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Abstract

The theory of an approximate solution to the gravimetric geoid has been known
for about 150 years. Its revision from the view of gravity information available today,
which would allow for the solution to the magic one-centimetre geoid, is the main
topic of this dissertation. Built on basic principles of potential theory, a proper
definition of the geodetic boundary-value problem is presented, including its possible
approximations both in gravity and geometric spaces, leading to practical solutions.
Based on these formulations, appropriate gravity data as an input for the solution to
the geodetic boundary-value problem are defined.

Due to the non-existence of the solution in the real topographical space, a model
space, based on the second Helmert condensation, is introduced. A transformation of
observed values of gravity, both of terrestrial and spatial origin, into the Helmert space
is accomplished by a series of gravity reductions and corrections. The latter originate
in the existence of masses above the desired equipotential surface, i.e., the geoid.
Effects of topographical and atmospheric masses on gravity potential and gravity are
defined, and formulae for their practical numerical evaluations are presented.

Derived gravity data can be used for practical computations of geoidal heights.
Based on spherical and ellipsoidal approximations of the geoid, appropriate integra-
tion kernels are derived and their practical evaluations discussed. The solution based
on the spherical approximation of the geoid is tested using synthetic gravity data.
The solution is then transformed back into the real space.

Derived formulae are subsequently used for numerical evaluations with real data
over a test region in the Canadian Rocky Mountains which represents one of the most
complex parts of both the earth’s surface and gravity fields. Series of plots and tables
are presented to justify the role of the proper gravity reductions in preparation of the

accurate gravimetric geoid.
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Effects of the second Helmert condensation of topographical masses on the geoid
can reach values at a metre level. Their correct evaluation is therefore critical for
the determination of the precise gravimetric geoid. An improved modelling of the
topography using a spherical approximation reduces significantly errors of the geoid
solutions. The effect of distant topography, neglected in geoid computations world-
wide, helps to remove the low-frequency bias present in the current models of the
regional gravimetric geoid.

Values of atmospheric corrections to the geoid are significantly smaller due to the
smaller values of the atmospheric mass density. Since their combined effect can still
reach several decimetres, they have to be also accounted for in evaluations of the
precise gravimetric geoid. Some of the atmospheric effects, although important from
the theoretical point of view, contribute very little to the geoid and can safely be
neglected in practical computations.

The accuracy analysis of the discrete Stokes integration proves an insufficient
discretization of the gravity field used in the current geoid computations in Canada.
Assuming errorless discrete gravity data with a regular spacing of 5', an expected

error in the geoid due to Stokes’s integration can reach several centimetres.

il



Acknowledgments

This dissertation was prepared under the kind supervision of Prof. Petr Vanicek. He is
greatfully acknowledged for his scientific contribution, numerous scientific discussions,
constructive criticism, financial support, and careful review of this manuscript.

I am deeply indebted to Prof. Richard Langley and Prof. Larry Mayer for being
members of my supervising committee, to Prof. Zdenék Martinec and Prof. Will E.
Featherstone for their ideas on the theory of precise geoid determination, and to Dr.
Dennis Milbert and Mr. Marc Véronneau for providing me with all necessary gravity
and elevation data.

I wish to express my gratitude to Mr. Alexander Bofinger, Mr. Jianliang Huang,
Dr. Mehdi Najafi, Dr. Sun Wenke, and Mr. Jeff Wong for their enjoyable round-table
discussions during our regular geoidal meetings.

Heartfelt thanks go out to my former and present fellow graduate students Mr.
Sunil Bisnath, Mr. Paul Collins, Mr. Edouard Kammerer, Mr. Mohammad Karim,
Dr. Attila Komjathy, Mr. Saylam Kutalmig, Mr. Mensur Omerbasi¢, and Mr. Pavol

Seres for their support, help, and friendship.

v



Contents

Abstract i
Acknowledgments v
List of Tables viii
List of Figures X
List of Symbols x1
1 Introduction 1
1.1 Geoid determination . . . . . . .. ... ... 1
1.2 Research objectives . . . . . . . ... L 3
2 General Principles 5
2.1 Geometric definitions . . . . .. ... L L 6
2.2 Elementary differential equations . . . . . ... ... 8
2.3 Fundamentals of potential theory . . . . . .. .. ... .. ... ... 10
2.4 Earth’s external gravity field . . . . .. .. ... o000 11
3 Geodetic Boundary-Value Problem 13
3.1 Formulation of the problem . . . . .. .. .. ... ... ... .... 15
3.2 Generalized Stokes-Helmert scheme . . . . . . . .. ... ... .. .. 23



4 Helmert’s Reduction of Gravity
4.1 Topographical effect on potential
4.2 Topographical effect on gravity .
4.3  Atmospheric density function . .
4.4 Atmospheric effect on potential .
4.5 Atmospheric effect on gravity . .

4.6  Downward continuation of gravity

5 Helmert’s Residual Gravity
5.1 Reference topographical potentials
5.2 Reference atmospheric potentials

5.3 Helmert’s residual gravity anomaly

6 Helmert’s Residual Geoid

6.1 Modified spheroidal Stokes’s function . . . . . ... .. ...

6.2 Contribution of the near zone . .
6.3 Contribution of the distant zone .

6.4 Accuracy of Stokes’s integration .
7 Numerical Results
8 Conclusions and Recommendations
References

A Theoretical Derivations
A.1 Integration kernels M; and M, .
A.2 Integration kernels H;, Ho, and Hs
A.3 Integration kernels Ky and Ky . .
A.4 Integration kernels N7, N, and N
A.5 Integration kernels Jy, J2, and J3

vi

26
27
36
41
42
46
48

50
51
33
35

57
38
59
62
63

65

107

111



B Computer Realizations 125

B.1
B.2
B.3
B.4
B.5
B.6

Vita

Residual topographical potential . . . . . . .. .. ... 126
Direct topographical effect . . . . . .. ... o0 127
Residual atmospheric potential . . . . . . .. ... ... 128
Direct atmosphericeffect . . . . . . ..o o oo 130
Modified spheroidal Stokes’s kernel . . . . . . .. ... ... 132
Integral of modified spheroidal Stokes’s kernel . . . . . .. ... ... 133

134

Vil



List of Tables

7.1 Constants of the Geodetic Reference System 1980 . . . . . .. .. .. 68
7.2 Constants of the United States Standard Atmosphere 1976 . . . . . . 68
7.3 Temperature gradients of linearly-segmented height profile . . . . .. 69
7.4 Derived model of atmospheric density function . . . . . . . .. .. .. 69
7.5 Topographical effects on gravity - near zone (mGal) . . . . .. .. .. 70
7.6 Topographical effects on gravity - distant zone (mGal) . . .. .. .. 70
7.7 Topographical effects on geoid - near zone (m) . . . ... ... .. .. 71
7.8 Topographical effects on geoid - distant zone (m) . . .. ... .. .. 71
7.9 Atmospheric effects on gravity (mGal) . . . ... ... .00 72
7.10 Atmospheric effects on geoid (m) . . . . ..o 72
7.11 Accuracy of Stokes’s integration (m) . .. .. ... ... ... ... . 72

viii



List of Figures

7.1
7.2
7.3
74
7.5
7.6
7.7
7.8
7.9
7.10
7.11
7.12
7.13
7.14
7.15
7.16
.17
7.18
7.19
7.20

Scheme of second Helmert’s condensation . . . . . . .. .. ... ... 73
Integration subdomains for Stokes’s integration . . . . .. ... ... 74
Testing procedure for Stokes’s integration . . . . . ... .. ... ... 75
Discrete 5" mean elevation data (m) . . . . .. ... ... 76
Global elevation model TUG87 (m) . . . . .. ... ... ... .... 7
Global gravity field EGM96 (mGal) . . . . .. ... ... ... .... 78
Terrain effect on gravity - near zone (mGal) . . . . .. .. ... ... 79
Condensed terrain effect on gravity - near zone (mGal) . . . . .. .. 80
Direct topographical effect on gravity - near zone (mGal) . . . . . .. 81

Secondary indirect topographical effect on gravity - near zone (mGal) 82

Terrain effect on gravity - distant zone (mGal) . . . . . .. .. .. .. 83
Condensed terrain effect on gravity - distant zone (mGal) . . . . . . . 84
Direct topographical effect on gravity - distant zone (mGal) . . . . . 85

Secondary indirect topographical effect on gravity - distant zone (mGal) 86

Terrain effect on geoid - near zone (m) . . .. ... ... ... .. .. 87
Condensed terrain effect on geoid - near zone (m) . . . . ... .. .. 88
Direct topographical effect on geoid - near zone (m) . . . . .. .. .. 89
Secondary indirect topographical effect on geoid - near zone (m) . . . 90
Terrain effect on geoid - distant zone (m) . . . . ... ... ... ... 91
Condensed terrain effect on geoid - distant zone (m) . . . . . . .. .. 92

X



7.21
7.22
7.23
7.24
7.25
7.26
7.27
7.28
7.29
7.30
7.31
7.32
7.33
7.34

Direct topographical effect on geoid - distant zone (m) . . .. .. ..
Secondary indirect topographical effect on geoid - near zone (m) . . .
Primary indirect topographical effect on geoid - near zone (m) . . . .
Primary indirect topographical effect on geoid - distant zone (m) . . .
Direct atmospheric effect on gravity (mGal) . . ... ... ... ...
Spherical part of direct atmospheric effect on gravity (mGal) . . . . .
Terrain correction to direct atmospheric effect on gravity (mGal) . . .
Direct atmospheric effect on geoid (m) . . .. .. ... ... ...
Degree variance of the synthetic data A vs GPM98B . . . . . .. ..
Degree variance of the synthetic data B vs GPM98B . . . .. .. ..
Degree 2160 spheroid A (m) . . . .. ... . L
Statistics for the degree 2160 spheroid A (m) . . . . . ... ... ...
Degree 2160 spheroid B (m) . . . ... .. .. L
Statistics for the degree 2160 spheroid B (m) . . . . ... ... .. ..



