.g., Vanic¢ek and Martinec [1994]; Sanso and Rummel [1997]; Roman and
Smith [2002]; Ellmann and Vanicek [2007]).

A plumbline is a line always tangent to the direction of Earth’s gravity, or in other
words, always perpendicular to the equipotential surfaces of Earth’s gravity field

[Heiskenan and Mortiz, 1967], as shown in Figure 1.1.
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Figure 1.1: The plumbline and the geoid.

For any point in space, only one plumbline exists. The orthometric height of the point is
the distance along the plumbline from the point to the geoid, as indicated by the bold
line between P and Q in Figure 1.1. While systems other than orthometric heights may
be useful for specific computational purposes, as is the case with geodetic or dynamic
heights (e.g., Heiskanen and Moritz [1967, chapter 4]), only orthometric heights are
defined in this intuitive manner.

The term “geoid” was introduced by Listing [1873] to refer to the “mathematical
figure of the Earth” first described by Gauss in [1828]. It is defined as the equipotential
surface of the Earth’s gravity field that fits best to the global mean sea level (e.g.,

Heiskanen and Moritz [1967, chapter 2-2]; Vanic¢ek and Krakiwsky [1986, chapter 6.4]).



The geoid is physically meaningful because it is tied to the Earth’s gravity field, like the
plumbline, but also because it represents the level at which seawaters would stabilize if
they were at rest. The real sea surface deviates from the geoid by up to 1.5 m [Knudsen
et al., 2011], because of ocean currents and atmospheric effects [Wunsch, 1993].
Although heights in the similarly popular normal height system (e.g., Heiskanen and
Moritz [1967, chapter 4-6]) evaluated at the geoid will all equal zero, they are otherwise
not distances from a point to the geoid, and the geoid serves as a datum only for
orthometric heights, dynamic heights, and geopotential numbers (e.g., Vani¢ek and
Krakiwsky [1986, section 16.4]). Normal heights [Molodensky, 1945] measured at the
topographical surface give distance from the point of interest to the quasigeoid
[Molodensky et al., 1962], a surface similar to the geoid and having a geometrical
meaning, but not an equipotential surface of the Earth’s real gravity field, and without
any physical meaning [Heiskanen and Moritz, 1967, section 8-3]. Normal heights may
differ from orthometric heights by up to several decimetres for very mountainous areas
(e.g., Sjoberg [1995]; Flury [2009]). Dynamic heights, first proposed by Helmert [1884],
have no geometrical meaning [Heiskanen and Moritz, 1967, section 4-6], and are only
used in specific applications dealing with water flow [Vanicek and Krakiwsky, 1986,
section 16.4]. Geopotential numbers, while arguably more physically meaningful than
orthometric heights, are not given as linear distances [ Vanicek and Krakiwsky, 1986,
section 16.4] and so are not heights as we normally conceive them. Of all the height
systems orthometric heights describe heights as they are usually conceived and used, i.e.
above the geoid and in standard linear units. Thus, they are the heights most useful in

engineering practice (e.g., Vanicek and Krakiwsky [1986, section 16.4]; Featherstone et
3



al. [1998]). By contrast, for normal heights of points not on the topographical surface,
and dynamic heights, the linear units used to state the height of such points will vary in

length depending on the point’s height.

1.2 Background to orthometric height determination
1.2.1 Determination of orthometric heights from leveling and gravity observations
Orthometric heights are determined from: (1) geodetic leveling and gravity observations
(e.g., Heiskanen and Moritz [1967, Chapter 4]), or (2) geodetic heights above a
reference ellipsoid. In the latter case, geodetic heights are converted to orthometric
heights using a model of the geoid-ellipsoid separation, a.k.a. the geoidal height
[Featherstone et al., 1998]. In the former case, geopotential numbers of points of interest
are calculated using observations of gravity and height differences, and these are
converted into orthometric heights.

For a point P at geodetic latitude, @p, and longitude, Ap (indicated by the dummy
variable Qp) and geocentric radius 7p, the geopotential number, C(€2p, 7p), is defined as
the difference between the gravity potential, ¥y, at the geoid, and the gravity potential,

W(Qp, rp), at P (Heiskanen and Moritz [1967, eq. 4-8]):

C(QP, I”P) = Wo — W(QP, I”P). (11)

The geopotential number at any point on the geoid, therefore, is zero. The geopotential

number of a point of interest is determined relative to the geopotential number at another
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nearby point, Py, by summing up the products of leveled height differences, JL;, and

observed gravity differences, dg;, along the i segments of a leveling line running from P,

to P (cf., Vanicek and Krakiwsky [1986, eq. 16.88]):

C(Q,.1,)=C(Q, 1, )+ Y, 6L5g, . (1.2)

Once the geopotential number is obtained, the orthometric height, H°(Qp, rp), is found
by dividing by the integral mean value of gravity along the plumbline [Heiskanen and

Moritz, 1967, eq. 4-21]:

C(Q,,r)

HO(Q,,1)== : (1.3)
g
where [Heiskanen and Moritz, 1967, eq. 4-20]:
I
8§, 1)=—5—— | §€QH)dH , (1.4)
PP HO(QP,FP)H'[O

where H is an integration variable representing height along the plumbline, and
represents the geodetic coordinates of the point along the plumbline at height H, so that
eq. (1.4) is the line integral of gravity along the plumbline. In practice, the integral mean

value of gravity is not directly observed. Its observation may be possible using borehole
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gravimetry (e.g., Strange [1982]), but it would not be cost effective to apply this method
for every benchmark in a leveling network. Instead, the integral mean is calculated using
a model of Earth’s gravity field and topographical masses (e.g., Tenzer et al. [2005]).

As an alternative to using eqs. (1.2) through (1.4), individual leveled height
differences can be converted to orthometric height differences, by applying an
orthometric correction. This approach is discussed in a variety of publications (e.g.,
Heiskanen and Mortiz [1967, section 4-4]; Strang van Hees [1992]; Hwang and Hsiao
[2003]). While not pursued within this dissertation, the orthometric correction approach
also relies on mean gravity along the plumbline, and so the present document has
bearing on it.

For the purpose of evaluating mean gravity along the plumbline, the Earth’s gravity
field is divided into topographical and non-topographical effects [Santos et al., 2006].
The topographical effects are induced by masses between the geoid and the surface of
the Earth (i.e. the topography), and include the Bouguer shell effect, the terrain effect,
and the anomalous density effect. The non-topographical effects include the normal
gravity, the geoid-generated gravity disturbance, and the atmospheric effects.
Orthometric heights incorporating all of these gravitational effects in their calculation
are called rigorous orthometric heights [Tenzer et al., 2005]. When we discuss these
effects on gravity, we mean their contribution to gravity at a computation point, and not

the horizontal components of their gravitational effect.



1.2.2 Effects on gravity of the topographical masses

The Bouguer shell effect is an approximation of the whole topographical effect. It is the
effect on gravity of a spherical shell, with thickness equal to the topographical height at
the point of interest, which we designate P, and homogeneous density normally equal to
the average topographical density of 2670 kg/m’ (e.g., Takin and Talwani [1966]; Karl
[1971]; Vanicek et al. [2001]). The shell approximates topography exactly at P, and well
in the immediate neighbourhood of P, especially for smooth topography. It is a bad
approximation far from P, but the resulting inaccuracy in the topographical effect on
gravity at P is relatively small, because distant masses have far less influence on the
gravitational effect at P than nearby ones. As a result, the Bouguer shell is a good
approximation for estimating the topographical effects on gravity. Since its second order
and higher effects are relatively small (e.g., Takin and Talwani [1966]), the gravitational
effect of the Bouguer shell is reasonably well approximated by using only first order
(linear) terms to calculate its effect. The Bouguer shell representation of topography is
shown in Figure 1.2, where the shaded area indicates the masses inducing the

gravitational effect. The density of the masses, p, is considered equal to the average

topographical density po, and is usually assigned the value 2670 kg/m’.



Topography

Figure 1.2: Bouguer shell representation of topography.

Most of the error in the Bouguer shell representation of topography can be corrected
by adding the effects of the variations of the actual topographical surface relative to the
upper surface of the spherical shell. These variations are called terrain, and their effects
are calculated using a model of the actual topographical surface, nowadays taken from a
digital elevation model, or DEM (e.g., Bott [1959]; Siinkel [1986]; Tenzer [2005]).
Gravitational effects of the topography above the shell, which were omitted from the
Bouguer shell approximation, are added when applying the terrain effect on gravity.
Effects of the topography erroneously included within the Bouguer shell are removed.
Since both of these operations decrease gravity at P, except for effects of topography
above the shell but below the horizon, the terrain effect on gravity at P is expected to be

mostly negative. The masses generating the terrain effect are shown in Figure 1.3.



Figure 1.3: Masses inducing the terrain effect.

The sum of the terrain and Bouguer shell effects completely models topography of
constant density. However, in reality the density of topography varies three-
dimensionally above and below the assumed constant value. The gravitational effect
induced by these positive and negative density anomalies is called the anomalous
density effect [Tenzer et al., 2005], and can be calculated by integration over density
variations given by a digital density model, or DDM (Siinkel [1986]; Tenzer et al. [
2005]). Masses generating the anomalous density effect are shown in Figure 1.4, where
op; indicates the anomalous density of mass 7, calculated using dp; = p; — po, and p; is the

actual density of mass i.



Topography

Figure 1.4: Masses inducing the anomalous density effect.

In practice, the full three-dimensional distribution of topographical density is unknown,
and so assumptions must be made in creating DDMs from existing data (e.g., Siinkel

[1986]; Chiou [1997]; Fraser et al. [1998]; Allister and Featherstone [2001]).

1.2.3 Effects on gravity of the non-topographical masses

The normal gravity is the gravity generated by a biaxial reference ellipsoid; that is, an
ellipsoid that best approximates the geoid, as described by Pizzetti [1894] and
Somigliana [1930]. Normal gravity comprises over 99.9% of the Earth’s gravity, and for
this reason normal heights, which are calculated based only on the normal gravity
component of mean gravity, approximate orthometric heights relatively well [Flury,
2009]. The normal gravity can be calculated exactly using a simple formula for any set
of ellipsoidal parameters (e.g., Moritz [2000]). Also, the gradient of normal gravity

along the normal to the ellipsoid is known exactly, and the first vertical derivative
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provides an accurate first order estimate of differences in normal gravity with respect to
height [Heiskanen and Moritz, 1967]. If a better estimate is required, the second and
higher order vertical derivatives of the normal gravity may be used as well [Tenzer at al.,
2005].

The no-topography (NT) geoid-generated gravity disturbance [Vanicek et al., 2004]
is the effect on gravity of the masses not modeled by the other effects. This includes the
effect of masses contained between the geoid and the surface of the reference ellipsoid,
and variations of mass density within the reference ellipsoid that are not symmetric
about its primary axis (and thus not included in normal gravity formulas). The NT
gravity disturbance is determined by subtracting the other gravitational effects from
observed gravity at the topographical surface [Vanicek at al., 2004], and then continuing
the result downward as required. By calculating the average value of the disturbance
along the plumbline, its contribution to mean gravity may be determined [Tenzer et al.,
2005]. The downward continuation is an inverse operation, and requires that the NT
gravity disturbance be known over an area surrounding the point of interest (cf.,
Martinec [1996]). If the NT gravity disturbance is already known on the geoid as the
byproduct of geoid determination efforts, it may be upward continued to the desired

level [Santos et al., 2006].

1.2.4 Helmert mean gravity and its improvements
An alternative to evaluating mean gravity directly as the sum of the above effects, is to

consider gravity observed on the topographical surface at a particular computation point
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as a first estimate of the mean value of gravity, and to refine this estimate by adding

corrective terms. The mean gravity computed according to this approach is given by:

g(QP’rP):g(QP’rP)+cg(QP’rP)’ (1.5)

where gp is the gravity at point P, and the correction, c,, is calculated using a trivial

rearrangement of eq. (1.5) (cf., the correction to Helmert gravity in Santos et al. [2006,

eq. (14)]):

Cg(QParp):g(QP’rp)_g(QP’rP)' (16)

The original Helmert prescription for mean gravity [Helmert, 1890] follows the
formulation in eq. (1.6). The corrective term is always very small, since the gravitational
effects of most masses on mean and on surface gravity are similar.

The corrective term in eq. (1.5) can be separated into the contributions of several
gravitational effects, just as with the effects on mean gravity in sections 1.2.2 and 1.2.3
[Santos et al., 2006]. Originally, it was evaluated using only the first order components
of the normal gravity effect and the Bouguer shell effect (e.g., Helmert [1890];
Heiskanen and Moritz [1967]). Evaluated in this way, eq. (1.6) becomes a linear
function of computation point height, and eq. (1.5) becomes the well-known formula for

Helmert mean gravity (Heiskanen and Moritz [1967, eq. 4-24]):
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2" (Q,.r) = g(Q,.r,)+0.0424 mgal/m X H°(Q,.r,). (1.7)

Heights determined using the mean gravity from eq. (1.7), called Helmert heights or
Helmert orthometric heights (e.g., Heiskanen and Moritz [1967, section 4-4]), may be
further refined by adding some or all of the remaining corrective terms [Santos et al.,

2006]. A correction, Con (Q,,7,), can be applied to Helmert mean gravity (cf., Santos et

al. [2006, eq. (14)]):

B(Qp1) =" (Qporp)+ €0 (1), (18)

or, the correction can be applied to already calculated Helmert heights, H”(Qp,rp), using

[Santos et al., 2006, eq. (15)]:

H Er) ) ), (1.9)

H°(Q,,r,)=H"(Q,,r,)—
o) =0 T G @y )

based on the first two terms of the Taylor series:

H'(Q,,r,) H"(Q,.r,)
HOQ, )= H" Q) - 2ole) oy 2 22 le) 10
Er ) = 1) =2 Gy 5 T F iy o )]
i _cfﬁ(Qp’rP) i
=H" Q)Y | L 1.10
! Z[ g (Qp,mj (110
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The truncation after the first order term is sufficient because the magnitude of the effects
neglected in the Helmert approach are less than 0.05% of Helmert’s mean gravity in

magnitude [Santos et al., 2006].