List of Symbols

a ... major semiaxis of the reference ellipsoid

d ... radius of Brillouin’s sphere

a. ... centrifugal acceleration

ay ... gravitational acceleration

b ... minor semiaxis of the reference ellipsoid

b complex argument of Legendre’s functions

e ... first numerical eccentricity of the reference ellipsoid

f polar flattening of the reference ellipsoid

g magnitude of gravity

h geodetic height

m geodetic parameter

m order of the harmonic series expansion

n degree of the harmonic series expansion

r geocentric radius in spherical coordinates

Te ... geocentric radius of the co-geoid in spherical coordinates
Te ... geocentric radius of the ellipsoid in spherical coordinates
g ... geocentric radius of the geoid in spherical coordinates

Ts ... geocentric radius of the topography in spherical coordinates
T ... geocentric radius of the telluroid in spherical coordinates
tn ... modification coefficients to Stokes’s function

u ... geocentric radius in ellipsoidal coordinates

xi



Ue

Ue

4
o
e
o
s

= =2 =

complex argument of Legendre’s functions

geocentric radius of the co-geoid in ellipsoidal coordinates
geocentric radius of the ellipsoid in ellipsoidal coordinates
first Cartesian coordinate

second Cartesian coordinate

third Cartesian coordinate

gravitation of atmospheric masses

gravitation of atmospheric roughness

gravitation of condensed atmospheric masses

gravitation of condensed atmospheric roughness
gravitation of condensed atmospheric shell

gravitation of topographical masses, i.e., whole topography
gravitation of topographical roughness, i.e., terrain
gravitation of topographical shell

gravitation of condensed topographical masses

gravitation of condensed topographical roughness, i.e., condensed terrain
gravitation of condensed topographical shell

downward continuation of gravity anomaly

linear eccentricity of the reference ellipsoid

universal gravitational constant

orthometric height

normal height

dynamic form factor of the earth

meridian radius of curvature of the reference ellipsoid
mass of the earth

prime vertical radius of curvature of the reference ellipsoid
geoidal height

reference spheroid (low-frequency geoid)

xii



e
o
s
s
e
s
-
et
et
e
o
s

residual (high-frequency) geoid

Helmert’s geoid (co-geoid)

Helmert’s residual geoid

atmospheric pressure

Legendre’s polynomial of the first kind

associated Legendre’s function of the first kind
truncation coefficient of Stokes’s integral

Legendre’s polynomial of the second kind

associated Legendre’s function of the second kind

radius of the reference sphere

Paul’s coefficient

molecular-scale temperature of atmospheric masses
disturbing gravity potential

Helmert’s disturbing gravity potential

gravitational potential of atmospheric masses
gravitational potential of atmospheric roughness
gravitational potential of atmospheric shell

gravitational potential of condensed atmospheric masses
gravitational potential of condensed atmospheric roughness
gravitational potential of condensed atmospheric shell
gravitational potential of condensed topographical masses
gravitational potential of condensed topographical roughness
gravitational potential of condensed topographical shell
gravitational potential of topographical masses
gravitational potential of topographical roughness
gravitational potential of topographical shell

actual gravity potential

centrifugal potential associated with the earth rotation

x1il



W, gravitational potential of the earth

U normal gravity potential

U. centrifugal potential of the normal field

U, gravitational potential of the normal field

Yom spherical harmonic functions

A height anomaly according to Molodenskij’s theory

B volume of the earth

F one-dimensional Fourier transform operator

J auxiliary integration kernel

K auxiliary integration kernel

M auxiliary integration kernel

N Newton’s integration kernel

P Poisson’s integration kernel

S spherical Stokes’s integration kernel

S* spheroidal Stokes’s integration kernel

S° ellipsoidal Stokes’s integration kernel

St ellipsoidal correction to spherical Stokes’s kernel

Ic» ... n-dimensional space of complex numbers

E? ... n-dimensional Euclidean space

" ... space of real functions integrable in Lebesque sense to the power n

IN® ... n-dimensional space of integer numbers

R ... n-dimensional space of real numbers
Hormander’s coefficients
reduced latitude

~ ... magnitude of normal gravity

e ... magnitude of normal gravity at equator

dg ... magnitude of gravity disturbance

0A ... combined direct effect on gravity

X1V



dA°
§A!

LA~ > A

5

direct atmospheric effect on gravity

direct topographical effect on gravity

combined primary indirect effect on geoid

primary indirect atmospheric effect on geoid
primary indirect topographical effect on geoid
combined secondary indirect effect on gravity
secondary indirect atmospheric effect on gravity
secondary indirect topographical effect on gravity
quasigeoid-to-geoid correction to gravity

combined residual potential

residual atmospheric potential

residual topographical potential

free-air gravity anomaly

Helmert’s gravity anomaly

Helmert’s reference (low-frequency) gravity anomaly
Helmert’s residual (high-frequency) gravity anomaly
simple Bouguer gravity anomaly

complete Bouguer gravity anomaly

anomalous topographical density

ellipsoidal correction to the gravity disturbance
ellipsoidal correction to the vertical gradient of normal gravity
auxiliary parameter

universal gas constant

geocentric longitude

mean molecular weight of atmospheric masses
integration variable

Ludolf’s number

density of atmospheric masses

XV



density of atmospheric masses at the sea level
density of topographical masses

mean density of topographical masses
condensation density of atmospheric masses
condensation density of the atmospheric roughness
condensation density of the atmospheric shell
condensation density of topographical masses
condensation density of the topographical roughness
condensation density of the topographical shell
gradient of the molecular-scale temperature
geodetic latitude

geocentric latitude

angular distance between two points

angular velocity of the earth rotation

pair of angular geodetic coordinates

pair of angular ellipsoidal coordinates

pair of angular spherical coordinates

full solid angle in ellipsoidal coordinates

full solid angle in spherical coordinates

spherical cap of radius v,

xvi



Chapter 1

Introduction

Although gravity is by far the weakest force of nature,

its insidious and cumulative action serves to determine

the ultimate fate not only of individual astronomaical objects
but of the entire cosmos ... (Paul Davies, 1994)

1.1 Geoid determination

Earth’s gravity field can be described by continuous, smooth, convex surfaces of the
constant potential. Among these equipotential surfaces there is one of considerable
importance for geodesy and other geosciences. In 1822, Gauss was the first geodesist
who defined this surface in a strict mathematical sense as a surface which everywhere
intersects directions of gravity at right angles, and of which the ocean surface at rest
is a part. His ideas were further developed in 1837 by Bessel who defined this equipo-
tential surface as a reference for all geodetic works. Listing called this equipotential
surface the geoid in 1872. Helmert then systematized the ideas of equipotential sur-
faces in 1884 and included this complete theory into a realm of geodesy. Using the
gravity potential, the geoid is an equipotential surface with a gauge value of potential
at the mean sea level. Since it is used as a vertical geodetic datum for orthometric

heights, many efforts in geodesy are concentrated on its accurate determination.



The geoid can be solved for using either geometric or gravimetric approaches.
In both cases, the geoid is defined by its vertical separation from the geocentric
biaxial ellipsoid which conceptually was accepted in the 18th century as the earth
model. The estimation of the position, size, and shape of the best fitting earth
ellipsoid is another important task of geodesy which will not be discussed here any
further. It is assumed that the geocentric biaxial ellipsoid is known with the best
possible accuracy. Parameters of the Geodetic Reference System 1980 were used for
the numerical evaluations in this dissertation [Moritz, 1984].

The geometric geoid is based on comparing geodetic and astronomic positions of
points, which results in the estimates of astro-geodetic deflections of verticals, i.e.,
angles between directions of ellipsoidal normals and local gravity vectors. They can
be seen as slopes of the geoid against the reference ellipsoid and when integrated, they
provide the sought geoidal height. This technique was proposed first by Helmert in
1880 and is known as the astro-geodetic levelling, and its result as the astro-geodetic
geoid, [e.g., Merry and Vanicek, 1974]. Recently, satellite methods of modern geodesy
offer another geometric solution. Satellite-determined geodetic heights are directly
differenced from orthometric heights resulting in an alternative geometric geoid.

Stokes derived in 1849 a theorem which gave the theoretical basis for the estima-
tion of the geoid based on global gravity observations referred to the geoid (assuming
no topographical and atmospheric masses above the geoid). The major advantages
of the gravimetric geoid over the geometric one is in the existence of abundant and
cheap gravity data. Its present major limitation is due to the lack of global data
coverage. Fortunately, satellite dynamics can provide global long-wavelength features
of the gravity field which fill gravity data gaps in inaccessible regions of the earth
surface. The total geoid can then be solved for as the sum of the reference spheroid
computed directly (in the spectral form) from the satellite-derived spherical harmonic
coefficients, and the residual geoid based on the higher-frequency terrestrial gravity

data. This approach is described in my dissertation.



1.2 Research objectives

Several topics from the theory of the accurate gravimetric geoid determination were
covered by my research. The major contributions consist of the formulation of the
proper scheme of gravity reduction which would, assuming the availability of suitable
terrestrial gravity data, lead to the solution of the one-centimetre gravimetric geoid.

Geometric definitions, some fundamentals of the potential theory, and basic tools
of mathematics and physics employed in this dissertation are given in Chapter (2). Its
role is to introduce elementary formulae and basic notation which are subsequently
used without further explanations or definitions in the derivations throughout this
dissertation. No derivations or proofs are given in this chapter.

Stokes’s theorem, representing the mathematical model for the determination of
the regional gravimetric geoid, is fully described in Chapter (3). Due to its significance
for the formulation of the correct input gravity data, a detailed description of this
method is given deploying two possible geometric approximations in its formulation.
It is argued that the ellipsoidal approximation gives better accuracy and must be,
despite its larger theoretical and numerical complexity, employed in the final solution
of the geodetic boundary-value problem. The spherical approximation is, however,
used for the Helmert reduction of observed gravity data since it provides sufficient
accuracy for the solution of the one-centimetre geoid. This chapter is concluded by
the formulation of the Stokes theorem with the higher-degree reference field.

The core of my research is presented in Chapter (4). All topographical and at-
mospheric effects, both on gravity potential and gravity, are derived in this chapter.
In contrast to widely used planar formulations, the spherical approximation is used
in all derivations. An effect of distant topographical masses is also investigated here,
and spectral formulae for its numerical evaluation are presented. The proper con-
densation of the atmospheric masses according to Helmert’s method is formulated,

and atmospheric corrections, both to gravity and to geoidal heights, are derived. The



chapter is concluded by a description of downward continuation of discrete harmonic
gravity data which represents the last step in the scheme of the gravity reduction.

The formulation of the Helmert residual gravity anomaly on the co-geoid for the
solution of the geodetic boundary-value problem with a higher-degree reference field is
presented in Chapter (5). Reference topographical and atmospheric potentials on the
co-geoid are derived in the first two sections of this chapter. They are subsequently
used for the derivation of the Helmert reference gravity anomaly. If subtracted from
the entire value of the Helmert gravity anomaly, its residual component is obtained.

Chapter (6) is devoted to computations of the Helmert residual co-geoid using
the defined geodetic boundary-value problem. The appropriate form of the spherical
Stokes function is introduced in the first section applying a suitable modification of
its higher-degree component. Formulae for the application of the Stokes integral in
the global sense, including the proper treatment of its singularity, are derived in the
next two sections of this chapter. An appropriate technique to test the accuracy of
the discrete Stokes integration concludes this chapter.

Numerical results for a test area in the Canadian Rocky Mountains are presented
in Chapter (7). This area was selected to represent the most difficult case scenario
for the determination of the gravimetric geoid over Canada due to large complexity
of both the topography and the earth gravity field. Series of figures and tables clearly
demonstrate the importance of the gravity reductions. Input gravity and elevation
data for these computations were obtained from Natural Resources Canada, Ottawa,
and the U.S. National Geodetic Survey, Silver Spring.

Conclusions based on results presented in this dissertation are included in Chapter
(8). Recommendations for further research in the area of the determination of the
regional gravimetric geoid formulated here are based on the results presented, and
new gravity and other geophysical information which is becoming available every day.

Theoretical derivations and their computer realizations are included in Appendices.



Chapter 2

General Principles

The determination of the gravimetric geoid is based on physical quantities defined
in the geometric space. This chapter includes their elementary definitions. Section
(2.1) defines the geometric space including necessary coordinate systems further used
in theoretical derivations throughout this work. Basic geometric objects such as the
earth and its two reference bodies are described here in terms of their locations, sizes,
and shapes. Transformations between their parameters then conclude this section.

Definitions of spherical and ellipsoidal harmonic functions, which are heavily used
in this dissertation, are included in Sec. (2.2). Partial differential equations used for
their definitions are shown here, as well as their generating formulae.

Section (2.3) contains fundamentals of potential theory. Elementary quantities,
such as gravitational and centrifugal accelerations based on theories of Newton and
Huygens, are presented here. Important scalar quantities, called gravitational and
centrifugal potentials, are derived based on applications of differential operators.

Basic quantities used to describe the earth gravity field are defined in the last
section of this chapter. An approximation of the actual gravity field using the model
gravity field generated by an ellipsoid of revolution is introduced, and the well-known

Bruns theorem is formulated.



2.1 Geometric definitions

Let IE? be a three-dimensional Euclidean space with a Cartesian orthonormal right-
handed coordinate system. Its origin is at the centre of earth’s mass, its z-axis
coincides with the mean position of the earth rotational axis, and its x-axis lies in
the mean Greenwich meridian plane. The position of an arbitrary point P in IE® can

then be defined through its radius vector r € IR®
r=[zy z]". (2.1)

A family of three curvilinear coordinate systems [Vanicek and Krakiwsky, 1986] is
then defined in terms of their transformations into the Cartesian system as follows

[Heiskanen and Moritz, 1967]

r = 1 cosp cosA = Vul+ E? cosf cosh = (N+h) cosg cosh, (2.2)
y = r cosp sinA = Vul+4 E? cosf sinA = (N +h) cos¢ sin A, (2.3)

z = rsing = usinf = (Ni—j—l—h)sinqb. (2.4)
Non-parametric spherical coordinates (r,, \) = (r,§) are given by the length of the
radius vector r, geocentric latitude ¢, and geocentric longitude A. One-parametric
ellipsoidal coordinates (u,3,A) = (u, V) are represented by the length of the minor
semiaxis u, reduced latitude 3, and geocentric longitude A. The linear eccentricity

E of the biaxial ellipsoid with the major semiaxis ¢ and minor semiaxis b passing

through the point P reads [ibid]
E = vVa*-0b%. (2.5)

Two-parametric geodetic coordinates are represented by a triplet (h,¢,A) = (h, ®)
with the geodetic latitude ¢, geocentric longitude A, and the geodetic height h. The
ellipsoidal prime vertical radius of curvature is defined as [ibid]

Cl2

\/a2 cos? ¢ + b2sin? ¢ ‘

N(¢) = (2.6)



The surface of the earth can be described by an angle dependent function r4(f2)
linked with the unknown geoidal surface r,(2) by orthometric heights H () reckoned
along the plumb-lines of the earth gravity field [Vani¢ek and Krakiwsky, 1986]. Two
geometric approximations of the geoid are introduced in the sequel: an earth-centered
biaxial ellipsoid r. () and an earth-centered reference sphere of radius R. The size and
shape of the reference ellipsoid are based on the theory of the geocentric equipotential
ellipsoid. Values of the Geodetic Reference System 1980 [Moritz, 1984] are used in
the numerical evaluations, see Table (7.1). The radius of the reference sphere is often

defined as the radius of a sphere with the same volume as the reference ellipsoid [ibid]
R=(ab) . (2.7)

Since deviations of the reference sphere from the reference ellipsoid of revolution are
relatively small, these two reference bodies are often interchanged for computational
convenience. To accomplish this transformation, the following two parameters are

defined: first numerical eccentricity [Bomford, 1971]
e = — (2.8)
and polar flattening [ibid]
f=1-+Vi—e. (2.9)
The geocentric radius of the ellipsoidal surface is [Moritz, 1990]
re(e) = a(l—f sin? ) + O(fZ) ) (2.10)

To conclude this section, a transformation between geocentric and reduced latitudes

reads as follows [ibid]
u tanf = Vu?+ E? tangp , (2.11)
and between the reduced and geodetic latitudes [ibid]

tanf = (1 — f) tano . (2.12)



2.2 Elementary differential equations

Consider a real function f(r,Q) € IL? defined in the external space to the sphere of
radius R. Then f is called a harmonic function in this space if [Moritz, 1990]

Vr > R : V?f(r,Q) = 0. (2.13)
Applying the following condition

lim f(r,2) = 0, (2.14)

r—r0o0

a solution to the Laplace differential equation (2.13) for the function f can be found

by the Fourier method in terms of its eigenfunction development [ibid]
Vr > R : f(r,Q) Zg (2.15)
with a real function g(r) € IL? [ibid]
Vo >0: g(r) = 0t (2.16)
and Laplace’s surface harmonics f,, [ibid]

Vin >0 : f,(Q) = Z Frowm Yo (). (2.17)

m=—n

F,.m represents constant coefficients, and spherical harmonics are given as [ibid]
Vm < n: Y,.(Q) = e P,m(sing), where ¢ = v/—1. (2.18)

Associated trigonometric Legendre’s functions of the first kind P, ,, are solutions y

(VY n > m) of the associated Legendre differential equation [Hobson, 1931]

de de

and usually generated from [ibid]
dm

Ym < Fing) = (1—sint @) g

P,(sing) . (2.20)



Trigonometric Legendre’s polynomials represent a solution y of an equation [ibid]
d d
Vnz():secc,o%(coscpﬁ)—I—n(n—l—l)y:(). (2.21)

They can be generated by the well-known Rodrigues formula [ibid]

1 d?