1.3 Background to geoid calculations

1.3.1 Calculation of orthometric heights from geodetic height observations
Three-dimensional terrestrial or satellite positioning provide heights of a point P above a
specified ellipsoid (e.g., Vanicek and Krakiwsky [1986, part IV]). In modern
applications, this is always a reference ellipsoid, such as the GRS80 [Moritz, 2000] or
the almost identical WGS-84 ellipsoid [National Imaging and Mapping Agency, 2000].
The resulting geodetic heights, /p, are different from the heights previously discussed
because they are geometric quantities [Vanicek and Krakiwsky, 1986, section 16.4]. If
the geoidal height corresponding to point P, N(€2p), is known, the orthometric height can

be calculated from the geodetic height using the formula (e.g., Featherstone et al. [1998,

eq. (D))

H(Qp, 1p) = h(Qp, 1) — N(Qp), (1.11)

based on the approximate geometrical relationship shown in Figure 1.5.
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Figure 1.5: Relationship between geodetic and orthometric heights (after
Heiskanen and Moritz [1967, Figure 4-7]).

Eq. (1.11) is approximate because the orthometric height, geoidal height and
geodetic height are all measured along different paths; however, the approximation is
good to better than 1 mm anywhere on Earth, and is considered negligible in practice
(e.g., Zilkoski and Hothem [1989]; Henning et al. [1998]; Meyer et al. [2006]). Eq.
(1.11) is valuable because it allows heights to be determined using global navigation
satellite systems (GNSS), which can now produce height observations far more quickly
than traditional leveling methods, and with similar accuracies so long as an accurate
geoid model is used [Featherstone, 2008]. In practice GNSS is especially accurate when
determining geodetic height differences along a baseline. The geodetic height difference
between two points, P and O may be converted into an orthometric height difference

according to (e.g., Engelis et al. [1984, eq. (2)]):
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[H(Qp, rp) — H g, ro)] = [W(Qp, 1) — h(Qg, rg)] — [N(Q) — N Q)] (1.12)

1.3.2 Methods of geoid determination

The above method of determining orthometric heights relies heavily on accurate geoid
determination. Methods of determining the geoid use gravimetric or geometric data sets,
or a mixture of both. Common gravimetric data include measurements of Earth’s gravity
or spherical harmonic representations of the Earth’s gravity potential (e.g., Sjoberg
[2003]; Véronneau et al. [2006]; Ellmann and Vanicek [2007]). Geometric data includes
measures of the geometry of Earth’s gravity field, such as sea surface heights or
gradients, or geoidal heights from GPS observations at orthometric height benchmarks
(e.g. Volgyesi [2005]). Deflections of the vertical (e.g. Vanicek and Merry [1973]) may
be seen as either gravimetric or geometric data sets. These data sources may be
combined through statistical methods such as least squares collocation (e.g., Roman et
al. [2004]; Featherstone and Sproule [2006]), though this is a complex and sometimes
unreliable procedure. While recent statistical approaches show promise (e.g.,
Featherstone and Sproule [2006]), gravimetric methods, and especially the Stokes-
Helmert method (e.g., Vanicek and Krakiwsky [1987]; Vanicek and Martinec [1994]),
promise centimetre-level accuracy, if adequate data are available [Ellmann and Vanicek,
2007]. This accuracy is expected to improve as new gravity data become available.
Promising new missions such as the European Space Agency’s Gravity Field and
Steady-state Ocean Circulation Explorer (GOCE) [Rummel et al., 2009], the Jason-2

Ocean Surface Topography Mission (OSTM) [Lambin et al., 2010], and new airborne
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gravity campaigns, such as the National Geodetic Survey’s GRAV-D project
[NOAA/NGS, 2007], provide gravity anomalies of progressively higher accuracy and
resolution.

There are several common approaches to calculating gravimetric geoids, all of which
address the problem by the same four general steps, which are (cf., Martinec et al.
[1993]; Huang et al. [2001]):

1. transforming gravity data into a suitable computation space (e.g., the Helmert

space),

2. reducing transformed anomalies to the cogeoid level,

3. converting the anomalies on the cogeoid into cogeoidal heights, and

4. transforming the cogeoidal heights into geoidal heights.

The cogeoid is the equipotential surface in the computation space corresponding to the
geoid in the real space. The following discussion will describe how these steps are
performed in the Stokes-Helmert method (e.g., Vanicek and Martinec [1994]; Vanicek et
al. [1999]), a common and accurate implementation, in which the computation space is

called the Helmert space.

1.3.3 Gravity anomalies in the Stokes-Helmert method
The Stokes-Helmert method takes gravity anomalies, Ag(€2p, 7p), as its input. The

gravity anomaly is calculated from observed gravity according to (e.g., Vanicek et al.

[2004, eq. (8)]):
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Ag(Qp, rp) = g(Qp, rp) — UQp, 17), (1.13)

where g(Qp, rp) is the observed gravity at point P, and Y€2p, r7) is the normal gravity
evaluated at the point on the telluroid corresponding to P. The telluroid is the surface
whose normal height above the reference ellipsoid is equal to the orthometric height of
topography above the geoid [e.g. Vani¢ek and Krakiwsky, 1986, section 7.4]. Since eq.
(1.13) uses evaluations of gravity at particular surfaces, and is blind to its three-
dimensional variation, it is called the surface gravity anomaly [Vanicek et al., 2004].
Historically, eq. (1.13) has sometimes been evaluated using normal gravity on the
ellipsoid rather than on the telluroid; however such a formulation is only valid when the
computation point is on the geoid.

The similar Hotine method of geoid computation [Hotine, 1969], instead of the
gravity anomaly, uses the gravity disturbance, dg(Q2p, rp) (e.g., Heiskanen and Moritz
[1967, eq. 2-141]), which is the difference between the observed and normal gravity at
P. The values of the gravity disturbance are becoming more readily available with the
widespread use of satellite positioning systems (e.g., Hackney and Featherstone [2003]).
However, since most gravity data are associated with orthometric heights, the gravity
anomaly is still especially useful [Vanicek et al., 2004].

Gravity anomalies are transformed into a computation space so the usual methods of
solving boundary-value problems (e.g., Kellogg [1929]) for potential fields can be
applied (e.g., Vanicek and Martinec [1994]). These methods require the gravity potential

to be harmonic outside of the boundary, which in our application will be the geoid.
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Thus, the computation must be performed in a space where all masses above the geoid
have been displaced on or below it, and several such spaces have been proposed (e.g.,
Helmert [1884]; Bjerhammer [1964]; Heck [2003]). Computing the transformation of
gravity anomalies to such a space is strictly impossible, because the distribution of rock-
densities within the topography is not known and their effects cannot be exactly modeled
[Vanicek and Martinec, 1994]. However, approximate modeling of these effects is
feasible (e.g., Huang et al. [2001]; Kuhn [2003]), and choosing a computation space that
displaces the masses as little as possible minimizes the approximation errors. Such a
space is the Helmert space, formed according to Helmert’s second condensation method,
in which all topographical masses are compressed in an infinitesimally thin layer on the
geoid called the condensation layer [Helmert, 1884]. The gravity anomalies once

converted to the Helmert space are called Helmert anomalies.

1.3.4 Transformation to and from the Helmert space
The most significant component of the transformation into the Helmert space is the
direct topographical effect (DTE), 84'(Qp, rp), and is given by [Martinec, 1993, eq.

(4.12)]:

0A'(Q,.1,) =A(Q.1) —A(Q,.13), (1.14)

where A!(Q,,r,) is the gravitational attraction of the condensed topography, and 4'(Qp,
rp) is the gravitational attraction of the real topography. The second term on the right
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hand side of eq. (1.14) is evaluated by Newton integration over the volume of
topography, exactly as with the gravimetric effects in orthometric height determination.
The first term is evaluated by integration over the two-dimensional condensed
topographical masses [Vani¢ek and Martinec, 1994b]. As with all of the topographical
and atmospheric terms in the transformation, the effect of the real masses is removed,
and replaced with the effect of the condensed masses.

For computational purposes, topographical effects in the transformations to and from
Helmert space are often decomposed in the same way as the effect on the mean gravity
in section 1.2, into a Bouguer shell effect, a terrain effect, and an anomalous density
effect (e.g., Martinec [1993]). While calculating the Bouguer shell effect requires only
that the height of computation point P be known, calculating the terrain effect
additionally requires topographical heights from a DEM (e.g., Martinec et al. [1996]),
and the anomalous density effect requires a DDM [Huang et al., 2001].

Since all mass exterior to the geoid must be condensed onto its surface, a direct
atmospheric effect (DAE), 64“(Qp, rp), must also be applied. This is done analogously to

the DTE (e.g., Novak [2000, eq. (4.120)]):

0A“(Q,,1,) =AY Q1) —A“(Q,,1,), (1.15)

where A7(€2,,r,) is the gravitational attraction of the condensed atmospheric masses

and A“(Qp, rp) is the gravitational attraction of the real atmospheric masses. For

calculating the atmospheric effect, a DEM provides topographical heights while an
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atmospheric density model (e.g., ISO [1972]; Picone et al. [2002]) gives the atmospheric
density variation.

When the topographical and atmospheric masses are displaced, the Earth’s gravity
potential field changes, affecting the shape and location of both the geoid and the
telluroid, as well as the normal gravity evaluated on the telluroid [Vanicek et al., 1999].
The difference in geoidal height between the Helmert and real spaces arising from the
difference in the topographical gravity potential is called the primary indirect
topographical effect (PITE), SN'(Qp). The PITE on geoidal height is given by (cf.,

Martinec [1993, egs. (1.5) and (1.16)]):

VCI(QP ,I"g[QP]) _VI(QP ’rg[QP])
Yo(€2s)

SN'(Q,) = , (1.16)

where V,(Q,,r,[Q,]) is the gravitational potential induced by the condensed

topographical masses at the point on the geoid with horizontal coordinates €2p, which are
the same horizontal coordinates as P, and radial coordinate 7,[Qp], and V/(Qp, 1,[Qp]) is
the gravitational potential induced by the real topographic masses at that point. Since the
PITE on geoidal height reflects a transformation of potential from the real to the Helmert
space, it can be subtracted from cogeoidal heights to convert them back to geoidal
heights in the real space [Martinec and Vanicek, 1994a]. It is thus the main component

of the transformation of the cogeoid into the geoid. As with the DTE, the PITE requires
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a DEM to evaluate the terrain component, and a DDM to calculate the anomalous
density component.

The atmospheric effect corresponding to the PITE is the primary indirect
atmospheric effect (PIAE), N“(Qp). It is calculated according to (cf., Novak [2000, eq.

(4.110)]):

VCQ(QP ,rg[QP]) _VG(QP ’rg[QP])

SN(Q,) = "N

: (1.17)

where V(€2,,r,[€2,]) is the gravitational potential induced by the condensed

atmospheric masses at the geoid, and V*(Qp, ,[€2p]) is the gravitational potential
induced by the real atmospheric masses at the geoid. Like the PITE, this must be
subtracted to convert the calculated cogeoid back to the geoid in the real space (e.g.,
Ellmann and Vanicek [2007]).

The effect of condensation on normal gravity at the telluroid is very small, and the
resulting effect on the geoid is on the order of a few millimetres [Vanicek et al., 1999].
This topographical effect on the normal gravity is called the secondary indirect
topographical effect (SITE), 8Y(2p, rp), and the atmospheric effect is called the
secondary indirect atmospheric effect (SIAE), 6y (Qp, rp). The latter is so small that it is

rarely calculated, while the first is calculated by (cf., Vanicek et al. [1999, eq. (36)]):
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8y (Q,.r,) = [VI(Qpr) =V ( Q1) ]. (1.18)

Some additional terms are required for accurate transformation to the Helmert space,
to account for errors introduced by the formulation of the problem in spherical
coordinates (&) and for the use of orthometric rather than normal heights in calculating
the normal gravity at the telluroid (&,.4,). For a test area in the Canadian Rockies, the
magnitudes of these corrections are up to 1.4 cm and 3 cm in magnitude respectively
[Vani&ek et al., 1999]. The transformation into Helmert gravity anomalies, Ag”(Qp, p),

is given by (e.g., Huang [2001, eq. (1)]):

AgH(Qp, l"p) = Ag(QP, l"p) +5AZ(QP, I’P) + 5Aa(Qp, I’p) +

+ 67}(Qp, Vp) + 6’}ﬂ(QP, Vp) + €5g(g2p, Fp) + Eg_qg(Qp, I"p). (119)

Once the Helmert cogeoid has been computed from Stokes’s integration, it must be
converted back to the real space. The transformation of the cogeoidal height, N(Qp),
into the geoidal height is given by subtraction of the PITE and PIAE on height from the

cogeoidal height (cf., Ellmann and Vanicek [2007, eq. (12)]):

NQp) = N(Qp) — SN(Qp) — SN(Qp). (1.20)
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1.3.5 Downward continuation of gravity anomalies

Once the gravity anomalies at the topographical surface have been transformed into the
Helmert space, they must be reduced to the geoid level. Determining gravity anomalies
above the geoid from those on the geoid is relatively straightforward. The field given by
r - Ag(L2p, r) is harmonic outside the geoid, so that if the values of r,(2p) - Ag(2p,
rg[€2p]) are known on the geoid, the values of r - Ag(€2p, r) external to the geoid can be
found by solving Dirichlet’s problem [Heiskanen and Moritz, 1967, section 1-16]. This
is an instance of the first boundary value problem of potential theory (e.g., Kellogg
[1929, section 1X.4]), and is solved by a Fredholm integral of the first kind [Fredholm,

1900] called Poisson’s integral (e.g., Heiskanen and Moritz [1967, eq. (6-74)]):

Q/ 202 Q/ 2 A Q/, Q’
2g(@, 1) = L 0 Z )])JI3 SCLD e (1.21)
4rr, o U7 (Qp,1,8,1, [Q])
where:
UQRQ )= fr? 47 =277 cosy[QQ'], (1.22)

or the straight line (Euclidean) distance between P and the running integration point, and
w2, Q") is the spherical angular distance between positions €2 and Q'. To downward

continue gravity anomalies to the geoid, we must solve the inverse problem: given
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gravity anomalies on the topographical surface, determine the values on the geoid (e.g.,
Vanicek and Martinec [1994]).