Vi z 0 Pulsing) = oo d(sin )"

(sin¢ — 1)". (2.22)

Associated Legendre’s functions of the second kind @, ., [Moritz, 1990]

dm
dzm™

1\3|§

Vm < n A 2z € IC: Qun(z) = (2= 1) Qn(z), (2.23)

also represent the solution to Eqn. (2.19) with polynomials @, [ibid]

Vn >0 Ou:) = %Pn(z) witl s %Pk_l(z) Pow(z).  (224)
k=1

z —

They can be used for the solution of the Laplace equation outside the ellipsoid wu.
Vu > u(e) : V2 fu,¥) = 0. (2.25)
Assuming again the asymptotic condition at infinity

lim f(u,¥) = 0, (2.26)

(I dee]

the solution of Eqn. (2.25) in terms of its eigenfunction development reads [ibid]
Vu s owl6)  fww) = S fulw ). (227)
n=0
with the Laplace ellipsoidal harmonics given as [Hobson, 1931]

Vn >0 : filu,¥) = Z Gnm (U, b, B) F o Yo (W) (2.28)

m=—n

Polynomials ¢, ., are given by the formula [ibid]

V(ul,b/) eI A m < n: ga(u,bE) = M (2.29)

Qnm(b)

with two independent complex arguments

; b
AN b = iE, where 7 = +/—1. (2.30)

/ .
u =

U
"E



2.3 Fundamentals of potential theory

The magnitude of the gravitational acceleration generated by a body of volume B and

density o reads [Newton, 1687]

Q) :G/// (r,,r') dB (2.31)

with the universal gravitational constant (G, Newton’s integration kernel
1 n
N (r, = — Z (costp) (2.32)
r
and a spherical distance 1) between the computation and integration points
cost) = cosp cos@ + sing sing cos (A — ) . (2.33)

Magnitude of the centrifugal acceleration acting upon each particle attached to the

earth rotating with a constant angular velocity w is computed as [Huygens, 1673]
a.(r,p) = w?rcosep . (2.34)
Since both gravitational and centrifugal fields are irrotational and conservative, i.e.,
V X ag4(r,2) = V X ac(r,¢) = 0, (2.35)
they can be described by scalar quantities called gravitational potential

(r,9Q) _G/// (r,7) dB (2.36)

and centrifugal potential

1
We.(r, @) = 5 w? r?cos® o . (2.37)

Applying the Laplace differential operator to Eqns. (2.36) and (2.37), one obtains

V2 Wy (r,Q) = — 4rGo(r,Q) , (2.38)
V2 Wo(r,p) = 2w . (2.39)
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2.4 Earth’s external gravity field

The earth’s gravity field results from the superposition of the gravitational attraction
of mass distribution within the earth and its atmosphere, and centrifugal acceleration
caused by the earth rotation. It is fully described by the gravity potential which reads
[Heiskanen and Moritz, 1967]

W) = &M [1_50: (i)nwn(n)] + “’23’“2 (1= Py(sing) ] , (2.40)

r = \r
with the radius of Brillouin’s sphere ', and the geocentric gravitational constant

G M. Tts Laplace spherical harmonics are

Vin > 2 : W,(Q) = Z W Youm(Q), (2.41)

with the constant coefficients W, ,,, . Applying simple linear differential operators on

the gravity potential, the following formulae can be obtained [ibid]
Vr: VWrQ) = grQ), (2.42)
with the gravity vector g, and
Vr @ V2W(r,Q) = —4rG o(r,Q) + 2w, (2.43)

which is the well-known Poisson differential equation. The actual gravity field is
often approximated by a model gravity field generated by the reference ellipsoid. It
is assumed that this ellipsoid rotates at the same angular velocity w as the real earth
and its mass coincides with the mass of the real earth M. According to the Stokes-
Poincaré theorem, this gravity field is fully described by four parameters a, b, M, and

w. Its gravity potential can be expressed as follows [ibid]

Ui = S -5 (4) vl | + 95 (1= s ]

n=1

where zonal spherical harmonics U, are given analytically (VY n > 1)

Usulp) = (=1)" o+ ?)e(;n ey ( 1 —n+5n g ) Prn(sing) . (2.45)

11



Js is the so-called dynamic form factor. Applying the gradient operator to the normal

gravity potential, a normal gravity vector = is obtained
VU(r,e) = v(re). (2.46)
Poisson’s differential equation for normal gravity potential in mass-free space reads
Vr >r.: VEU(rp) = 208, (2.47)

The disturbing gravity potential is defined as the difference between the gravity po-
tentials of the actual and model field [Vani¢ek and Krakiwsky, 1986]

T(r,Q) = W(rQ) — Ulrg) = GTM 3 (“7) To(Q) | (2.48)
with even-degree coefficients given as follows
no= 2,46 ... Ty(Q) = Wa(Q) — (%)nUn(@, (2.49)
and odd-degree coefficients as follows
no= 3,5, 7 ... Th(Q) = Wa(Q). (2.50)

Applying the gradient operator to Eqn. (2.48), one gets a gravity disturbance vector
VT(r,Q) = 6ég(r,Q) = g(r,Q) — ~(r,e) . (2.51)

Assuming no topographical and atmospheric masses above the geoid, then
Vr >r, : V2T(r,Q) = 0, (2.52)

and the Laplace equation is satisfied. The normal gravity potential on the geoid reads
9 U(r,¢)
on

where N is the vertical distance between the reference ellipsoid and the geoid called

Ulrg, ) = Ulre, ) + N(Q) = Ulre, ) =7(re,0) N(Q) , (2.53)

Te

geoidal height (undulation). Based on Eqn. (2.53) and the following condition
W(TQ7Q) = U(Te,g@) 9 (254)
the well-known Bruns formula can be derived [Bruns, 1878]

T(ry, ) = v(re, ) N(©) . (2.55)

12



Chapter 3

Geodetic Boundary-Value Problem

In this chapter, a mathematical model for the determination of the gravimetric geoid
is formulated. It is represented by a scalar non-linear boundary-value problem with
a free boundary. Its solution is the disturbing potential of the earth gravity field at
the geoid which can easily be transformed, using the Bruns theorem, into the sought
geoidal height.

The geodetic boundary-value problem is introduced in the first section. It consists
of Laplace’s differential equation for the disturbing gravity potential supplemented by
the mixed boundary condition of potential theory. This boundary condition represents
a link between quantities, which can be derived from observed magnitude of gravity
at the topography, and unknown values of the disturbing gravity potential at the
geoid.

The harmonic space outside the geoid is derived by removing the gravitational
potential of all external masses from the earth’s gravitational potential. This simple
mathematical operation leads to the harmonic disturbing gravity potential outside the
geoid. Unfortunately, the new disturbing gravity potential differs very much from the
original one, and its derivation would be very difficult due to our limited knowledge
about the mass distribution within the topography. An adequate compensation for

this operation is usually sought. In this research, the second Helmert condensation

13



with the compensation potential generated by a single material layer on the geoid was
deployed. The mass distribution of this layer can be selected in a variety ways. The
mass-conservation scheme, when the mass of the earth is not changed, was used in
this research. In any case, the existence of this layer does not violate the harmonicity
of the external disturbing gravity potential.

The major advantage of this compensation consists of generating a gravitational
field which is very close to the gravitational field generated by the original external
topographical and atmospheric masses. Their difference represents a transformation
between the actual and the new gravitational field which is now harmonic outside
the geoid, and still very close to the original field. This potential difference has then
a character of a residual quantity which is an important advantage for its numerical
evaluations.

The solution for the new disturbing gravity potential, which is now harmonic ev-
erywhere outside the geoid, is presented in terms of Green’s function for the spherical
approximation of the unknown boundary surface. Gravity anomalies deployed in the
formulation of the boundary condition are also formulated in this section and their
derivation from the observed magnitude of gravity at the topography is explained.
The second section deals with the formulation of the geodetic boundary-value prob-
lem using the higher-degree reference field. This approach is used for the combined
use of terrestrial gravity observations and satellite-based global geopotential models.
Major advantages of this approach are also explained in this section.

All derivations are made under these assumptions: (1) earth’s body is assumed
to be rigid and uniformly rotating with a constant angular velocity w around a fixed
axis passing through its centre of mass, (2) gravity data are corrected for temporal
variations of gravity (such as the tidal attraction of other celestial bodies), (3) or-
thometric heights of the earth topography above the geoid, density distribution of
topographical and atmospheric masses, and the value of the earth gravity potential

on the geoid are known.
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3.1 Formulation of the problem

Unknown values of the geoidal heights can be determined using the Bruns formula.
In order to use this theorem, values of the disturbing gravity potential on the geoid
must be estimated first. The solution for this unknown quantity, based on terrestrial
observations of gravity, can be obtained from the differential Eqns. (2.51) and (2.52).
An appropriate mathematical model is derived in this section.

Using the second Helmert condensation [Lambert 1930], a new quantity, harmonic

everywhere above the geoid, is introduced [Martinec and Vanicek, 1994a]
Vor oo TMr Q) = T(rQ) — §V(r,Q). (3.1)

The superscript ’h’ will denote quantities from the Helmert space derived using the

second Helmert condensation. The residual gravity potential §V is defined as [ibid]
Vor @ §V(rQ) = Vir,Q) + V(r,Q) — VIir,Q) — V°(r,Q), (3.2)

where V* and V* are gravitational potentials of topographical and atmospheric masses
above the geoid, and V' and V' are gravitational potentials of topographical and
atmospheric masses condensed into a surface layer on the geoid. Unfortunately, this
change of the earth gravitational potential causes a shift of all equipotential surfaces.
Its effect on the geoid is according to Bruns’s theorem [Wichiencharoen, 1982]
oV (ry, Q)

N = V(re, )

(3.3)

The shifted geoid is called a co-geoid (geoid in Helmert’s space) r.(£2). The function

T" then satisfies Laplace’s equation in (mass-free) space everywhere above the geoid
Vr >, : V2T'r,Q) = 0, (3.4)

and the following boundary condition (with the geoid being the boundary)
ro=ry : Th(r,ﬂ) = W(r,Q) — U(r,p) — 6V(r,Q). (3.5)

15



These two equations, together with the asymptotic condition at infinity

lim T"(r,Q) = 0, (3.6)

ro—= o0

form a boundary-value problem with the boundary condition defined on the unknown
(free) boundary surface. A formulation of this boundary condition in terms of gravity
observations on the topography will be attempted next.

The observed magnitude of gravity on the topography rs can be expressed as
r=rs,: g(r,Q) = ‘ grad { T"(r, Q) + Ulr,p) + §V(r,Q) } ‘ : (3.7)

The linear form of Eqn. (3.7) is derived using the binomial theorem [Martinec, 1998]

grad U(r, )

) . grad{Th(r,Q) + 5V(T,Q)} , (3.8)

g(r, Q) = y(r,e) +

with an admissible relative error of 10=7 introduced by neglecting non-linear terms,
and a scalar product of two vectors {-}. A partial derivative of the disturbing potential
can be expressed as follows [Rektorys, 1995]

aT"(r, Q)

5 = — | grad T"(r,Q) | cos { grad T"(r,Q), grad U(r, ) } , (3.9)
n

and similarly in case of the residual potential

98V (r, Q)

5 = — | grad 6V (r,Q) | cos[grad 6V (r, ), grad U(r,¢) ] . (3.10)
n

Both directional derivatives are taken along the direction of the normal gravity vector
which coincides with the ellipsoidal normal n. Equation (3.8) then reads

oT"(r, Q) a9 6V(r,Q)

r=rs: g(r,Q) = y(r,p) — o ,,_ o o (3.11)
and can be rewritten using the gravity disturbance, see Eqn. (2.51),
oT"(r, Q) a6V (r,Q)
= s . (S Q = — : - : 12
ro=rs: dg(r,Q) | . r (3.12)
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Since the evaluation of normal gravity on the topography would require the knowledge
of (usually unknown) geodetic heights, the gravity disturbance is transformed into a

more available gravity anomaly (with the telluroid r;) as follows [Vanicek et al., 1999]

Ag(rs, Q) = dg(rs, Q) + v(rs,0) — (re,0) = dg(rs, Q) + dv(rs,) . (3.13)

The transformation consists of adding a new quantity 4y to the gravity disturbance
which accounts for the vertical displacement of the actual equipotential surface with

respect to the normal equipotential surface at a point on the topography [ibid]

e Brlng) = lend 1(ne) | Z0n0) = 2U0) ‘ 20n.9) =

an
CTrQ) Ov(re) | THE Q) Oy(re) SV (r, Q) 9y(r,¢)
— (e, @) an . B Y(re, ) on ‘ + (e, ) an 7, (3.14)

The vertical displacement Z is the so-called height anomaly in Molodenskij’s theory.
Equation (3.12) can be then reformulated into a form

oT"(r, Q)
on

a6V (r,Q)

ro=rs: Ag(r,Q) = — p
n

+ ov(r, ). (3.15)

Normal gravity on the reference ellipsoid can be computed using the Somigliana-
Pizzetti closed formula [Pizzetti, 1911; Somigliana, 1929]

14k sin?¢
‘ (1 — eZsin? qb)%

Y(re, ) = (@) = 7 : (3.16)

where v, 1s the magnitude of normal gravity at the ellipsoidal equator, and & is a
constant of the normal gravity formula. Its upward continuation from the reference

ellipsoid to the telluroid is derived by expanding Eqn. (3.16) into a Taylor series

V(row) = Yree) + W HY(Q) +
+% LV@%@) TS{HN(Q)F % 76376(;;“0) TS[HN(Q)F + . (3.7)
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Since the orthometric heights are usually used in practice, a difference between the
orthometric and normal heights must be evaluated [Heiskanen and Moritz, 1967]

Ag*(Q)
Y(re, @)

HN(Q) — H(Q) = H(Q) (3.18)

The simple Bouguer gravity anomaly (for the mean topographical density) is [ibid]
Ag’(Q) = g(re, Q) — A(re,@) — 2mo, GH(Q) . (3.19)

Substituting Eqn. (3.18) into Eqn. (3.17), one gets after neglecting non-linear terms

in the Taylor series the following expression

Wreg) = Afreg) + 20D SEO

Y(re, @) (3.20)

H(Q) [1 +

A linear term of the Taylor expansion is sometimes taken only into the account for
the evaluation of (7, ). However, this simplification does not give accurate enough
results, and a higher order approximation is required [Vani¢ek and Martinec, 1994].
At least the latitude and the altitude effects have to be considered.

Realizing that the free-air gravity anomaly reads [ibid]

ay(r,
A() = gr®) — lreg) - 20D ) (3.21)
then Eqn. (3.15) can be rewritten as follows
O (r, ) Ag?(Q)  Oy(re) | V(s Q)
Ag/(Q) — H(Q - =
g’ on | () Y(re, ) an |, Aree)
0y(r, ) Th(rs, Q) B oT"(r, Q) _98V(rQ) (3.22)
B an - (e e) an . an . '

Two spherical approximations can be deployed in the last equation. First, the normal

derivative of T" is replaced by the radial derivative [Vanicek et al., 1999]

oT"(r, Q) B oT"(r, Q) b
- = = - g,(T") (3.23)
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where the ellipsoidal correction to the gravity disturbance is [ibid]

0 Tr,, Q)

9 + O(f%) . (3.24)

©

g, (Th) = % sin 2¢

Second, the vertical gradient of normal gravity is approximated as [ibid]

1 ony) 2 / 2
= —— (1 20 — = | = — = 3.25
(r, @) an a Fom ot Jeos2y 3 R’ (3:25)
where m is the geodetic parameter defined as [Torge, 1989]
2
m = — (3.26)
Ve

Substituting these two approximations into Eqn. (3.22), the spherical form of Eqn.

(3.7) can be derived and written in terms of the Helmert gravity anomaly Ag"

r o= r, : Agh(r,ﬂ) = Agf(ﬂ) + 5St(r,ﬂ) + 65%r, Q) +

+ §AY(r, Q) + SAY(r, Q) + 55%(r,Q) =

: 2 h
= -3 T"(r, Q) — e (T") —

oT"(r, Q)
Y + g, (T . (3.27)
Here, the secondary indirect topographical effect on gravity is [Vanicek et al., 1999]
2
§54rs, Q) = T SVirs, Q) (3.28)

and the secondary indirect atmospheric effect on gravity [ibid]

2
55°(r, Q) = = SV(r, ) . (3.29)

The direct topographical effect on gravity is [Martinec and Vanicek, 1994b]

0 8Vir,Q)
§AY(r,, Q) = ———2 :
(rs, Q) 9 ) , (3.30)
and the direct atmospheric effect on gravity [ibid]
sVe(r,Q
A, ) = 2OV Va(r’ ) (3.31)
r

19



Finally, the geoid-to-quasigeoid correction is [Vanitek et al., 1999]

5S4 (ry, Q) = % H(Q) Ag™ () . (3.32)

A small ellipsoidal correction can be written as [ibid]

f

2
€n(Th) = — (m + fcos2p — 3

Ir ) Th(r,, Q) . (3.33)

The last step consists of the downward continuation of the Helmert gravity anomaly,

defined in Eqn. (3.27), from the topography to the geoid in Helmert’s space [ibid]
Ag'(re,Q) = Ag'(r,.Q) + DAG'(Q) | (3.34)

where DAg" is the downward continuation term, see Sec. (4.6). The solution for T is
then unique and stable if Ag" on the co-geoid do not contain first-degree (forbidden)

harmonics [Martinec, 1998]

! !

Vi = 1,0, 1 [ A, @) 37, (@) 0 = 0, (3.35)
Qg !

Here, the asterisk denotes the complex conjugate of the spherical harmonic function.
Generally, observed and reduced values of gravity do not satisfy this condition and
three new unknown coefficients o are usually introduced [Hoérmander, 1976]

1
ro=r.t A + Y arm Yia(Q) =

m=—1

. 2 h h
= - = T - (1) -

oT"(r, Q)

. + g, (T . (3.36)

r

Neglecting the small ellipsoidal corrections in the boundary condition, the solution

is given by the spherical Stokes integral [Stokes, 1849]

R ! !
ro= o THRQ) = L // Agh(r, Q) S(¥) d (3.37)
4 Qg
where S stands for the homogeneous spherical Stokes function [ibid]

Sy) = 1+csc%—6sin%—5cos¢—3cos¢ ln(sin%—l—siﬁ%) . (3.38)
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Ellipsoidal corrections are usually evaluated from the previous knowledge of 1
derived from any global geopotential model. The alternative solution is represented
by an iterative approach [Cruz, 1985]. Unfortunately, its convergence has not been

proved yet. The solution using Green’s function was derived by [Martinec, 1998]

e’R / /
P ) = G e a0 s+

+3 siny //Q@ Ag(r, Q) A — //Q@ A (@) STw) d | . (3.39)

The ellipsoidal correction to the spherical Stokes function was derived in a spectral

form as [ibid]

St) = 4 3 Y l%“miﬁmﬂﬁﬂﬁﬁﬁ)+

n=2 m=-—n n— 1

!

b ' C
By () Y (Q By () YE (D ) 4
b Y0 Vo) (0 V()| (3.40)

Algebraic coefficients were derived Vn > 2, m < n as follows [ibid]

- n+1 [(n—1)2 —m?] (n® —m?) | *
G = 0~ 1) (20— 1) { (2n—3) 2n+ 1) } ’ (341)

3 (n+1)? —m? n
bam = 0 [(2n—1)(2n—|—3) _zn—1] ’ (342)
_ n [(n+1)2 = m?] [(n +2)* = m?] | ?
o = T (2n 1 3) { 2n 1 1) (20 45) } - (34)

This solution was formulated while neglecting the terms of the order e* which causes
an admissible absolute error of 2 mm in geoidal heights. The spatial representation
of Eqn. (3.40) expressed in terms of a finite combination of elementary analytical
functions was also derived [ibid] and it was concluded that the singularity of the

correcting integration kernel is weaker than the singularity of the original function.
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Equation (3.36) was also formulated for the reference ellipsoid [Martinec, 1998]

h
u = b: Ag"(u,¥) = _2 T"(u, W) — M

u Ju ’
U

(3.44)

where two small quantities correcting for the vertical gradient of normal gravity and
the change of the directional derivative of 7" are neglected. The ellipsoidal coordinate

u is identified with the minor semiaxis of the reference ellipsoid b. Its solution is [ibid]

Thb, W) = % /A@ Ag" (b, W) AW’ +

!

b h ! 2 Qe !
—|—E/[D@Ag(b,\11){8(;/;)—@8(\11,\11)}&1/, (3.45)
where §¢ stands for the anisotropic ellipsoidal Stokes function [ibid]
S = 473" > B Yam(W) Y7 (0) (3.46)
n=2 m=-n