While the downward continuation problem is well posed in the Hadamard sense
[Hadamard, 1923, section 1.1], no continuous solution can be formulated
mathematically, and so only a discrete solution is possible [Wong, 2002]. Written in a

discrete form, in matrix-vector notation, the direct problem is (cf., Vanicek et al. [1996,

eq. (12)]):

Ag,=B Ag,, (1.23)

where Ag; is the vector of gravity anomalies at the topographical surface, Ag, is the
vector of gravity anomalies on the geoid, and B is the matrix composed of integral
kernels relating the two. The inverse operation, which provides values of gravity on the

geoid given those on the topographical surface, is then given by:

Ag, =B Ag,. (1.24)

Although a solution to eq. (1.24) always exists, finding the solution presents a

significant numerical challenge due to frequent ill-conditioning, and some regularization

is necessary to solve it [Martinec, 1996].
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1.3.6 Determination of cogeoidal heights by Stokes’s integration

Once Helmert gravity anomalies have been determined on the surface of the geoid, they
are converted to disturbing potentials in the Helmert space, T (Qp,rg[€2p]). The
disturbing potential is the difference between the actual gravity potential on the geoid in
the Helmert space, WH(Qp,rg[Qp]), and the normal potential, U(Qp,r,[€2p]) (e.£.,
Heiskanen and Moritz [1967, section 2-13]). It can be converted into the cogeoidal
height, N”'(Qp) using an approximation to Bruns’s formula (Heiskanen and Moritz

[1967, eq. (2-144)]; cf., Bruns [1878, p. 20]):

T"(Q,,r,[Q,])
Vo)

N7 (Q,)= (1.25)

The error in the approximation in eq. (1.25) is never more than 1.5 mm, and so it is
negligible [Vanicek and Martinec, 1994].

The computation of disturbing potentials from gravity anomalies is an example of the
third boundary-value problem of potential theory, in this case called the geodetic
boundary value problem (e.g., Heiskanen and Moritz [1967, section 1-17]), expressed in
the fundamental equation of physical geodesy [Heiskanen and Moritz, 1967, eq. (2-

148)]:

T (r,Q) 1 Y.y i
| oo, L ErlQD=-Ag" ([ |26
an r=r,(Q) yO(Q) on ( ’rg[ D g ( ’rg[ D, ( )
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where 7 is the normal to the ellipsoidal surface. A highly accurate solution is found by
applying the appropriate Green’s function for a sphere, resulting in Stokes’s integral
[Stokes, 1849]. While this spherical formulation can cause errors that are significant by
modern standards [Martinec and Grafarend, 1997], these errors are avoided if a higher-
degree reference field is used for computing the low-frequency constituents of the
disturbing potential, as is often the case in practice [Vanicek and Featherstone, 1998;
Ardestani and Martinec 2002]. Stokes’s integral for determining disturbing potential on
the geoid from gravity anomalies on the geoid is given by (e.g., Heiskanen and Moritz

[1967, eq. (2-161)]):

R ’ ’ ’ ’
T Q1@ ) =[] A" @ IQDSWIQ, QDA (1.27)
o
where (e.g., Heiskanen and Moritz, 1967, eq. (2-164)):

S(y)= m—6sin%+1—SCost//—3coswln(sin%+sin2%), (1.28)

where the variable y is a shorthand for v (Qp,Q"). Eq. (1.27) may be substituted into eq.

(1.25) to calculate the Helmert cogeoidal height directly (e.g., Heiskanen and Moritz

[1967, eq. (2-165)]):

27



R

BTN

ﬂ Ag" ([ DSWIQ, QDAY . (1.29)

Practical evaluation of eq. (1.29) is not simple because it strictly requires global
integration, but reduced terrestrial Helmertized gravity anomalies are not available
globally, and may only be available or available with sufficient quality locally [Vanic¢ek
and Sjoberg, 1991]. To overcome this problem, it is useful to replace the usual Stokes’s
kernel in eq. (1.28) with a kernel modified to reduce the weight of the contribution of
distant gravity anomalies in the computation (e.g., Wong and Gore [1969]; Sjoberg
[1984]; Vani¢ek and Kleusberg [1987]). Even using such a modified kernel, limiting the
integration to a small “near zone” around the computation point causes considerable
error. For this reason, precise geoid determination also uses a global geopotential model
(GGM) to evaluate in spectral form the portion of the integral outside of the near zone,
called the far zone contribution or the truncation error (e.g., Hernandez et al. [2002]).

The Stokes’s kernel may also be written in a “spheroidal” form that omits certain
spherical harmonic bands from the Stokes’s integration [Vanic¢ek and Sjoberg, 1991].
Using this formulation, the low-frequency components of the geoid are not evaluated
from terrestrial data during Stokes’s integration, and can be computed separately using
spherical harmonic synthesis based on a GGM (e.g., Vanicek and Sjoberg [1991]). Thus,
the long-wavelenth accuracy of GGMs from satellite gravity potential observations can
be exploited, while retaining the high accuracy of terrestrial observations at short

wavelengths.
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1.4 Review of developments in orthometric height and Stokes—Helmert

geoid determination

1.4.1 Developments in determining orthometric heights from leveling

The original prescription for orthometric heights was formulated by Helmert [1890]
based on the Poincaré-Prey gradient, and contains the first order approximation of the
Bouguer shell effect and the first order effect of normal gravity. It is accurate to within a
few decimetres in mountainous areas [Santos et al., 2006]. Strange [1982] has shown by
a comparison with mean gravity from borehole gravimetry that Helmert’s method
models the real mean gravity along the plumbline very well, and suggests that in most
areas it is accurate to about 3 cm. Because it is straightforward and requires only the data
already available from leveling operations, Helmert’s method remains useful for
approximate heighting.

Due mainly to the unknown density distribution within topography, topographical
modeling has been persistent barrier to improving the accuracy of orthometric heights
(e.g., Rapp [1961]; Heiskanen and Moritz [1967]; Strange [1982]; Allister and
Featherstone [2001]; Tenzer et al. [2005]). Methods for modeling the constant density
effect of topography, including terrain effects, have been in place since the early 1900’s
(e.g., Hayford and Bowie [1912]). Since the 1930’s, inclusion of terrain effects on
gravity in orthometric height calculation (e.g., Niethammer [1932]; Mader [1954];
Krakiwsky [1965]; Siinkel [1986]) has increased orthometric height accuracy by several
decimetres, or an order of magnitude, in mountainous areas. Although terrain effects

relative to a Bouguer shell (as opposed to a plate) had been used for some time in
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geophysical applications (e.g., Takin and Talwani [1966]), they were not used in
orthometric height calculations until relatively recently (e.g., Featherstone et al. [2001];
Tenzer et al. [2005]; Santos et al. [2006]), and the plate model is still sometimes applied
(e.g., Hwang and Hsiao [2003]).

Since Helmert [1890], the necessity of including density variation effects on height
has been suggested by authors writing on orthometric heights (e.g., Rapp [1961]; Siinkel
[1986]). Geophysical methods for inferring density models from surface data, and for
forward modelling gravitational effects of density models, exist (e.g., Parasnis [1997])
and have been refined during the past century [Mooney, 2007]. Although Heiskanen and
Moritz [1967, section 4-4] suggested that the anomalous density effects on orthometric
height would not be larger than about 2.5 cm for heights of 1000 m, which was a very
small error by the standards of their time, Strange [1982] pointed out that errors in
orthometric heights do not just increase linearly with height and that the error might be
as large as 22 cm for an elevation of 3000 m. Strange [1982] and Siinkel [1986] both
recommended applying a density correction to orthometric height, suggesting that an
approximate DDM be constructed based on a map of Bouguer gravity anomalies. When
the density effect was first applied to orthometric corrections by Allister and
Featherstone [2001], they used a laterally-varying density model created by Middleton et
al. [1993] according partly to the recommendations of Strange [1982] and Siinkel
[1986]. Contemporary efforts at the University of New Brunswick (Tenzer et al. [1995];
Santos et al. [2006]) use a laterally-varying DDM created by digitizing geological maps
and assigning appropriate rock densities [Fraser et al., 1998], comparable to a procedure

used by [Martinec, 1993] in geoid determination. In these efforts, including the density
30



effect improved heights by up to 7 cm in an area of the Canadian Rockies. Hwang and
Hsiao [2003] used a similar method of DDM creation to evaluate orthometric
corrections over Taiwan. Some of these authors mention the desirability of three-
dimensional DDMs for evaluating the density correction (e.g., Hwang and Hsiao [2003],
Tenzer et al. [2005]), but none discuss it in any concrete way. The benefit to orthometric
heights of accurately modeling the whole three-dimensional variation of topographical
density is expected to be only a few centimetres, even in extreme circumstances
[Kingdon et al., 2006].

The main improvement in the non-topographical effects has been the inclusion of the
NT geoid-generated gravity disturbance [Vanicek et al., 2004]. This effect on
orthometric height has been exclusively modeled by the University of New Brunswick
group, and can improve orthometric heights by up to a few decimetres (Tenzer et al.
[2005]; Santos et al. [2006]).

A further minor improvement to Helmert heights is the inclusion of the second order
effects of normal gravity and the Bouguer shell [Santos et al., 2006]. The result of these
second order improvements are only 1.5 cm and —1.6 cm, respectively, for Mount
Everest, and in most cases these corrections are negligible.

In addition to a theory containing all of the effects on rigorous orthometric heights,
the past century has brought significant improvements in the numerical methods of
evaluating these effects. Unlike the Bouguer shell effect, the integral mean of the terrain
and density effects cannot be represented as a simple function of computation point
height. Historically, various numerical methods have been applied for evaluating the

terrain effect on mean gravity. Until recently the most accurate method was that of
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Neithammer [1932], who calculated the effect as the average of terrain effects on gravity
sampled at discrete intervals along the plumbline. Assuming the terrain effect to vary in
a roughly linear fashion, Mader [1954] suggested using only the average of the effects at
both ends of the plumbline [Mader, 1954]. Later studies verified that these two methods
were similar (Heiskanen and Mortiz [1967, section 4-4]; Rapp [1961]), but that the
Niethammer method was superior in terms of accuracy [Dennis and Featherstone, 2003].
The point became moot, however, with the realization that the integral mean gravity
could be evaluated exactly by simply evaluating the difference in the terrain effect on
gravity potential at both ends of the plumbline and dividing by height (e.g., Tenzer et al.
[2005]; Santos et al. [2006]), which was more accurate than Neithammer’s method and
more quickly evaluated than Mader’s method [Kingdon, 2005a].

There have been numerous developments in modeling the mass bodies generating the
terrain and density effects, which are pertinent to both orthometric height and to geoid
determination. Early analog efforts used Hammer charts [Hammer, 1939] to discretize
terrain masses, following a method already used to evaluate the terrain effect for
geophysical purposes [Hayford and Bowie, 1912]. Digital computing later made more
complex models practical (e.g., Bott [1959]; Talwani and Ewing [1960]; Takin and
Talwani [1966]; Paul [1974]), and some of these advances eventually found their way
into geoid (e.g., Anderson [1976]; Vanicek et al. [1987]) and orthometric height (e.g.,
Stinkel [1986]) calculations. Advanced methods of topographical modeling used in
geodesy include modeling topographical masses as discrete mass columns [Martinec,
1993], rectangular prisms (e.g., Mollweide [1813]; Bessel [1813]; Nagy [2000, 2002]),

prisms with inclined (e.g., Smith [2000]) or bilinear (e.g., Tsoulis et al. [2003]) surfaces,
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or tesseroids (e.g., Anderson [1976]; Seitz and Heck [2001]). A thorough listing of these
methods is given by Heck and Seitz [2007]. The accuracy improvements from the most
precise methods, while necessary for calculating the whole gravitational effect in
geophysics, are not required to calculate topographical corrections to Helmert heights,
nor to calculate the conversions to and from the Helmert space in Stokes-Helmert geoid
modeling. The modeling errors will be very similar in the topographical effects on mean
and surface gravity, so that when their difference is calculated according to eq. (1.6),
these errors mostly cancel each other. The modeling errors in effects of real and
condensed topography are likewise similar, and so cancelation likewise occurs when

evaluating the DTE, PITE, etc.

1.4.2 Developments in the Stokes-Helmert method of geoid modeling

As with orthometric heights, the greatest unresolved challenge in geoid determination is
accurately accounting for topographical effects without complete knowledge of the
topographical density distribution. Within the Stokes-Helmert context, the
transformation according to a constant density model comprised of a Bouguer shell and
terrain has been investigated considerably (e.g., Martinec [1993]; Vanicek et al. [2001];
Novék et al. [2001b]). BorraB3 [1911] applied the earliest transformation of gravity
observations to the Helmert space using a constant density model, and Lambert and
Darling [1936] applied it along with Stokes’s integration for geoid computations
[Lambert, 1930]. The latter computations applied the DTE, considered as a specific form
of isostatic reduction (e.g., Heiskanen and Moritz [1967, section 3-7]), but applied no

other components of the transformation to Helmert space, nor the conversion of the
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cogeoid to the geoid. This approximate form was suitable for the accuracies of the time.
For example, Lambert suggests that the DTE is often negligible because it is less than 1
m in most areas [Lambert, 1930]. The magnitude of the DTE may reach several metres

in rugged mountains (e.g., Martinec [1993]; Novak [2000]).

Wichiencharoen [1982] first included the PITE in a geoid computation by the
Stokes—Helmert method, and was followed by Vanicek et al. [1987]. The PITE can
reach about a metre in magnitude in sufficiently rough topography, and so must be
included for decimetre level accuracy (e.g., Martinec [1993]; Novak [2000]). The SITE
is also included by Martinec [1993], and later by others (e.g., Novak [2000]; Ellmann
and Vanicek [2007]).

The second most significant theoretical advance in DTE evaluation since Lambert’s
[1930] application has been the evaluation in spherical coordinates, described precisely
in Vajda et al. [2004]. This was applied by Wichiencharoen [1982] when many other
methods were still using planar coordinates (e.g., Vanicek et al. [1987]), and later
became common for all topographical effect evaluations (e.g., Martinec [1993]; Vanicek
and Martinec [1994]; Huang et al. [2001]; Ellmann and Vanicek [2007]).

The most significant theoretical advance in determining the topographical effects has
been the inclusion of anomalous density effects in DTE evaluation. This began with
Martinec [1993], who proposed a mathematical framework for including anomalous
density effects in the DTE, PITE and SITE, using a laterally-varying DDM, ideally a
DDM representing the mean density along each topographical column. An experiment to
practically realize these corrections was performed in Martinec’s 1993 report, and then

in a more refined version by Martinec et al. [1995], in which a DDM was created for
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Lake Superior in Canada by using the lake bathymetry to evaluate the average density in
discrete topographical columns. This model assumes the lake water density to be 1000
kg/m’® while the topographical density remains constant at 2670 kg/m’. The results
showed that the total anomalous density effect ranged from —1.1 to 1.3 cm.

Additional efforts to calculate the anomalous density effects used a laterally-varying
DDM created from surface geology maps (e.g., Fraser et al. [1998]). The first such
computation was by Martinec [1993], who was followed by Pagiatakis et al. [1999],
Tziavos and Featherstone [2001], Huang et al. [2001] and Kuhn [2003], all of whom
found that including anomalous density affected solutions by at most one or two
decimetres, in especially challenging test areas. The most accurate DDMs were those
used by Martinec [1993, section 7.1] for part of Canada and Kuhn [2003] for a
mountainous region of Europe, both of whom used a laterally-varying DDM constructed
from sedimentary basin data as well as bedrock geology maps, providing a more
accurate determination than other efforts of the average rock densities in topographical
columns. The resulting anomalous density effects were below 1 decimetre, a magnitude
comparable to other efforts. Notably, Kuhn discusses the superiority of a three-
dimensionally varying DDM for geoid modeling, and provides some basic guidelines for
how one might be obtained by geophysical methods, though he admits that such models
do not exist and would be difficult to create.

Atmospheric effects have been included in geoid modeling generally since the
1970’s (e.g., Anderson [1976]). In the Stokes-Helmert context, Vanicek et al. [1987]
include the DAE, but not the PIAE, following the prescription of the International

Association of Geodesy [1971]. Later efforts included both the DAE and the PIAE
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(e.g.Vanicek and Martinec [1994]), and use updated atmospheric models (e.g., Sjoberg
and Nahavandchi [2000]; Novak [2000]; Ellmann and Vanic¢ek [2007]). The magnitude
of the DAE is normally of the order of a few decimetres (Novak [2000]; Sjoberg and
Nahavandchi [2000]), while the PTAE is no more than about a centimetre globally (e.g.,
Ellmann and Vanicek [2007]).

In addition to those involved in the transformations to and from the Helmert space,
the Stokes—Helmert approach has other numerical difficulties. There is an open question
of what parameters are suitable for Stokes’s integration in a given circumstance
[Ellmann and Vanicek, 2007], although the numerical techniques of evaluating Stokes’s
integration are fast and accurate (e.g., Huang et al. [2000]; Novék et al. [2001a]; Hirt et
al. [2011]), as are the methods of spherical harmonic synthesis necessary for working
with the reference field [Vanic¢ek and Sjoberg, 1991].

The most challenging numerical problem in the Stokes-Helmert solution is the
downward continuation of gravity anomalies to the geoid (e.g., Sun and Vanicek
[1998]). This is especially a problem when using Helmert’s second condensation method
that, while it minimizes the PITE and the problems with an unknown density
distribution, results in a very rough gravity anomaly field [Heck, 2003] that must be
carefully continued downward to the geoid. While more finely spaced gravity data can
provide more accurate geoidal heights, as the resolution of gravity data increases the
conditioning of the downward continuation problem becomes worse, especially for
regions with large topographical heights [Martinec, 1996]. Ongoing efforts have sought
to address these stability problems by regularization (e.g., Schwarz [1979]; Martinec et

al. [1996]; Huang [2002]). Some recent investigations have also examined the behaviour
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of the downward continuation using point vs. mean gravity anomalies (e.g., Huang

[2002]; Sun [2005]; Goli [2010]; Vanicek and Santos [2010]).

1.4.3 Data sources for determination of orthometric heights and the geoid

Regarding the data used for determining orthometric heights, steady improvements in
the accuracy of GNSS positioning have made it a feasible source of precise orthometric
heights, provided that a suitable geoid model exists (Meyer et al. [2006]; Featherstone
[2008]). This especially emphasizes the geodetic importance of an accurate geoid model,
beyond its continuing importance to scientific studies (e.g., Vanicek and Christou
[1993]; Vanicek et al. [2004]; Tapley et al. [2003]; Ellmann et al. [2005]).

In addition to improvements in GNSS observations, the sources of gravity and
auxiliary data for gravimetric geoid determination have developed considerably in the
past twenty years. Although terrestrial gravity measurement has seen little significant
improvement, airborne gravity observation has become more accurate, allowing rapid
acquisition of data over large areas [Olesen and Forsberg, 2007]. As a result, airborne
data is extensively applied in geoid determination (e.g., NOAA/NGS [2007]).
Meanwhile, satellite missions have measured the gravitational potential field of the
Earth to a high accuracy at higher resolutions than before, especially with the GRACE
[Tapley et al., 2005] and GOCE [Rummel et al., 2009] projects. Satellite altimetry,
which once provided relatively coarse gravity anomalies over oceans [Sandwell and
Smith, 1997], is now capable of delivering gravity anomalies of much higher resolution
and accuracy [Sandwell and Smith, 2009; Andersen et al., 2010], and has extended its

reach to inland water bodies and coastal areas (e.g., Hwang and Hsu [2003]). This
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promises to provide valuable data for lake waters, where large density contrasts exist
and dense sampling of the gravity field is required, although the accuracy and resolution
of satellite altimetry are ultimately limited by the difficulty in extracting the rough
gravity anomaly field from smooth observations of a surface (the sea or a lake surface)
approximately parallel to the geoid. Finally, spherical harmonic GGMs of improved
accuracy have been developed using a combination of terrestrial data and new satellite
gravity fields. Examples of these are EGM2008 [Pavlis et al., 2008] and EIGENGL04C
[Forste et al., 2008].

DEM data has long been available, even to relatively high accuracy, in the form of
topographical maps. However, these are now available over wider areas and at higher
resolutions and precisions than before. This is especially important in geoid modeling,
which requires consistent regional data sets with high local accuracy. Notable recent
DEMSs have been the SRTM data set [Werner, 2001] that covers much of the globe and
the ASTER GDEM [Abrams et al., 2010] that covers almost the whole globe. Both of
these, developed by NASA from radar interferometry observations, claim vertical
accuracies of about 20 m and useful horizontal resolutions of about 3 arc-seconds, or
100 m. The ACE2 GDEM, based on SRTM data corrected by comparison to satellite
altimetry heights for e.g., false returns due to forest cover, claims similar levels of
accuracy, but with biases in some areas removed [Berry et al., 2010]. Also relevant to
geoid determination are spherical harmonic models of squared heights, the most recent
being the DEM2006.0 model used as a complement to EGM2008 [Pavlis et al., 2007],

which are useful for performing topographical effect calculations in the spectral form.
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Most of the laterally-varying DDMs already mentioned have not really satisfied the
recommendation of Martinec for a DDM that represents the average value of gravity in a
topographical column. In particular, the DDMs of Fraser et al. [1998] and Chiou [1997],
which are based on geological maps of surface rock densities, are likely to be
sufficiently accurate in most areas but inaccurate in areas of large elevation or in
sedimentary basins. In such regions, the actual density may change significantly
throughout the vertical profile. The DDM of Middleton et al. [1993] avoids this problem
somewhat because it is based on geophysical data and thus representative of more than
just the surface rock type. However, the results from geophysical data are likely to
reflect densities of larger portions of the crust than just the relatively thin topography.
The same problem limits the usefulness of global density models derived from
geophysical operations, such as the CRUST 2.0 model [Bassin et al., 2000]. Because
such models also delineate major density interfaces they may be useful for modeling
effects of large sedimentary basins, and may also find use in modeling far zone density
effects. Local investigations are able to provide relatively high resolution DDMs from
geophysical data (e.g., Yen and Hsieh [2010]), but their vertical resolution is still rarely
sufficient for geoid or orthometric height calculations. The most suitable DDMs to date
have been those used by Martinec [1993] and Kuhn [2003], created from a geological
bedrock map, but also modeling local sedimentary structures, which were likely to

present the largest vertical deviations from the geological map values.

39



1.5 Significance of included articles

1.5.1 General comments on included articles

The six included articles are presented in almost their published form, except for minor
grammar and typographical corrections. They are prefaced with explanatory notes where
necessary, addressing deficiencies or points of contention in the articles.

While some effort has been made in this chapter sections to make the included
articles accessible to readers in other disciplines, some esoteric content remains. For
example, this dissertation commonly uses the Gal (1 Gal = 1 centimetre per second
squared) as a unit of measurement, although SI units are now preferred in most fields.
Also, we have chosen to specify position as an argument of terms depending on it, e.g.
using H(Lp,rp) to represent the height corresponding to the point P. This makes some
expressions more cumbersome, especially for readers not already familiar with them, but
we have preferred it because it is more transparent than the common alternative notation
that uses the point name as a subscript (e.g. Hp).

Also along these lines, the significance of the included articles may be difficult to
appreciate for those outside the discipline of geodesy. Why are we concerned with
accuracies of better than one centimetre on top of a mountain? The main reason is
because the techniques described would normally be applied to height control points,
upon which other observations will be based. As a rule, control points must be
significantly more accurate than the desired accuracy of observations based to them. For

example, if a series of leveling observations is meant to have an accuracy of +/— 10 cm,
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the height control points upon which these are based should have accuracies of +/— 5 cm
or better.

There are a number of engineering applications common in mountainous regions for
which very accurate heights are important. Two prominent examples are tunnel drilling
and bridge building. Accurate height control minimizes the potential breakthrough errors
in tunneling. It is an expensive mistake to correct if the machines drilling a tunnel from
both ends of a mountain are offset from each other by a decimetre when they meet up in
the middle. It is likewise expensive to repair a bridge when the two halves do not meet
up correctly in the middle. Also, even though the effects described in the following
articles are smaller at lower elevations, they may still be significant for some
engineering tasks, e.g. ground deformation and subsidence monitoring, which require

very precise height measurements.

1.5.2 Articles dealing with corrections to Helmert orthometric heights
The first two articles concern corrections to Helmert orthometric heights. The Chapter 2
article uses the test area in the Canadian Rocky Mountains, as shown in Figure 1.6,

while the article in Chapter 3 uses a portion of this area.
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Figure 1.6. Base map of the test area for Chapters 2 and 3, with 1 km contours.

Chapter 2, “Toward an improved orthometric height system for Canada” [Kingdon et
al., 2005b] is an article demonstrating, for an especially challenging area in the Canadian
Rocky Mountains, an evaluation of the three main corrections needed to upgrade
Helmert heights to rigorous orthometric heights. While Canada officially uses a normal-
orthometric height system (the cited article erroneously claims otherwise), Helmert
orthometric heights are commonly used in mountainous areas where high accuracy is

needed, e.g. for using GPS and leveled heights to evaluate geoid models. Helmert
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heights are also common elsewhere in the world, and so the article’s findings are
relevant to numerous other height systems.

The article shows results for the terrain correction, computed using publicly available
DEMs; the anomalous density correction, using a DDM providing two-dimensionally
varying anomalous densities drawn from geological maps; and the correction for the NT
geoid-generated gravity disturbance, based on NT gravity anomalies on the geoid that
were a byproduct of geoid determination. It demonstrates the feasibility of applying
corrections to Helmert heights, and also shows that the magnitudes of the corrective
terms are large enough that they should be taken seriously. It also shows that the density
correction is quite small, even in an area of very large elevations, and that it tends to be
smaller for lower elevations. This suggests that in most areas, the anomalous density
effect will not prevent determination of heights with 1 cm accuracy.

Chapter 3, “Computationally efficient correction to Helmert orthometric heights for
terrain and density effects” [Kingdon et al., 2012], an article currently in preparation,
investigates more thoroughly the numerical methods required to evaluate the terrain and
density corrections. Directed at a more general audience than the first article, it provides
an accurate method for calculating the terrain and anomalous density corrections by
discretizing the topography as a series of columns, rather than using a more complex
approach, and also evaluating effects on mean gravity based on effects on potential at
both ends of the plumbline. It further demonstrates that by this method Helmert heights
can be corrected to rigorous orthometric heights efficiently and to better than 1 cm
numerical accuracy, using only basic methods of topographical modeling and numerical

integration.
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1.5.3 Articles on errors in laterally-varying density models for geoid determination
The next two articles also deal with topographical effects, but in the context of the
transformations to and from the Helmert space in geoid determination. Since the
Bouguer shell and terrain contributions to the DTE, PITE and SITE have been addressed
by other researchers, as has the anomalous density effect for laterally-varying densities,
these articles deal with the remaining effect of the vertical variations of anomalous
density, by investigating the difference between using a DDM that allows three-
dimensional density variations, and one that uses only two-dimensional variations.

The article “Modeling topographical density for geoid determination” [Kingdon et
al., 2009], comprising Chapter 4, first provides a thorough review of data sets and
methodologies that might be useful for constructing three dimensional DDMs. Next, a
mathematical framework is suggested for calculating the DTE, PITE and SITE on
geoidal height for three-dimensional bodies of anomalous density. Methods are proposed
for bodies bounded by simple surfaces (e.g. discs, which are bounded by two planes and
a cylinder), and for bodies bounded by irregular surfaces (e.g. lake waters, which are
bounded at the bottom by the lake bed and at the top by the lake surface). These methods
are tested by comparison of the numerical result for a disc with the result from an
analytical calculation, and they are found to be coarse methods but sufficient for their
task. The numerical methods are applied in a series of simulations attempting to find the
worst-case error in geoidal height that might result from neglecting vertical density

variations in a DDM of the topographical masses. It is found that even in a very extreme
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scenario, laterally-varying density models are able to provide a geoid accurate to within
several centimetres.