This function was derived while neglecting the terms of the order e* which causes

again an absolute error of 2 mm in geoidal heights. Parameters 3 are [ibid]

o [ dQu (b 17

W= m =0 B = — Quald) [Qd—” ¥ %Qn,m@)] L (3a7)
1 (n+1)? —m?
(n—1)? 2n +3

Both the spherical and ellipsoidal Stokes functions have the same degree of singularity

Vn >2,m < n: B, =

—(n+1) ] . (3.48)

for ¢ = 0, namely ¢»~'. The spatial representation of Eqn. (3.46) expressed in terms
of the finite combination of elementary analytical functions was also derived [ibid].
Applying the Bruns formula on the value in Eqn. (3.37), the co-geoid reads
T"r., Q)
Y(re, )

and the geoid is using the primary indirect topographical and atmospheric effects

NMQ) = : (3.49)

N(Q) = N*Q) + 6N(Q) = N"(Q) + SN (Q) + SN“(Q) =

B T"(re, Q) §Vi(r., Q) SVe(r., Q)
(e, ) * Y(re, ) * V(re.p) (3.50)
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3.2 Generalized Stokes-Helmert scheme

Stokes-Helmert’s approach has recently been reformulated by Vanitek and Sjgberg
[1991] taking gravity potential generated by a higher-degree spheroid as a reference.
The major idea of this approach is to use the low-frequency potential of the satellite-
based global equipotential model to compute the so-called reference spheroid which
is subsequently refined by the residual geoid based on higher-frequency terrestrial
gravity data. The cut-off frequency between low- and high-frequency components is
chosen to be approximately at degree 20. This selection is based on two assumptions.
First, terrestrial gravity data do not contribute significantly to low-frequency features
of the gravity field. Second, higher frequencies of the global models are burdened by
high noise, and their amplitudes are significantly attenuated.

The geoidal height can be computed using Eqn. (3.50) as a sum of the geoid in
the Helmert space and the combined primary indirect effects. Based on the spectral
decomposition of the gravity data, the geoid can be written as a sum of the reference

spheroid and the residual geoid
N(Q) = NJ(Q) + NY(Q). (3.51)

The solution of the reference spheroid is given by Bruns’s theorem

Tf(rgv Q)

Ne(®) = V(re, )

(3.52)

Gravity potentials of the actual and normal fields were introduced in their spectral
form in Sec. (2.4). The low-frequency coefficients of the actual gravity potential are
taken from a global geopotential model. Assuming the same mass of the earth and
the reference geocentric ellipsoid, the reference disturbing gravity potential can be

derived in spectral domain as [Najafi, 1996]

¥
Tiry @) = GM (

= )n T.(9) , (3.53)

T'g
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with the cut-off frequency /. Even-degree Laplace’s coefficients are given as follows

Vo= 2,4, 6 ... 0 Th(Q) = Wa(Q) — (3) J, Pusing) . (3.54)
a
and the odd-degree coefficients are as follows
Vin =3,57...0-1:T,(Q) = W,Q). (3.55)

This finite series can be employed everywhere outside the topographical surface r,; due
to the finite values of the spherical harmonic coefficients 7,, . A computation scheme
for the determination of the reference spheroid in Helmert’s space (for the ellipsoidal
approximation of the geoid) was derived by [Najafi, 1996], and is not discussed here
any further.

The residual geoid is solved for in the Helmert space. The solution of the Helmert
residual geoid is based on the geodetic boundary-value problem and properly reduced

terrestrial gravity data [Martinec, 1998]
Yor > VET(r,Q) = 0, (3.56)
with the boundary condition given as follows

1
r o= r, : Agh’é(r,ﬂ) + Z arm Yim(Q) =

m=-—1
= 2 phi) = en(TH) — o |, (") (3.57)
R ’ " ar . 7 ’ '
and the asymptotic condition at infinity

im T Q) = 0. (3.58)

Its solution is given by the (spheroidal) Stokes integral

hyt . R hyt noot '
Fo= e TR Q) = —/ Agmi(r, Q) SH) dY . (3.59)
47 Qg
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The spheroidal Stokes function is defined as [Vani¢ek and Kleusberg, 1987]

2":“11 P.(costb) . (3.60)

S'() = S - ¥

Finally, the Helmert residual geoid is computed using Bruns’s theorem

TW(TC, Q)

NH@) = Y(re, )

: (3.61)

which is transformed to the real space using the residual primary indirect effects

(SVZ(TC,Q)

N () = N"(Q) + (e @)

(3.62)

The proper derivation of the Helmert residual gravity anomaly Ag"* on the Helmert
geoid is the crucial problem of this approach, and is discussed in the next two chapters.
The major advantage of the geoidal solution based on the spectral decomposition
described above is the efficient use of available gravity data. Using the pure satellite-
derived global gravity data for the reference spheroid and the terrestrial data for the
residual geoid, an efficient technique for the geoid determination is formulated.
Although the approach of using a combination of the terrestrial and satellite-
derived gravity data is presented for the spheroidal Stokes function only, other ap-
proximations can also be employed. Removal of the low-frequency component from
the integration kernel is in every case a necessity since the kernel should be blind to
possible leakage of low frequencies from the terrestrial gravity data. Derivation of

the modified spheroidal Stokes function, including its numerical evaluation, is given

in Chapter (6).
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Chapter 4

Helmert’s Reduction of Gravity

Gravity data required for the rigorous solution of the geodetic boundary-value prob-
lem are derived in this chapter. The Helmert second method of condensation [Helmert,
1884; Lambert 1930], based on replacing the gravitational potential of topographical
and atmospheric masses by the gravitational potential of a surface material layer on
the geoid, is used for the gravity reduction, see Fig. (7.1) [Vanicek et al., 1999].

Sections (4.1) and (4.2) contain the derivations of topographical effects both on
gravity potential and gravity. Based on the spherical approximation of the geoid
and constant density of topographical masses, formulae suitable for their numerical
evaluation are derived in these two sections. Effects of the anomalous topographical
density studied recently by [Huang et al., 1999] are not included here.

Section (4.3) explains the formulation of the density distribution of atmospheric
masses, and the following two sections (4.4) and (4.5), contain formulae for numerical
evaluations of atmospheric effects on gravity potential and gravity. Once again, all
formulations are based on the spherical approximation of the geoid.

The problem of the discrete downward continuation of gravity from the topography
to the geoid is briefly explained in the last section (4.6). Although it is not a part
of the main investigation, it represents the last but not least important step in the

entire scheme of gravity reduction, as explained in the previous chapter.
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4.1 Topographical effect on potential

The residual gravity potential, which was introduced during the "helmertization” of
the earth gravity field outside the geoid, can be defined as the sum of the residual
topographical potential and residual atmospheric potential. The first term, called
also an indirect topographical effect on the earth gravity potential, is the difference
of the gravitational potential of the topographical masses V* and the gravitational
potential of the condensed topographical layer V<. Introducing the spatial form of
Newton’s kernel, see Eqn. (2.32),

N(r,r) = (r2+r 2rrcos¢) % (4.1)

the gravitational potential of the topographical masses can be computed using the

volume integral [Martinec and Vanicek, 1994b]

vine) = @ f[ /5 oy CEQV N, 6) € de e (4.2)

where o' is the density of topographical masses. The potential of the topographical

condensation layer is then defined using the surface integral [ibid]

Vi) = G [0t 0) My (@) T rA() a9 (43)

where o' is the surface density of the topographical condensation layer. Both V* and
Ve can be simplified using the approximation of the geoid r, by the reference sphere
of radius R, and using a simplified model for the density of the topographical masses
0'(€,9) = 0'()'). The spherical approximation causes an error in the geoidal height
of 30 mm at most [Martinec, 1993]. Equation (4.2) can then be written as
) = a [[ 2@ [ ) .)€ d a9 (4.4)
®

£=R

and similarly Eqn. (4.3) gives

V) = GR [[ o) N R) a0 (45)
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There are many options for the definition of the condensation density of. In this
dissertation, the mass-conservation scheme is deployed only. Its major disadvantage
consists of introducing the first-degree terms into the potential of the earth gravity
field. This can be accounted for by introducing additional unknowns in the funda-

mental gravimetric equation (3.36). The surface density has a form [Wichiencharoen,

1982]

, 2 R+H(S') , . OHAHQ)Y  HA(Q
am)zgk)/&; 2 de = o'(Q) | H) + ;)+ Qp). (4.6)

Both the volume (4.4) and surface (4.5) integrals have a singularity at the computation
point. To avoid their evaluation for ¢» = 0, a simple mathematical trick is introduced.

The volume integral can numerically be split as
Vi, Q) = VP(r,Q) + V7(r,Q), (4.7)
with the gravitational potential of the spherical topographical shell of thickness H

, () ,
VE(r, Q) = c:/QQ@Q%Q) /"R+H§Z,w(n¢%g)§2d§d9 , (4.8)

¢=R

and the gravitational potential of the topographical roughness (terrain)

WWQ:G[@ /mmngwéﬁmﬂ (4.9)

¢=R+H(Q)

Similarly, the gravitational potential of the condensed topography is split as
VEAr, Q) = V¥, Q) + VU(r,Q), (4.10)
with the gravitational potential of the condensed spherical topographical shell

Vs, Q) = GR? //Q@ rop, R) dQ' (4.11)

and the potential of the condensed topographical roughness (condensed terrain)

Ver(r, Q) = GRQ/L@ (r, 4, R) d . (4.12)
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The condensation density in Eqn. (4.11) is defined as

, Qt(Q') / R+H(Q

oy = £ Q) | H(9)

)52 dé = o'(Q) lH(Q)—I— I + VT ] (4.13)

and the same quantity in Eqn. (4.12) as

!