To demonstrate the capability of the proposed methodology on real data, a
calculation is carried out for Lake Superior in Canada. The lake is an example of an
extreme density contrast delineated by an irregular surface, i.e. the lake bed, and has
been used previously in studying anomalous density effects [Martinec et al., 1995]. The
error in the geoid from omitting the three-dimensional density variations of the lake is
found to be less than one centimetre, confirming that in most real world applications,
laterally-varying DDMs can produce precise geoid results.

This article not only provides for the first time a complete methodology for
calculating three-dimensional density effects within the Stokes-Helmert model, but also
uses these methods to demonstrate that even existing DDMs can provide a geoid
accurate to a few centimetres.

Chapter 5, “Effects of hypothetical complex mass-density distributions on geoidal
height” [Kingdon et al., 2011a] briefly examines the extent to which adjacent bodies of
anomalous density might cancel each other’s effects. In simulations for two arrays of
discs, the DTE is reduced significantly by the presence of adjacent masses of lower
density contrast, but not the PITE. This suggests that in some complex density
distributions, the overall density effect may be smaller than what the simple examples of

the previous article suggest.
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1.5.4 Articles dealing with numerical and data issues

Next, an attempt is made to address the numerical problems of downward continuation
in Chapter 6, “Poisson downward continuation by the relaxed Jacobi method” [Kingdon
and Vanicek, 2011b]. The Jacobi iterative method is commonly applied to solve the
downward continuation problem. It is conventionally applied with convergence
tolerances based on a desired accuracy. In attempting to meet these requirements when
the downward continuation problem is especially ill-conditioned, significant noise is
added to the results. Instead of solving this problem by conventional regularization
methods, this article suggests regularizing the downward continuation by relaxing the
tolerance for the Jacobi method to a value reflecting the ill-conditioning of the problem,
based on the condition number. The method is validated by testing in an area where the
downward continuation problem is especially ill-conditioned, and it is found to work
very well. This article provides a new, simple and efficient solution to one of the most
challenging numerical problems of geoid determination.

The final article is provided in Chapter 7. Titled “Gravity Anomalies from retracked
ERS and Geosat Altimetry over the Great Lakes: Accuracy Assessment and Problems”
[Kingdon et al., 2007], it is the only article dealing with advances in data collection. This
article presents a case study in the relatively new application of satellite altimetry to
providing gravity anomalies over lake waters, made possible by the recent advances in
accuracy and resolution of satellite altimetry missions. The altimetry result is able to
resolve features of the gravity field that the GRACE satellite mission cannot, and
provides accuracies comparable with some terrestrial methods, but is also sometimes

subject to unknown errors and requires further refinement. The study is valuable as a
46



first assessment of the potential of satellite altimetry to provide cheap and readily
available gravity anomalies over an area (over lakes) where they are often lacking. The
study is also unique in its analysis of the ability of satellite altimetry to resolve
gravitational effects of bathymetric features. When such features exist between the geoid
and the lake surface, they contribute to topographical density effects in orthometric

height determination.
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Chapter 2: Toward an improved orthometric height

system for Canada

This article was published in Geomatica, a journal published by the Canadian Institute
of Geomatics, in 2005. I developed the software and methods used in this article,
performed the computations, and wrote the article. My coauthors provided guidance in
the computation process, and in revising the manuscript for submission. The full citation

for the article is:

Kingdon, R., P. Vanicek, A. Ellmann, M. Santos, and R. Tenzer (2005b). “Toward an
improved orthometric height system for Canada.” Geomatica, Vol. 59, No. 3, pp.
241-249.

Note: The DTM data used in this publication is drawn from the Canadian Digital

Elevation Database (CDED) data set. The reference is:

Canada, Natural Resources (2007). Canadian Digital Elevation Data, Level 1 Product
Specifications. Edition 3.0, Centre for Topographic Information, Natural Resources
Canada, Customer Support Group, Sherbrooke, Québec, Canada.

At the time of this article’s publication, I understood the DDM used in this article to
have been produced by the Geological Survey of Canada. Since then I have learned that
it was actually generated at UNB. The relevant reference is:

Fraser, D., S. Pagiatakis, and A. Goodacre (1998). “In-situ rock density and terrain

corrections to gravity observations.” Proceedings of the 12th Annual Symposium on
Geographic Information Systems, 69 April, 1998, Toronto, Ontario, Canada, 1998.
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The NT gravity disturbances used here were also created at UNB, as a byproduct of
geoid calculations. Though reasonably accurate, they were not final results, and were not
otherwise published.

In sections 2.2 and 2.6, reference is made to the NT geoid-generated gravity
disturbance being a result of the “geoid’s mass”. This expression refers to the masses
contained within the geoid surface, excluding those whose effects are accounted for by
the normal ellipsoid. Really, the NT gravity disturbance also includes the effects of
masses exterior to the geoid (where it lies below the ellipsoid), which are counted both
in the normal gravity effect and in the topographical effects. The redundant effects of
these masses are removed when applying the NT disturbance, analogous to the
accounting for absent topographical mass by the terrain effect. Thus, saying that the NT

gravity disturbance results from the geoid’s mass in this paper is slightly misleading.

Chapter 2 Abstract

Heights in Canada are defined in the system of orthometric heights, according to a
method proposed by Helmert in 1890. However, much development in the theory of
heights has been done since then, leading to a more rigorous approach to orthometric
heights. The new approach takes into account the effects of terrain roughness, laterally
varying anomalous topographical density, and the NT geoid-generated gravity
disturbance, which are not considered in the Helmert method.

This paper presents a calculation of corrections to Helmert orthometric heights, to

update them to the more rigorous definition. The corrections for each effect, as well as a
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total correction comprising all three effects, are evaluated for a Canadian test area
comprising several types of terrain. The correction is found to reach decimetres in some

mountainous areas.

2.1 Introduction

An understanding of heights is essential to the study of any field of geomatics, and the
Canadian height system — called Helmert Orthometric Heights — is directly related to
Earth’s gravity field as well. This paper deals with the improvement of the Canadian
height system, as a result of variations in Earth’s gravity field; and in particular, with the
determination of corrections to Helmert orthometric heights to account for these
variations. Other errors, such as those involved in leveling operations for height
determination, or inaccuracies in definition of the height datum, are not considered.
Orthometric height, geometrically, is the length of a (curved) plumbline intersecting
the geoid — an equipotential surface having the same potential as mean sea level — at a
right angle, and the corresponding point on the surface of the Earth. The heights in
Canada were estimated by the 1928 adjustment of leveling networks, resulting in the
Canadian Geodetic Vertical Datum 1928 (CGVD28). This readjustment used Helmert
orthometric heights in its calculations, as did later incarnations such as the North

American Vertical Datum 1988 (NAVDSS) [Zilkoski et al., 1992].
Mathematically, the orthometric height, 7 (Q) of a point is defined as its

geopotential number divided by the mean gravity along the plumbline between that point

and the geoid. The geopotential number, defined as the difference between the potential

64



on the geoid and the potential at a surface point, is determined from observed gravity
and height differences between that point and mean sea level, realized at the surface of
the Earth. The mean value of gravity along the plumbline, here shortened to mean
gravity, 1s not so easily determined since the factors contributing to this value are
difficult to quantify and require more complex mathematics for their evaluation.
Traditionally, mean gravity has only been approximately calculated according to
Helmert’s method, which accounts for gravity generated by the ellipsoid, and
approximates topography with a plate extending to infinity, known as a Bouguer plate.
Since Helmert’s method was introduced, however, the attempt to calculate mean gravity
has undergone significant evolution. As pointed out in Tenzer et al. [2005], relevant
developments are the inclusion of local terrain effects in the calculation (e.g.,
Niethammer [1932]; Mader [1954]), the introduction of effect of lateral anomalous
density variations [Vanicek et al., 1995; Allister and Featherstone, 2001] and an
examination of the effect of the geoid-generated gravity disturbance [Martin et al.,
2003]. This paper presents an evaluation of corrections to Helmert orthometric heights
required to account for these effects. Corrections calculated in a Canadian context are
presented here, and an assessment of their behavior is carried out. The theoretical

background is presented in Santos et al. [2006].
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2.2 Corrections to Helmert orthometric heights

The Helmert method requires mean gravity along a plumbline as [Heiskanen and Moritz,

1967, eq. (4-24)]:

g’ (Q)= g(r,€)+0.0424 H(Q), 2.1

where g(r,,Q2) is the value of gravity at the point at the surface of the Earth with

spherical coordinates € and geocentric radius 7, and H(€2) is the orthometric height of
the surface at the same point. This is based upon application of the Poincaré-Prey
reduction to surface gravity, assuming a linear gravity gradient along the plumbline. It
takes into account both normal gravity and the effect of a Bouguer plate having a
constant density of 2670 kg/m’. However, as Santos et al. [2006] explain, these effects
alone do not provide a sufficiently accurate calculation of mean gravity in all parts of
Canada.

Mean gravity may be defined more rigorously as a sum of calculable effects. Those
related to topography are shown in Figure 2.1, where the black hills and valleys
represent the contribution of terrain roughness, and the columns of varying shades of
grey represent lateral density variations, and their contribution. Vertical density
variations and effects of atmospheric masses are not shown, since they are not

considered herein.
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Terrain

Figure 2.1: Components of gravity related to topography.

In addition to the contributions shown in Figure 2.1, gravity includes contributions not
generated by topography. These are the gravity generated by the reference ellipsoid
being used, and that generated by masses within the geoid. The latter exist in the no-
topography (NT) space, a space where the topography of Earth has been removed, which
is convenient for some calculations. It was introduced in Vanicek et al. [2004], which
may be referred to for further explanation.

Mathematically, the total gravity may be written:

g(r, Q) =y(r,Q)+6g" (r,Q)+ gg (r, Q)+ gﬁ(r,Q) + g‘sp(r,Q) , (2.2)

where Yr,2) represents normal gravity (generated by mass within the geodetic reference

ellipsoid, e.g., GRS-80 (e.g., Moritz [2000])); 8¢ (r,Q) represents the geoid-generated
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gravity disturbance (generated by the anomalous mass within the geoid); g (r,€)
represents the effect on gravity of mass within a Bouguer shell of thickness H(Q),
assuming all mass has constant average crustal density; gg (r,Q) represents the effect on

gravity of terrain variations, or roughness, above and below the Bouguer shell (i.e., hills
and valleys) of constant average density; and g%(,Q) represents the effect on gravity of
lateral density variations from constant average crustal density, within the topography.
Note that effects of atmospheric masses and of radial density variations are neglected
throughout this paper. The effect of atmospheric masses is negligible because it is very
small [Tenzer et al., 2005]. The density of air is around 1.25 kg/m?, which is less than
0.05% of average crustal density, resulting in a minimal effect of atmospheric masses on
gravity. The effect of radial density variations has been neglected because it is difficult
to quantify due to insufficient data on the radial distribution of density within the crust.
It follows from eq. (2.2) that gravity at a point on the surface, g(r,,2) is rigorously

defined as,

g0, Q) =y (1, Q) +8g" (1, Q) + g, (1, Q) + g, (1, D) + g% (1,,Q) , (2.3)

and mean gravity, g(»,L), given by the integral mean of g(r,(2), as,

Z(nQ) =7(Q)+5g (Q+Z (Q+Z(Q+77(Q); (2.4)
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where the bars over the terms represent integral mean quantities.
By substituting eq. (2.3) into the expression for mean gravity according to Helmert’s
method, eq. (2.1), for a constant crustal density of 2670 kg/m’, we obtain the following

expanded expression for Helmert mean gravity:

g Q) =y(r,Q)+8g" (1,,Q) + g, (1, Q) + g, (7, Q) + g (1,,Q) +

+0.0424 H(Q) . (2.5)

The correction to Helmert’s mean gravity is then given by finding the difference
between eq. (2.5) and the rigorous mean gravity given by eq. (2.4). In this operation, the
contributions of normal gravity and gravity generated by mass within the Bouguer shell,
along with the last term on the right-hand side of eq. (2.5), effectively cancel each other

out [Santos et al., 2006]. Thus,

£.(Q)=g(Q)-2"(Q)
=5g (Q)-8g"(r.Q)+
+g. () -g,(r, Q)+

+g%(Q) - g% (r,Q), (2.6)

and the only terms of the correction which must be calculated are those resulting from

the mean and surface effects on gravity of terrain roughness, the laterally varying
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density distribution, and the geoid-generated gravity disturbance. Once these terms have
been calculated, the corresponding correction to Helmert orthometric heights may be

determined using (cf., Heiskanen and Moritz [1967, chap 4]):

Ho(Q)

_. 2.7
7 27

£, (Q)=-

Corrections thus calculated may then be applied to leveling benchmarks, or any

orthometric heights defined in the Canadian height system.

2.3 The test area

Software has been written to calculate the corrections to Helmert orthometric heights for
the three effects shown in eq. (2.6), and the source code is available from the primary
author upon request. These calculations were performed using a regular grid of points 5’
apart, to provide suitable resolution for plots of the area, within a test area stretching
from 49° to 54° in latitude, and 235° to 243° east in longitude. This area was chosen
because its characteristics produce extreme results for each of the three effects
calculated. Although it only represents a small segment of Canada’s land mass, it
contains both rugged and flat terrain, and seashore; so that the nature of the effects in
many other areas may be judged from the results.

Heights in the test area range from 0 m to 3227 m, and laterally varying densities,
based on surface geology, range from 2490 kg/m’ to 2980 kg/m’. Since the average

crustal density is 2670 kg/m’, assumed constant, this corresponds to laterally varying
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anomalous densities between —180 kg/m’ and 310 kg/m’. Geoid-generated gravity

disturbances ranged from —266 mGal to —16 mGal. The distributions of height,

anomalous density, and gravity anomalies are shown in Figures 2.2, 2.3 and 2.4, below.
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Figure 2.2: Orthometric heights within the test area, S00 m contours.
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Figure 2.3: Laterally-varying anomalous densities within the test area, anomalous
density indicated by tone. Data from the Geological Survey of Canada.
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Figure 2.4: NT Geoid-generated gravity disturbances within the test area, 50 mGal
contours.
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2.4 The effect of terrain roughness

The effect of terrain roughness, sometimes called just “the terrain effect” on gravity may
be evaluated by integration of effects of surplus mass above the Bouguer shell, and mass
deficit below the Bouguer shell, indicated by the black shaded area in Figure 2.1.

The terrain effect on Helmert mean gravity may be evaluated either as a simple
average of the effect on gravity at the Earth’s surface and on the geoid, according to the
method of Mader [1954], or using an integral mean. If the integral mean approach is
applied, it may be done using the Niethammer approach [1932], in which the integral
mean is approximated by calculating the effects on gravity at a series of points along the
plumbline and averaging these results. Alternatively, according to a recent method
developed at the University of New Brunswick (U.N.B.), the contribution of terrain
roughness to gravitational potential at the surface and on the geoid may be calculated,
and divided by orthometric height, to determine an exact value of the effect on Helmert
mean gravity (e.g., Tenzer et al. [2005, eq. (21)]). Although results from all three
methods are similar, the present study confirms that the U.N.B. method for calculating
effects on mean gravity is the most effective due to its speed and accuracy.

For the calculation of both effects, integration of mass surpluses and deficits is
performed within a spherical cap of 3°, using an analytical solution for the radially
integrated negative radial derivative of the Newton’s integral kernel, with the
assumption that any masses outside of this area may be neglected in this calculation. The

integral kernel is (e.g., Martinec [1998]):
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r’cos(w[Q,Q)—r
CrylQ.Qr)

N(r,p[Q,Q],r") = (2.8)

where 7 is the geocentric radius of the computation point, ' is the geocentric radius of
the integration point, Y[€2,€Q2"] is the spherical angle between the computation point and
the integration point, and /(7,w[Q,Q"],7") is the distance between the computation and

integration points. The assumption that the effect of terrain beyond 3° is negligible is
based on test computations with varying sizes of spherical cap over a test area. DEM
data in three integration zones provides a basis for numerical integration. In the
innermost zone, a 15’ by 15’ square centered on the computation point, 3” data is used.
In the inner zone, a 200’ square, 30” data is used. Within the rest of the spherical cap, 5’
data are used. These parameters were all determined, like the radius of the spherical cap,
by variation of each parameter for a test area. Furthermore, interpolation is performed to
divide the central 3” cell into four 1.5” cells to make the integration more accurate.
Integration is performed to determine both the effect on Helmert mean gravity, and the
effect on surface gravity. Once these are found, they are subtracted according to eq. (2.6)
to determine a correction to Helmert’s mean gravity for terrain roughness. Note that the
total effect on Helmert’s mean gravity would have the opposite sign of this correction.
Values of this correction within the test area ranged from 106 mGal to —25 mGal,
while the corresponding corrections to Helmert orthometric height, calculated according

to eq. (2.9), ranged from 4.6 cm to —31.0 cm, and may be seen in Figures 2.5 and 2.6.

74



Gravity
Correction
(mGal)

-20
-10

54—

53—

52—

51=

50—

49—

| | | I | | | I |
235 236 237 238 239 240 241 242 243

Figure 2.5: Correction to Helmert mean gravity for terrain roughness within the
test area, 40 mGal contours.
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Figure 2.6: Correction to Helmert orthometric heights for terrain roughness within
the test area, 10 cm contours.
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Effects related to roughness should be expected to peak where the terrain does, and
this behaviour is seen in Figures 2.5 and 2.6. While it may appear at first glance as
though the correction follows the height of terrain almost exactly, Figure 2.6 shows that
this is not the case. For example, notice that the valleys which are distinctly defined in
the topographic map of Figure 2.1 are not easily distinguished in the corrections given in
Figures 2.5 and 2.6. This behavior is expected, since the terrain effect on gravity is a
function of roughness, rather than of height of the computation point. Also, notice that
the terrain in the middle of the map, having a more gradual slope, produces lower
correction values; while the values peak sharply in rough terrain. While greater heights

may amplify the correction, rough terrain is also necessary for it to be significant.

2.5 The effect of laterally-varying anomalous density

The effects of the Bouguer shell and of terrain are both evaluated assuming constant
topographical density, and thus do not include the effect of density variations. While
sufficient data are not available to calculate the effect of radial density variations, the
effect of lateral variations may be calculated, thus accounting to some extent for the
influence of density variations.

The effect of lateral density variations on gravity is calculated by first obtaining a
series of density values for polygons within the area, and then subtracting from these the
average crustal density of 2670 kg/m’. This results in a series of density differences for

the polygons, which may be thought of as columns of positive or negative density
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anomalies, extending from the surface of the geoid to the Earth’s surface, as indicated in
Figure 2.1. For a more detailed description, see Huang et al. [2001].

To calculate exactly the effect of these anomalous density columns on gravity
requires integration over the mass surpluses and deficits within these columns, using the
same Newton kernel as for the terrain effect. Practically, however, the variations in
height of these columns above and below the Bouguer shell —i.e., their influence on the
terrain effect — may be neglected.

Integration was performed over two integration zones, the inner zone and the middle
zone. Within the inner zone, which was 5’ square, integration points were spaced 3”
apart, and density anomaly values were interpolated to these points. Within the middle
zone, which was 10’ square, integration points were spaced 30” apart and were located
in the center of cells of the input density data. As with the terrain effect calculations,
these values were determined by varying one parameter while holding the others fixed.

Calculation of the effect on Helmert mean gravity may be performed using the same
three methods as for calculation of the terrain roughness effect. However, the difference
in results using these three methods is less than half a centimetre within the test area.
Still, the U.N.B. method is preferred and was used for calculations, for the same reasons
as with the terrain effect: speed, and accuracy.

The correction to Helmert mean gravity for laterally-varying anomalous density over
the test area varied from 14 mGal to —24 mGal. Corresponding corrections to height,
computed in a regular grid, varied from 6.5 cm to —4.5 cm, with both corrections
correlated to both density and height. These results are also similar to those presented in

Tenzer et al. [2003], whose corrections, calculated for Canadian leveling points, ranged
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from 3.4 cm to —1.9 cm. Because the actual density in the test area was generally greater
than average topographic density, the effect of the laterally-varying density distributions
on height was positive. It is also noteworthy that the effect on mean gravity is very

small, and might normally be negligible, the magnitude of the correction coming mainly

from the effect on surface gravity. Results for the test area are shown in Figures 2.7 and

2.8.
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Figure 2.7: Correction to Helmert mean gravity for laterally-varying anomalous
density within the test area, 10 mGal contours.
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Figure 2.8: Correction to Helmert orthometric heights for laterally-varying
anomalous density within the test area, 2 cm contours.

Figures 2.7 and 2.8 show a tendency for both the mean gravity and height corrections
to peak where the terrain does, as with the terrain roughness effect; though the tendency
is not so pronounced here. This is to be expected, since while the effect of lateral density
variations within a Bouguer shell is a function of height, the lateral density variations
amount to no more than about 10% of the average crustal density, so that their influence
on gravity is relatively small. Also, the magnitude of this effect is generally small, in
part because anomalous densities are significantly smaller than average topographical

density.
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2.6 The geoid-generated gravity disturbance

The geoid-generated gravity disturbance represents the effect of the geoid’s mass on
gravity. The effect on gravity at the surface may be found by upward continuation of the
disturbance, referred to the geoid’s surface, to the Earth’s surface. This is done using
Poisson’s integral [Kellogg, 1929]. Radial integration, using this kernel, is performed
over a spherical cap with radius of 7° from the computation point. Disturbances referred
to the geoid may be found by removing the secondary indirect topographical effect from
the NT gravity anomaly referred to the geoid [Tenzer et al., 2005]. Note, however, that
this effect may also be calculated directly using downward continuation of gravity
disturbances referred to the Earth’s surface.

The upward continuation calculation used gravity disturbance data given in a regular
grid with 5’ spacing. Integration was done in two zones, with integration in a 10° square
inner zone performed separately from that over the rest of the 7° spherical cap. In the
inner zone, a planar approximation of distance was applied in evaluation of the Poisson
kernel, and the 5 input data was interpolated to create a regular 30” grid. The size of
each zone was determined by varying its radius while holding that of the other zone
constant. The 5’ spacing simply reflects the available data, while the 30” interpolation of
data was determined by varying interpolation intervals until the effect on results from
any finer interpolation was negligible.

The mean effect on gravity may either be approximated by upward continuation of
the disturbance to a point halfway along the plumbline, or directly evaluated using an

integral mean. In the latter case, a formula for the indefinite integral of the Poisson
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kernel has been provided by Tenzer et al. [2005, eq. (9)], which is employed, slightly
adapted to use a planar approximation of spherical distance in the inner zone, in
calculation of the mean geoid-generated gravity disturbance. Both techniques produced
results no more than 5 mm apart, but the results from the integral mean approach were
accepted as more accurate [Martin et al., 2003].

Results for the correction to Helmert mean gravity over the test area vary from —66.1
m@Gal to 8.9 mGal, and for the correction to Helmert orthometric heights from —0.1 cm
to 21.0 cm. As expected, the differences between gravity disturbances on the geoid, and
mean or surface gravity disturbances, vary according to the height of the computation
point. It also follows that the magnitude of corrections is correlated with height of the
computation point, though it is also correlated with the magnitude of the geoid-generated

gravity disturbances. Distribution of the results is shown in Figures 2.9 and 2.10, below.
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Figure 2.9: Correction to Helmert mean gravity for the geoid-generated gravity
disturbance within the test area, 10 mGal contours.
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Figure 2.10: Correction to Helmert orthometric heights for the geoid-generated
gravity disturbance within the test area, S cm contours.

82



2.7 Total corrections to Helmert orthometric height

These three corrections must be added together to determine a final correction to
Helmert orthometric heights. The final correction to mean gravity ranges from —70.3
m@Gal to 58.4 mGal. These correspond to corrections to Helmert’s orthometric height
from —17.1 cm to 14.2 cm. In the final summation, the geoid-generated gravity
disturbance effect and the terrain roughness effect often cancel each other within the test
area, where the geoid-generated gravity disturbances are often negative. While the
correction resulting from anomalous density occasionally works in the opposite direction
to the terrain effect, in the highest parts of the test area — where the influence of the
density correction is amplified — it works in the same direction as the terrain effect,
making the overall correction larger. The corrections to gravity over the test area are

given in Figure 2.11, below; and the corrections to height in Figure 2.12.
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Figure 2.11: Total corrections to Helmert mean gravity for the spherical terrain
effect, the effect of laterally-varying anomalous density, and the geoid-generated
gravity disturbance, within the test area. 30 mGal contours.
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Figure 2.12: Total corrections to Helmert orthometric height for the spherical
terrain effect, the effect of laterally-varying anomalous density, and the geoid-
generated gravity disturbance within the test area. S cm contours.

Figure 2.11 shows that the correction to gravity has a tendency to peak in areas of
rough terrain, where the main factor in these corrections — the terrain roughness effect —
is at its greatest, and where the influences of height on the other two corrections is also
at a maximum. While these gravity corrections may be the most effective means of
seeing which effects have the greatest contribution to the final height corrections, it is
the height corrections themselves that this paper sets out to describe. They are generally
small, with a tendency to peak in rough terrain at high elevations. In most low-lying
areas, the total correction is under 5 cm; while in more rugged areas it is as high as 17

cm in magnitude.
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A summary of all contributions and total effects is provided in Table 2.1, below.

Table 2.1: Corrections to Helmert orthometric height for the spherical terrain
effect, the effect of laterally-varying anomalous density, and the geoid-generated
gravity disturbance within the test area.

Correction Minimum Maximum Mean
Terrain roughness -31.0cm 4.6 cm —1.3 cm
Laterally-varying anomalous density —4.5 cm 6.5 cm —0.1 cm
Geoid-generated gravity disturbance —0.1 cm 21.0 cm 4.0 cm
Total correction —17.1 cm 14.2 cm 3.7 cm

2.8 Summary and conclusions

Helmert’s standard method for determining orthometric height is not adequate to
determine heights having accuracy less than 1 cm in all areas of Canada. In a test area in
the Rocky Mountains, corrections for three effects were calculated: the effect of terrain
roughness, the effect of laterally-varying anomalous density, and the geoid-generated
gravity disturbance. The total correction reached a maximum of 17 centimetres in
magnitude. If Canadian heights are to be considered rigorous, these effects must be

taken into consideration — especially in mountainous areas, like the Rockies.
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Chapter 3: Computationally efficient corrections to
Helmert orthometric heights for terrain and density

effects
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process, and in revising the manuscript for submission. The full citation for the article is:

Kingdon, R., P. Vanicek, M. Santos, and A. Ellmann (2012). “Efficient correction of
Helmert orthometric heights for terrain and density effects.” Computers and
Geosciences (in preparation).

Chapter 3 Abstract

The system of orthometric heights is the official height system in many countries, and
thus it is the system used on maps and in engineering applications. It provides “heights
above mean sea level”, based on the mean value of gravity between a computation point
and the geoid. The original method of evaluating the mean gravity, attributed to Helmert
[1890], has been progressively refined. Here we describe an implementation of the

terrain and density corrections to Helmert heights, based on the rigorous theory
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described by Santos et al. [2006]. The computation requires evaluation of a 3-
dimensional volume integral for each effect. We efficiently evaluate these integrals by
using effects on potential to evaluate effects on mean gravity, reducing the
dimensionality of the integration to 2, using simplified integration kernels, and by
choosing optimal cell spacing for each of 5 integration zones. By applying this
methodology, we are able to evaluate the terrain and density corrections for 3,721 points
in the Canadian Rocky Mountains in only 33 minutes. We find that the speed of our
computation is improved mostly by the use of potentials to evaluate effects on mean
gravity, and by reduction of the integration dimensionality to 2. Omitting the former
approach increases computation time by 116%, and omitting the latter approach by 59%.
Also, we find that choice of integration zone sizes and resolutions has a significant effect
on computational efficiency.

Conforming to our expectations, the terrain correction in the test area reaches 31.0
cm in magnitude, is predominantly negative, and is largest for high elevations. The
density correction reaches only 6.2 cm in magnitude, has alternating signs depending on
local density anomalies, and is also correlated with topography. The terrain correction is
found to cancel up to 50% of the Bouguer shell effect for points at high elevations,

which could be attributed to isostasy.