, HQ) g REHEQ)
ir Q — Q( / 2 d —
() R? E=R+H(Q) &

= o) [y ey 4 LI IOy

A good knowledge of the topographical density o' is required for the correct evaluation
of all these integrals. For computational convenience, the topographical density can

be replaced by the sum [Martinec, 1993; Huang et al., 1999]
o) = o + A, (4.15)

with the mean topographical density ¢! = 2,670 kg m™, and a term Ap' modelling
the departures of actual density values from this global mean. Magnitudes of this
anomalous density vary approximately within a range of & 10% of the global mean.

Assuming a constant topographical density o' only, the potential of the spherical
topographical shell evaluated at the point on the topography

H(Q) H() | H*Q)
VE(R+ H,Q) = 4mpl GR® ——+— | 1 4.16
and the same potential on the geoid
H(Q
VP(R,Q) = 4mo’ GH(Q) [R + #] . (4.17)

The potential of the condensed spherical topographical shell on the topography is
Q)

VE(R+ H,Q) = 4nGR? -2 4.18
and the same term computed on the geoid
V(R Q) = 4nGR o'(Q) . (4.19)
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The potential of the topographical roughness can be evaluated in its general form,

for the point on a geocentric radius r, as follows

R+H(Q) /

VO, Q) = G //Qea o' () M(r,1,€) a0 (4.20)

E=R+H(Q)
The integration kernel M is derived as [Gradshteyn and Ryzhik, 1980]

€ + 3rcose

Mirn) = [ Mo ¢ dg = EEIT0

7“2

+ ?(3C08277/) - 1) ln‘f — rcostp + ./\/'_l(r,;/),f)‘ + Ch s (4.21)

where (U, is an integration constant. Because potentials of the actual and condensed

spherical topographical shells evaluated on the topography cancel each other
VP(R+ H,Q) — V*(R+H,Q) =0, (4.22)
the residual topographical potential on the topography reads
SVHR+H,Q) = V' (R+H,Q) — V"(R+ H,9Q) . (4.23)
The same term evaluated on the geoid is
SVHR,Q) = VP(R,Q) — V(R,Q) + V'(R,Q) — VI(R,Q). (4.24)

where the term corresponding to Eqn. (4.22) is equal to

VE(R,Q) — V(R.Q) = — 27! GHQ(Q)[H—%?] . (4.25)

Next, formulae suitable for numerical evaluations of potentials associated with
the topographical roughness and condensed topographical roughness are derived. To
evaluate these two quantities, the global integration over functional values of the
orthometric height has to be carried out. The discrete numerical representation of

orthometric heights over limited regions is given in a form of digital elevation models.
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Furthermore, its global representation is known in spherical harmonics. Numerical
techniques used for the evaluation of the aforementioned integrals reflect the character
of the available data. The entire integration domain €1, representing the surface of
the earth, can be split into a spherical cap 25 and its remainder g — Q. In the first
domain, called the near zone, a summation over discrete elevation values is used. In
the second domain, called the distant zone, a spectral technique [Molodenskij et al.,
1960] is employed. To obtain the residual topographical potential on the topography,
see Eqn. (4.23), the following integrals must be evaluated

R+H(Q) /

VIR+H,Q) = G [ o) MR+ H,5,¢) a9 —
Qe ¢=R+H(Q)

—GRQ//Q N(R+ H,o, R) dOY . (4.26)

The contribution of the near zone to the residual topographical potential evaluated

on the topography can be computed as

i1 R+H(Q)
SVAR+H.Q) = G S o/(00) M(R+ H,1,¢) AQ, -
=1 E=R+H(Q)
j—1
- GRQ Z O'tr(ﬂi) .A/(R + H, 77/)2', R) AQZ 5 (427)

=1
where j is the number of data within the spherical cap, and Af); is the area of the i-th
geographical cell. The contribution of the distant zone to the residual topographical
potential on the topography is computed using a constant topographical density

R+H(Q) /

WoolB4 ) = Gy [[ MpsHvg]
E=R+H(Q

— GR? //Q@ o N(R+ H, ¢, R) dY | (4.28)

and an appropriate formula which can be used for its numerical evaluation must be

derived. The integration kernel M is expanded into a power series, see Apx. (A.1).
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Taking a linear and quadratic term of this series into the account only, a convolutive

form of the first integral in Eqn. (4.28) reads

VE,’EC@(R—FH,Q):GQ’;R%M //Q @) )] M) e+

3 ' 2 '
+2Gd [[ O [HO) - H@) | M) d + O, (429)
4 Qg-Q¢
with following auxiliary integration kernels

2 + (2 - 2COS77Z))%

= (4.30)
I — cosyp + (2—2cos?))z

M) =

3 — 4dcostp + cos’p + 2 (1 —cose)) (2—2COS77/))%
(2 — 2COS77Z))% {1 — cosp + (2—2COS77/))%}2

Ma(y) = (4.31)

Applying the same approach to the second integral in Eqn. (4.28), the following

formula can be derived in a form

!

Ve (R4 H,Q) = GR? o //Q [ H@) = H©Q) | N+ Hw R) A+

+GR o //Q [ HNQ) = HHQ) | N(R+ H6 R) 42+ O(HT) . (432)

Using the spectral approach [Molodenskij et al., 1960], the potential of the topograph-

ical roughness in the distant zone can be evaluated as

VIL R+ H,9) = 76 gl LR+ H()] Y palinis) () -

N () i G0, 0) H, () +

o0

£ Gl Y ralihih,) HAQ) + O(HY) . (4.33)

n=0
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Similarly, the potential of the condensed topographical roughness in a distant zone is

VEr (R+H,Q) = 2xGR? o 3 s,(R+ H,0,4,) Hy(9) +

n=0

F2RGR o S sa(R+ Hb,6) HAQ) + OUIY) . (4.34)

The truncation coefficients in Eqns. (4.33) and (4.34) read as follows (¥ n > 0)

Kis

palin) = [ M) [ Pufeosti) = 1] sinei dp (4:35)
au(t0v) = [ Mol) Py(cont) sint i (4:36)
r(.0) = [ M) [ Pu(eost) 1] singi dv (4:37)

su(R+ H,,1,) = /¢ N(R+ H, b, R) [ Pa(cost) — 1] sine dio . (4.38)

Adding the difference of the quantities (4.33) and (4.34) to the value computed in
Eqn. (4.27), the residual topographical potential on the topography can be estimated.

The potential of the topographical roughness in the near zone on the geoid is

o1 R+H()
SVI(R,Q) = G Y o' (%) M(R, 4, ¢) AQ; —
=1 ¢=R+H ()
j-1
=1
The contribution of the distant zone has the following form
R+H(Q)
VIL(RO) = Gl [ MR a’ -
Re—tlo E=R+H(Q)
_OR? // o (Q) N (R, ¢, R) d . (4.40)
fg—Lo
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Expanding the integration kernel M into a series truncated in a quadratic term, see

Apx. (A.2), the convolutive form of the first integral in Eqn. (4.40) reads

Vit (R,Q) = %igég /%%VQQ{]{GT)—-H(Q)}’Hﬂﬁ,¢)dﬂ'+

!

w5 [ ()~ 1) ] Haln ) de) -

G ) 2 )
_ggﬁ/ [ H(Q) — HQ) | Haln, ) Y + O(H) . (4.41)
Qa—Q0
Auxiliary integration kernels required for its numerical evaluation are

Hi(n, ) = 3 (2 — 2COS77/))% (1 + cosy) +

2 + (2 - 2COS77Z))%

+ (3cos*y — 1 -, 4.42
( v )77 — cosyp + (1 + n?2— 2ncosy)z (4.42)
5+ 3 cos?
Haln,¥) = (2 — 2COS77/))% *
R =S VY
(2 — 2cost)z [77 — costyp + (1 —|—772—2ncos;/))5]
Hs(n,) = (3cos’yp — 1) 3~ cosy + 22 — 2eos9) (4.44)

1 12
{ n — costy + (1 + n?— 2ncoseh)z }
They are functions of the spherical distance between the computation and integration

points ¢, and the dimensionless parameter

o) = B HQ) o HO)

7 — (4.45)

only. With respect to the magnitude of the parameter n < 1.3x 1072, the integration
kernels (4.42), (4.43), and (4.44) were derived neglecting n* and higher order terms.
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Having obtained the convolution integral, it can be now expressed in spectral form

o0

Viio(R,Q) = 7GR o} > an(n,,v.) Ha(9) +

n=0

+7G 0y Y baln, i) Hi(Q) +

n=0

+ 271G ol H(Q) i cn(n, 1, 10) Hu(Q2) —

n=0

LG oS du(nibib) HAQ) + O(HY) . (4.46)

n=0
Truncation coefficients are defined as one-dimensional convolution integrals of the
auxiliary integration kernels and Legendre’s polynomials (¥ n > 0)

an(n, 0, 0,) = Hi(n,9) [ Palcostp) — 1] siney dip (4.47)

=10

bu(n, 0, 1p.) = Ha(n, ) [ Pulcostp) — 1] siney dip (4.48)

=10

cn(, 10, ,) = Hs(n,v) Pu(cosip) siney dyp (4.49)

=10

u(n,00) = | Ha(n, ) [ Palcostp) + 1] sinip dip . (4.50)
All of them are again functions of the spherical distance ¥ and the parameter n only.
In practice, these coefficients are evaluated in a form of tables for selected reference

heights. During computations, the heights of computation points are used to find the

appropriate kernel values. The second integral in Eqn. (4.40) can be rewritten

V(R = GRU G [ [ @) = Q) ] N (R, R) 49
+ GR o //Q @) - @) ] MR R 42+ o). (@51
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The spectral approach then yields the following formula

Vilo (R, Q) = 2GR 0, Y ea(th, 1) Ha(Q) +
+ 27GR o fj en(V,,) HA(Q) + O(HY) (4.52)

with the following truncation coefficient (¥ n > 0)

en(th, i) = A:%A/(R,;A,R) [ Pu(cost) — 1] sinds dib . (4.53)

Zonal coefficients for the spherical harmonic representation of H can be computed

from the global elevation model such as TUGS87 [Wieser, 1987]

Vo =0...180 : Hy(Q) = Y Huypw You(Q), (4.54)

m=—n

and the same coefficients for squared heights H?