3.1 Introduction

For precise heighting in North America, two height systems are commonly used:

geodetic (also incorrectly called ellipsoidal) heights, which measure heights
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geometrically from some reference ellipsoid (e.g., GRS-80 [Moritz, 2000]) up and
orthometric heights (e.g., NAVDSS [Zilkowski et al., 1992]). Orthometric heights are
intimately related to the Earth’s gravity field. The orthometric height of a point is the
distance along the (slightly curved) plumbline between a point of interest and the geoid,
the equipotential surface that approximates mean sea level [Heiskanen and Mortiz, 1967,
chapter 4]. These are the heights used on maps and in engineering practice, while
geodetic heights, which are easily determined by satellite systems such as the GPS, are
used as an intermediate quantity. The realization of an orthometric height system within
a country consists of national benchmarks with orthometric heights determined through
a series of precise leveling and gravity observations. As a result, precise orthometric
heights have to be evaluated at benchmark points located irregularly along leveling lines,
rather than, e.g., on a regular grid.

Mathematically, the orthometric height H(xp) at a point P with three-dimensional
coordinates indicated by coordinate triplet xp is given by [Heiskanen and Moritz, 1967,

eq. (4-21)]:

C(x,)

H° = ,
)= 2x,)

(3.1)

where C(xp) is the geopotential number at P, and g(x,) is the mean value of gravity
along the plumbline from P to the geoid. The geopotential number of the point of
interest is the difference in gravity potential between the geoid and the point of interest,

and is computed by geodetic leveling in conjunction with surface gravity observation
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[Heiskanen and Moritz, 1967, section 4-1]. The mean gravity, g(P), is defined as the

integral mean of gravity along the plumbline, given by the following formula

[Heiskanen and Moritz, 1967, Eq. 4-22]:

HO(x,)

g(Xp)=m J g(x")dz, (3.2)

where x'is the coordinate triplet of an integration point lying on the plumbline, and dz
represents a portion of the distance along the plumbline, from the geoid. Although
values of gravity along the plumbline can be measured directly using borehole
gravimetry (e.g., Strange [1982]), allowing a more direct determination of the mean
gravity, this is not a practicable solution in the context of orthometric heights. Therefore,
the mean gravity is instead calculated based on some model of the Earth’s gravity field
(e.g., Helmert [1890]; Niethammer [1932]; Allister and Featherstone [2003]).

Mean gravity may be considered as the sum of effects induced by masses above the
geoid surface, and those induced by other masses [Tenzer et al., 2005]. Masses above
the geoid comprise those contained between the geoid and the surface of the Earth,
known as topographical masses, and the atmospheric masses above the surface of the
Earth. The contributions of topographical and atmospheric masses to the mean gravity
may be directly evaluated through Newton integration, based on some models of their

mass density. The atmospheric effects are very small and can be considered negligible
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[Tenzer et al., 2005], while the topographical effects are significant and will be the focus
of this paper.

Non-topographical masses generate the normal (ellipsoid generated) gravity, and the
deviations from normal gravity called the NT geoid—generated gravity disturbance (cf.,
Vanicek et al. [2004]). The contributions of normal gravity can be evaluated to a high
precision in a straightforward manner, and much of their effect is already accounted for
in historical models. As a matter of fact, if we decide to consider the normal gravity
alone, we would be dealing with mean normal gravity along the normal plumbline.
Heights defined in such a manner are the normal heights (e.g., Heiskanen and Moritz
[1967, section 4-4]). The calculations for the geoid—generated gravity disturbance are
more involved. The curious reader is directed to Tenzer et al. [2005] for further
discussion of these effects, or to Santos et al. [2006] for discussion of the corresponding
corrections to orthometric heights. Note that the corrections to orthometric heights
referred to in Santos et al. [2006], and in this document, are not to be confused with the
“orthometric correction” that can be applied to levelled height differences to convert
them into orthometric height differences.

The model most widely used to calculate mean gravity is attributed to Helmert

[1890], and is usually formulated as (Heiskanen and Mortiz [1967, eq. (4-24)]):

g”(xp):g(xp)+0.0424H0(xP), (3.3)

where the resulting mean gravity value is given in mGal for H°(xp) in metres.
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In this prescription, that uses the Poincaré-Prey gravity gradient, a linear function of
height is added to the observed surface gravity to find the mean gravity. Since the value
of gravity varies by at most several hundred milligals between the Earth’s surface and
the geoid, the additional term is much smaller than the observed gravity, and the
observed gravity is a good initial approximation of the mean gravity. Viewed in this
way, the rightmost term in eq. (3.3) may be considered a first order correction to bring
the mean gravity estimated by surface gravity nearer to the actual mean gravity value.
For large heights, using this correction improves accuracy by several metres. In the case
of Mount Everest, with a height of approximately 8.8 km, adding Helmert’s first order
correction to mean gravity improves the height determination by about 3.3 m, or about
0.04% of the total height. Although orthometric height is not yet available when
applying eq. (3.3), using the leveled height instead introduces an error of at most 1.5
mm; thus using the leveled height instead of orthometric height in eq. (3.3) is an
acceptable alternative.

While the first order correction given in eq. (3.3) accounts for most of the difference
between mean gravity and surface gravity, it has not proven adequate to meet increasing
requirements for precise orthometric heights. Consequently, repeated attempts have been
made since the early 1900’s to improve upon Helmert’s recommendations by adding
further corrective terms to account for higher than first order gravitational effects
[Niethammer, 1932; Mader, 1954; Allister and Featherstone, 2001; Hwang and Hsiao,
2003; Tenzer et al., 2005; Kingdon et al., 2006]. These efforts have mainly dealt with
improving modelling of topographical effects, whose precise calculation is the topic of

this paper. We will show how to efficiently and accurately implement the rigorous
95



second order topographical corrections for the terrain and density effects discussed by
Santos et al. [2006]. Furthermore, to make as practical an evaluation as possible, we will
show an efficient way to evaluate these corrections at arbitrary points, so that it can be

applied directly to benchmark heights.

3.2 Framework for calculating topographical corrections

3.2.1 General form of second order corrections to mean gravity
We have said that the prescription in eq. (3.3) is attributed to Helmert. In its original

version, it is represented by the following formula (Heiskanen and Mortiz [1967, eq. (4-

26)]):

H 1 o
g (XP):g(xP)—(Eg—}h/+27er0]H (x,), (3.4)

where yis the normal gravity, 4 is the geodetic height; p, is the mean topographical
density of 2670 kg m *; and G is Newton’s gravitational constant, equal to 6.67x10™"!
m’ kg ' s In eq. (3.4), the first order correction to mean gravity has been separated into
the two bracketed terms. The first bracketed term represents the first order effect of
normal gravity based on the normal gravity gradient, a non-topographical correction that
will not be dealt with here. The second term accounts for the first order effect of the

topographical masses on gravity along the plumbline. The correction is first order in that
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is considers the linear components of the gravitational effects, and so it corresponds to
the first order terms in the power series expansions for surface and mean gravity. Thus,
Helmert’s correction may be seen as a linearized version of the rigorous correction.
While these first order corrections provide accuracies of a metre or better in most
circumstances (the correction for an elevation of 1000 m is only 4.3 cm), modern
applications require centimetre-level accuracy.

The corrective terms in eq. (3.4), and the higher order corrective terms we will

discuss, are derived in the same general way. For a given effect £, on gravity at point P,

g"(xp), with corresponding effect on mean gravity along the plumbline below P, g*(x »)

, the corrective term (to be added to a less accurate approximation of mean gravity) is:

C;(XP):EE(XP)—gE(XP). (35)

The correction to height corresponding to eq. (3.5) is based on the Taylor series
expansion for orthometric height, expanded about a less accurate orthometric height. For

a correction to Helmert orthometric height, the Taylor series is:

HO(x,)= 1 (x,) - Be) ot )y
g(x,) ¢

H"(x,)

EO -, 3.6
e ) G0
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which leads to the correction to Helmert orthometric height

¢F (x,) = HO(x )= H (x,) =~ Xe) ooy LX)

7 T P

- HH(XP) E
~—————C,(X,). (3.7)
g (x,) ¢

which can be evaluated to an accuracy of up to 6 mm or 0.2% of the total height using
normal gravity and leveled height instead of mean gravity and orthometric height.

Three second-order corrections are not included in the topographical part of
Helmert’s approach. These are the corrections for the second and higher order effects of
the Bouguer shell, the effect of variations in height of topography relative to the
Bouguer shell (called terrain), and the effect of density variations relative to the assumed
constant density of py. The first of these is directly evaluated according to Santos et al.

[2006, eq. (27)]. The evaluation of the other two will be discussed in the next section.

3.2.2 Evaluation of terrain and topographical density corrections using Newton
integrals
In order to evaluate the terrain and topographical density corrections to mean gravity, we

must determine the effect of the terrain and the mass density variations on both surface
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gravity and on mean gravity. Both effects can be determined by Newton integration over
the volumes of topographical mass. For a given effect E induced by volume of mass v,

the effect on gravity is given by:

gE(xP):—Gmp(xP)de, (3.8)

E
vey

where N(P;P") is the Newton kernel given by (e.g., Martinec [1993, eq. (2.2)]):
N(xp,xp) = L(xp,Xp) ", (3.9)

L is the straight line distance between the computation point xp and the integration point
Xp, P(Xp) is the density at point P’ of the mass inducing E, and dv is the volume element.

The effect £ on mean gravity, based on eq. (3.2), is given by (cf., Tenzer et al. [2005, eq.

@):
Ho(xp)
g (XP):HO(XP) ZL g (x)dz. (3.10)

Considering the relationship between gravitational potential and gravity, eq. (3.10)

can also be written [Tenzer et al. 2005, eq. (18)]:
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—E _VE(XPO)_VE(XP)
g (x,)= Hox,)

(3.11)

where 7* is the effect of the masses in v on gravitational potential, and P is the point
on the geoid along the plumbline below P. V’*(xp) can be calculated by the volume

integral:

Vix,)=G|[[ p(x,IN(x,:x,)dv. (3.12)

vev”

The application of eq. (3.11) to calculate the effect on mean gravity is unique to the
UNB approach to rigorous orthometric heights as introduced by Tenzer et al. [2005].
Previously, the effects on mean gravity were calculated either as the average of
gravitational effects at both ends of the plumbline [Mader, 1954], or as the average of
the gravitational effects at discreet intervals along the plumbline [Niethammer, 1932].
Mader and Niethammer originaly employed these methods to calculate terrain effects,
using eq. (3.8). Because it more closely approximated the integral mean, Niethammer’s
method is considered more accurate than Mader’s [Dennis and Featherstone, 2003]. The
method used in eq. (3.11), however is faster and more exact than Niethammer’s method,
and about as fast and much more accurate than Mader’s [Kingdon et al., 2006].

We substitute eqgs. (3.8) and (3.10) to (3.12) into eq. (3.5) to write a single expression

for the correction to mean gravity:
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N(XP,X ) N(XP,X ) aN(XP,XP,)
H(x,) 0z

cE(x,)= Gmp(x ) (3.13)

VEV

We may further directly evaluate the correction to height by substituting eq. (3.13) into

eq. (3.7), providing the general formula for a correction to height for any effect E:

cE(x )——J”p(xp) N(x,i%,) = N(x 3% ,) = HO(x,) dv.(3.14)

aN(xP,x )}
g(x,) oz

VEV

3.2.3 Application for terrain and density effects

We will evaluate the integral in eq. (3.14) using the spherical approximation of the
geocentric geodetic coordinate system [Moritz, 1980, p. 349]. Horizontal positions in
this system are indicated by the direction €2 consisting of geodetic latitude, ¢, and
longitude, A; however, the eccentricity of the ellipsoid is removed so that these are
treated as spherical coordinates for distance calculations [Vajda et al., 2004]. We have
deviated from the usual spherical approximation in which the major semi-axis of the
ellipsoid is replaced by the mean radius of the ellipsoid. Instead, following Tenzer et al.
[2005] and Santos et al. [2006], we have replaced the geocentric radius of the geoid at
every point with the mean radius of the ellipsoid, which for the GRS-80 ellipsoid, is R =
6371008.7714 m. Since the major semi-axis of the GRS-80 ellipsoid deviates from the

mean radius by about 7 km, and the geoid only deviates from the ellipsoid by up to a few
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hundred metres [Vanicek and Krakiwsky, 1986, chapter 7], this implementation is
admissible. The error in the topographical corrections induced by using this form of the
spherical approximation is expected to be less than 1 mm [Santos et al., 2006]. Under

the spherical approximation, the distance between two points is given by:

L(x ;X )= +r"*=2r" cosy[Q,Q])", (3.15)
pXp 14

where » =R + H°(P), r'= R + H°(P'), Q and Q' represent the horizontal positions of P

and P’, and y[€Q,Q)"] is the spherical geocentric angle between P and P’, given by (e.g.

Heiskanen and Moritz [1967, eq. 1-72]):

cosyY[Q,Q'] = cospcos@’ + sing sing’ cos(A — 1). (3.16)

We first apply the general formula in eq. (3.14) for the case of the terrain correction,

which we will indicate by the superscript 7. The shaded region in Figure 3.1 indicates

the mass deficiencies and excesses with respect to the Bouguer shell that cause the

terrain effect.
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Figure 3.1: Masses causing the terrain effect on gravity.

The density of the terrain is considered equal to p, the density assigned to the

Bouguer shell. Equation (3.14) applied for the terrain correction, using spherical

coordinates, is given by (cf., Santos et al. [2006, egs. (43), (51) and (52)]):

T _
c,(r,Q)=
o % r=R+HO(P[Q))
__Gp,

- K(r, Q" , Q)" dr’sin(@)de’ d 1, (3.17)
g8(rQ) Loy le

where P,(€2) is the point where the direction €2 intersects the topographical surface,
P(Q") is the corresponding point for Q', and K(r,€2;r', Q") is the integration kernel from

eq. (3.13), written in spherical coordinates:
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ON(r,Q;r", Q)

K(r,;r", Q)= N(r,Q;r" Q)= N(R,Q;r" ,Q)— Ho(r,Q) 5
r

(3.18)

The density effect integral is over the variations in topographical density relative to
po. Because high-resolution knowledge of three dimensional topographical density
variations is extremely limited except in specific areas [Kuhn, 2003; Kingdon et al.,
2009], a simplified model of topographical density consisting of only horizontal density
variations is adopted. Realization of such a model, with a suitable accuracy, is more
achievable than that of a three-dimensional model. Furthermore, influence of the third
dimension of density variations ignored in the two-dimensional model is expected to be
at most several centimetres, and usually significantly less than that [Kingdon et al.,
2006], so it may be considered a third order effect. The anomalous two dimensional
(horizontally-varying) mass density model that causes the density effect, is shown in

Figure 3.2.
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Q'=<gp' 1> * Topography

Figure 3.2: Masses inducing the density effect on gravity modeled as horizontally
varying only.

Under this model, the anomalous density at the horizontal coordinate €2 is given by:

Ip(2) = p(€2) - po. (3.19)

The effects of the density variations will be indicated by the superscript D. Applying
the density model given by eq. (3.19) in eq. (3.14), and integrating over all anomalous

topographical density yields (cf., Santos et al. [2006, egs. (53) to (55)]):

D
Q)=
r'=R+H°(P[Q])

G j j @) | K Q) drsin(@)de’dX . (3.20)
g(l" Q)/'L =0 ¢'=— =R
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Because of limitations on density data coverage, the integral in eq. (3.20) cannot be
evaluated over the whole globe and is only carried out over a spherical cap of limited
extent, represented here by €. For some circumstances, or if the highest accuracy is not
required, the same limitation may be applied to the integration region of the terrain

effect.

3.3 Approach to numerical integration

3.3.1 Reduction of integral dimensionality

Much has been written on evaluating gravitational effects of rock masses, usually by
division of those masses into cells whose individual effects can be calculated
analytically and then summed (e.g., Talwani and Ewing [1960]; Smith [2000]; Tsoulis et
al. [2003]). Most of these methods are awkward to apply in our situation, because they
do not use spherical approximations of topography and are usually designed with local
integration in mind. Also, while very accurate, they are time consuming to compute.

We need a method that will work for global integration in the spherical
approximation, and we do not require high accuracy since we are calculating second
order corrections. Two methods are especially suitable for our situation: a method used
by Martinec [1993] that performs analytical integration in the vertical direction prior to
using standard two dimensional integration techniques for the horizontal integration; and
one described by e.g., Heck [2007], who uses analytical integration over tesseroids (a

spherical analog to prisms, described by Anderson [1976]). The former method requires
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less computation time than the tesseroid method, for only slightly less accuracy, and is
our method of choice.

Martinec [1993] provides exact formulas for the analytical integral with respect to »’
of the Newton kernel and its vertical derivative. We apply his results here to reduce the
dimensionality of our integrals to two. For the “vertical” integral of the Newton kernel,
we have written Martinec’s result as the integral between two surfaces a and b, defined
by radii 7,(€") and (") (cf., Martinec [1993, eq. (2.20)], citing a more general form

from Gradshteyn and Ryzhik [1980, paragraphs 2.261 and 2.264)),:

r;,(Q/)
N(r,Qr r,Q") = J NG, r’ Q) dr’ =

s'go
r'=r,(Q)

(r, +3rcosy)L(r, 1,Q")
2

_(r,+3rcos W)L(r,r,,Q) N
2

N r*(3cos’ y —1) ln|r” —rcost//+L(r,Q;rb,Q’)|
2 |ra—rcost//+L(r,Q'r Q)

slas

. (3.21)

For the integral of the radial derivative of the Newton kernel, he gives [1993, eq. (2.22)]:

ON(r, 7,1, Q) (J) IN(r, 1, Q)
or

2 g (17 +3r*)cosy +r1,(1— 608" ) _
Jr L(r.Q;1,,Q)

r=r, ()

B (ra2 + 3r2)cos1// +rr(l— 6cos’ V) 4
L(r,r,,Q)
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|rh —rcosy +L(r,Q;rb,Q’)|
|ra —rcosy + L(r,QQ;r,,Q")

sl g

(3.22)

+r(3cos’y —1)In

Based on egs. (3.21) and (3.22), we can write the radial integral of the integration

kernel in eq. (3.18):

r},(Q/)
K@r,Q;r r,Q") = J K(r,Q;r" Q) dr’ =

slgo
r'=r,(Q)

ON(r,Q; r,,r,,Q")

- (3.23)

N(r,Q‘r rb,Q’)—N(R,Q'r rb,Q’)—HO(r,Q)

sl g slgo

Considering that eq. (3.23) will be evaluated using height data on a two-dimensional
grid, it is not convenient to reduce the dimensionality of the integration any further than
we have above. Reduction to one dimensional integrals has been used for topographical
effects in the past [Jiang and Duquenne, 1997; Hwang and Hsiao, 2003], but it has been
applied with an integration kernel in planar form, or as a locally symmetrical
approximation of the spherical kernel, whereas we are interested in an integration with a
spherical kernel and beyond the region where a planar approximation is appropriate.

According to eq. (3.23), for each effect we calculate we must evaluate eq. (3.21)
twice and eq. (3.22) once for each integration point. Even considering only a global
integration with cells spaced 1° apart, this entails 64,800 kernel evaluations for each
computation point. Since our cells will be spaced more closely than 1°, the number of
evaluations will be significantly higher. Equations (3.21) and (3.22) can be evaluated in
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a more compact way, as described in Appendix I, which we have followed in our
numerical evaluations.

Equation (3.23) contains a weak (removable) singularity, occurring when y — 0
(i.e., when Q' — Q) and when either r, = r or r, = r [Martinec, 1993]. The singularity is
easily resolved in the case of the terrain correction, using the same methods employed
by Martinec [1993] and others in geoid determinations, but the removal for the density
effect is more involved. Our treatment of the singularity is described in Appendix II, and
results in treating the central cell contributions for both effects separately from the rest

of the numerical integration.

3.3.2 Approach to numerical integration

We are constrained in our numerical integration to evaluate integrands on the regular
grid where digital elevation model heights are given, preventing us from using Monte
Carlo or adaptive mesh methods. Because our digital elevation model (DEM) and digital
density model (DDM) data refer to cell centers, the values of the integrand are not
known at the boundaries of our integration domain, and an open Newton-Cotes formula
is required. The Newton-Cotes formulas prescribe ways of representing the integrand
between sampling points in numerical integration, and are well explained in Press et al.
[2007] and many other textbooks dealing with numerical integration. In our case, our
data spacing confines us to a specific Newton-Cotes formula called the extended
midpoint rule [Press et al., 2007, section 4.1], which is analogous to the Riemann

concept of the integral, and allows us to sample the integrand at cell centers. Since we
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have removed the singularities in eq. (3.23) from the domain of numerical integration,
we need not worry about the mesh selection for the Newton-Cotes formulas. The error
that might be incurred by using the extended midpoint rule, which is a very simple
approximation of the behavior of the integrand, is minimized by using mean heights and
average rock densities in our evaluation, since these both represent relatively smoothly
varying fields.

The extended midpoint rule for a two-dimensional integral in a grid of N by N points,

written for our particular kernel function, is (cf., Press et al. [2007, eq. (4.1.19)]):

H F(Q)dQY = zlj FQHAQ, + 0(%) : (3.24)

Qe i=0 j=0
where f{Q2;) is the value of the integrand at the ith latitude, ¢;, and jth longitude, 4, in

the grid; and AQ;; is the area of the cell centered at this point. In geocentric spherical

coordinates AQ; = cos()A@AAL. For the terrain correction:

f(Q,)=K(r, QR+H°(P[Q]),R+H’(P[Q)),Q), (3.25)
and for the density correction:

F(Q,)=p@Q)K(r, QR+H(P[Q]),R+H’(P[Q]),). (3.26)

110



The error in eq. (3.23) could be improved upon using techniques such as Romberg
integration [Press et al., 2007], but the accuracy improvement is unnecessary and so the
additional computational expense is unwarranted.

While values of the integrand must be sampled on a regular grid following the format
of our DEM data, we can use horizontal averaging of DEM heights to reduce the
resolution of this grid far from the computation point and improve the speed of our
computation. A more substantial problem occurs near to the computation point, where
the integration kernel must be sampled at a higher resolution than the DEM points allow.
In this case, we interpolate the DEM as necessary to evaluate the integrands at a suitable
spacing.

In the subsequent computations, we will use a DEM containing 3” mean heights
given by version 2 of the NASA Shuttle Radar Topography Mission (SRTM)
topographical data [Farr et al., 2007]. To provide for higher resolution near to the
computation point and lower resolution far from it, we divide the integration region into

5 integration zones, as shown in Figure 3.3.
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Figure 3.3: Arrangement of integration zones about a computation point.

In the inner zone, we use the 3” DEM heights directly, and we use interpolated
heights in the innermost zone. In the middle zone, a 30” spacing is used, with heights
determined by averaging the 3” DEM over each 30 cell. Beyond that is the outer zone,
where a similar averaging process provides heights sampled at 300”. Integration over the
rest of the globe is carried out using 30’ heights taken from NASA’s global JGP9SE
height model [Lemoine et al., 1998], since the SRTM data set does not cover the whole
globe. The 307, 300 and 30 DEMs are created before the calculation of the height
corrections, and stored as data files to be read when needed. Boundaries of integration
zones and the spacing of points in the innermost zone are chosen such that the

calculation can be performed as quickly as possible with no significant loss of accuracy.
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These parameters are determined empirically, as described in Section 3.4, and are
expected to be less stringent for the density effect than for the terrain effect since the
relatively small masses of anomalous density are expected to have less overall effect
than the terrain masses. Also, in some circumstances the global integration may not be
applied even for the terrain effect, although the spacing of integration points in the
global zone is so sparse that omitting it makes little difference to computational
efficiency.

For evaluating density effects, we use a Canadian digital density model (DDM)
created by digitizing geological maps (e.g., Kingdon et al. [2005]; cf. the work of Huang
et al. [2001] in geoid determination) that models horizontal rock densities. Our DDM
has a 30” resolution, with cell centers corresponding to the 30” DEM, and covers all of
Canada and the northern part of the United States. For integration in the innermost and
inner zones the density data is interpolated, and it is averaged for integration in the outer
zone.

Since the DDM is not global, we cannot integrate over the whole globe when
calculating the density effect. Fortunately, the density variations distant from the
computation point are similar in effect to homogeneous masses of mean crustal density,
and the anomalous density effect of distant masses tends toward zero. Because of this we
are able to capture the density effect sufficiently by integrating over a relatively small
cap. The method of determining what size of integration cap is necessary to adequately
capture the density effect is described in Section 3.4.

Apart from the outer zone cap used for evaluating density effects, the integration

zones in Figure 3.3 extend beyond the indicated integration radii. To ensure seamless
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transitions between the 5 integration zones, the zone boundaries for each zone are
defined so they correspond with cell boundaries, given by straight line segments, of the
outlying zone. Thus, they usually extend beyond the defined zone radius. This is
especially the case since the computation points are not defined on a grid, as they might
be for, e.g., geoid calculations. Leveling benchmarks, where orthometric height
corrections are required, are not expected to correspond with cell boundaries.

Where DEM interpolation is necessary, we use bilinear interpolation. The
interpolation need not be very rigorous since the requirement for higher resolution
heights in the innermost zone is only such that the Newton kernel can be sampled at a
sufficient horizontal resolution. Also, we are using mean heights which vary more
smoothly than point heights. For interpolation of the density model, we use an inverse
distance squared interpolation, since the density values are not expected to vary linearly

between DDM points.

3.3.3 Computation overview

Because we need results at leveling points rather than over a grid, the calculation is
performed for one computation point at a time. First, an ASCII file containing point
name, latitude, longitude and height (Helmert or levelled) for each computation point is
read to determine the spatial extent of the points. Next, data sufficient to cover the
computation area is loaded from the 30°, 3007, 30” DEMs, as well as the 30” DDM.
Even for large leveling campaigns data at these resolutions consume little memory, so

they can be held in RAM for the duration of the computation.
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Once the lower resolution DEM files are loaded, the algorithm runs through the file
of leveling points, in each case reading the record for a computation point, loading the
required 3” DEM data, performing the numerical integration to determine the terrain and
density corrections, and appending the result to an output file. An overview of the

process is given in the flow chart in Figure 3.4.

Load ASCII Lo"ad 307, , Read next
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point file DTM and 30 record
DDM data
v
Set all correction
values to zero

v

Load required
3" DTM data
v

Calculate central
cell contribution to
density correction
and Bouguer shell

correction

v

For each DTM

data point

* No

Is point within
integration zone?

Add integration
point contribution
toterrainand [«— Yes

density
corrections
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computation points? Yes —
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Figure 3.4: Flow chart of computation.
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The required 3” DEM files, each by default covering a 1° % 1° area, are read
separately for each point, first because storing such high resolution data over the whole
extent of a leveling network might consume a great deal of RAM, and second because,
especially with conventional (not solid state) hard disks, reading data covering the whole
area from disk would significantly increase running time.

The numerical integration is performed in 5 separate loops, one for each integration
zone, the density effect being omitted from the global integration loop and only
evaluated for points within a spherical cap in the outer zone integration loop. When the
calculation for a computation point finishes, the point name, latitude, longitude, terrain

correction and density correction are written to an output file.

3.4 Results

3.4.1 Testing integration zone parameters using a “tower” scenario

We now determine the zone boundaries and innermost zone resolution necessary to
accurately evaluate the topographical corrections to Helmert heights. To do this, we use
an artificial “tower” scenario, in which the computation point is 9000 m high, while all
other topography is at sea level. The terrain correction in this scenario is equal to the
correction induced by a spherical Bouguer shell (cf., Vanicek et al. [2001]). By
performing the integration in a tower scenario numerically, and comparing it to the exact
result, we can estimate the error in our numerical evaluation of the terrain correction for

any set of zone radii and innermost zone spacing.
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Since the density of the masses causing the terrain correction is over 3 times larger
than the largest anomalous densities (~800 kg/m’ for unconsolidated sediments, which
have densities of ~<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>