Vo =0...90 : HXQ) = > H, Y..Q). (4.55)

m=—n

4.2 Topographical effect on gravity

The residual topographical potential 6V is the tool for the transformation of the real
gravity anomaly into the Helmert space. Its effect on gravity can be evaluated as
its negative vertical derivative. Changing its sign, the direct topographical effect on

gravity on the topography is obtained as follows [Martinec and Vanicek, 1994b]

SA R+ H,Q) = % [V, Q) =V (r, Q) |

r=R+H
— AR+ H,Q) — AR+ H,Q). (4.56)

FEvaluating the radial derivative in Eqn. (4.56), the term A’ is split into the attraction
of the spherical topographical shell, see Eqn. (4.16),

R ? H2(Q)  H3(Q)
R+H(Q)] [H(Q” B3R

A®(R+ H,Q) = — 4mp) G l , (4.57)
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and the attraction of the topographical roughness, see Eqn. (4.9),

R+H(Q)
Q' . (4.58)

A"(R+ H,Q) :G// K(R+ H, ¢,
Q@ ¢=R+H(Q)

The integration kernel K for the point of geocentric radius r is the following primitive

function [Gradshteyn and Ryzhik, 1980], see Eqn. (4.21),

K(r,6) = £ Mir,0.0)

r

= (@4 3 cost + 16 (L~ eos' ) | N(roh,€) +

+ 7 (3cos*yp — 1) ln‘f — rcosy + ./\/'_l(r,;/),f)‘ + Oy, (4.59)

where (' is an integration constant. Using the same approach as above, the attraction

of the condensed spherical topographical shell is

NWR+H&):—4MGH%D[ (4.60)

i |

The next term represents the attraction of the condensed topographical roughness
A (R4 H,Q) :Gm// J(R+ H,4,R) d (4.61)
Qg

with the surface density being already defined in Eqn. (4.13). The integration kernel

J for the point of geocentric radius r has the following form

T B) = - N B) | = (Reosy — v) N(niR) . (162)

All terms which contribute to the direct topographical effect on gravity are now

defined. Its entire value is

SA R+ H,Q) = A®(R+ H,Q) + A"(R+ H,Q) —

— AR+ H,Q) — AM(R+ H,Q) . (4.63)
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Using the mass-conservation condensation scheme, we have
A®(R+ H,QY) — A(R+H,Q) = 0, (4.64)
and the direct topographical effect on gravity reduces to the difference
SA R+ H,Q) = AY(R+H.Q) — A (R+ H,Q) . (4.65)

The terms on the right-hand side of the last equation, representing the gravitational
effects of both the actual and condensed terrain, are called the terrain and condensed
terrain effects on gravity. Looking closer at the first term, it can be realized that it
is nothing else but the so-called terrain correction to gravity [Heiskanen and Moritz,

1967]. This correction is included in the complete Bouguer gravity anomaly [ibid]
AgP(R+H,Q) = Ag'(R+ H,Q) — 210, GH(Q) + A"(R+ H,Q), (4.66)

which are usually used as the starting data for the gravimetric geoid computations.
The condensed terrain effect is then the only term to be evaluated. Introducing the

following approximation for the surface density, see Eqn. (4.14),

!

o"(Q) = Q) [ H(Q) - HQ)] + O(H?), (4.67)

Equation (4.61) can be written in the following form

A (R+ H,Q) = GR? //Q Q) [ HQ) — HQ) | T(R+ H, b, R) d9Y. (4.68)

Formulae for the numerical evaluation of the direct topographical effect can now
be derived. Recalling Eqns. (4.58) and (4.61), the direct topographical effect can be

written as the difference of the following two global integrals

R+H(Q) /

dQy —

SA R+ H,Q) = G// K(R+ H, ¢,
Q@ ¢=R+H(Q)

— GR? //Q J(R+ H,,R) dQ . (4.69)
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The contribution of the near zone is obtained as the sum over discrete values within

a spherical cap Qg

j—1 R+H(S)
SAL(R+H,Q) = G > o (%) K(R+ H. ¢, €) A, —
=1 ¢=R+H ()
j—1
— GR* Y o"(%) J(R+ H,¢:, R) AQ; . (4.70)

=1
The contribution of the distant zone to the attraction of the topographical roughness,
defined by the first integral in Eqn. (4.69), can be derived using the truncated power

series as follows, see Apx. (A.3),

AL (R H.Q) = Go [[ [ H@) = 1) ] Kiw) 2 +

Rf[g@ //Q@ % — H(Q) | Ka(w) d + O(H?) . (4.71)

The first auxiliary integration kernel is

1
Ki() = - T~ 2o (4.72)

and the second one is

Ka(t) = — 3—10cos® +3cos*tp —2 (3costp — 1) (2—2COS77/))% 4

8(2 — 2COS77/))% {1 — cosp + (2—2COS77/))%}2

Both are functions of the spherical distance ¢ only.
Similarly, the contribution of the distant zone to the attraction of the condensed

topographical roughness, defined by the second integral in Eqn. (4.69), is derived as

AL+ Q) = GR g [[ [ HO) = HO)] T+ Ho.R) )+

L GR o //Q [ Q) = HAQ) | TR+ Ho R) A+ O(H) L (4.74)
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Applying again the spectral approach, the attraction of the topographical roughness

in the distant zone can be written as follows

AL (R4 H.Q) = G o) 3 ta(0,0) () -

—27TGQOR+H Zun (Q)—I_

n=0

o0

Z o) Hy(Q) + O(H)) (4.75)

A o R—|—H

and its counterpart for the condensed topographical roughness

o0

AZT (R4 H,Q) = 20GR g 3 wi(Rot H,,) Hi(9) +

n=0

o0

+27GR o) > wu(R+ H, ¢, ,) HX(Q) + O(H,) . (4.76)

n=0

Truncation coefficients in Eqns. (4.75) and (4.76) are given as follows (V n > 0)

i) = [ Ka() [ Pcos ) = 1] sines dv (4.77)
o) = [ Kaf) Peosv) sinw do (4.78)
(i) = [ Ka(w) [ Pufeosts) +1] sinv dis (4.79)

wo (R i) = [ TR+ B R) [ Pycosw) =1 ] sinv d . (1.50)
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4.3 Atmospheric density function

The atmospheric density o* as a function of position (r, ) holds the important role
in the numerical evaluation of all atmospheric effects. Among several existing atmo-
spheric models, one of the most frequently used is [United States Standard Atmo-
sphere, 1976]

o'(H) = i;gg; ,

(4.81)

with the universal gas constant £ [N m mol™' K~!] (constant), mean molecular weight
of the atmospheric masses p [kg mol™'] at the sea level (constant), atmospheric pres-
sure P [N m~?], and molecular-scale temperature of the atmosphere 7' [K], see Table
(7.2). For the estimation of the height-dependent parameters, i.e., atmospheric pres-
sure and temperature, atmospheric masses between the topography and the height of
86 kilometres are divided into seven layers, within each the molecular-scale tempera-

ture can be modelled by a linear function of altitude [ibid]

where T; is the reference (initial) value of the molecular-scale temperature for the
i-th layer, 7; is the molecular-scale temperature gradient for the i-th layer, and H;
is the reference (initial) orthometric height for the i-th layer, see Table (7.3). The

atmospheric pressure P is computed using one of the following two equations [ibid]

gr

L (4.83)
T, + n(H — H) 7 '

Vie {1,3,46,7} : P(H) = P, l

for the molecular-scale temperature gradient 7; being not equal to zero, and

]

Vi€{2,5}:P(H):PieXp[_gM (4.84)

for the molecular-scale temperature gradient 7; being equal to zero. FP; in both these
equations stands for the reference pressure for the i-th layer, and ¢ is the "reference

value” of gravity at the sea level, i.e., g = g(r,, ), see Table (7.2).
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Due to complexity of the above expressions, suitable approximations are usually

sought using, e.g., a polynomial function [Anderson et. al, 1975]
o'(H) = o8 + o H + BH + ..., (4.85)
an exponential function [Ecker and Mittermayer, 1969]
o'(H) = o) exp (—a H), (4.86)

or another model with the positive constant v based on the required fit of model and
actual values of atmospheric density [Sjgberg, 1993]

R v
N 2 0" (H) = o° _— . 4.
Vv € A vo> o' (H) QO(R—I—H) (4.87)

Having investigated possible approximations, it was found that the second degree
polynomial function gives acceptable results for heights up to 9 kilometres which is
very important for numerical investigations. Absolute values of the relative error are
smaller than 5 x 1072 everywhere, which is negligible on the accuracy level of one

centimetre geoid. The atmospheric density function can then be written as
VH < 9km : o"(H) = o + o H + 5 H*, (4.88)

where p? is the value of the sea-level density, a is the linear coefficient, and 3 is the
quadratic coefficient. Estimated values of the coefficients can be found in Table (7.4).
The atmospheric density of the spherical shell above 9 kilometres can be divided into
k spherical sub-shells of a unique thickness. The atmospheric density p* within each

sub-shell can be approximated either by a linear or even a constant function.

4.4 Atmospheric effect on potential

The residual atmospheric potential is defined as the difference of the gravitational

potential of the atmospheric masses and the gravitational potential of the condensed
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atmospheric layer. The gravitational potential of the actual atmospheric masses V*

can be computed using Newton’s volume integral

Vi) = G [ f T ) N g e’ s9)

where ¢ is the density of the atmospheric masses, and r, is the upper limit of the
atmosphere where density becomes negligible. The gravitational potential of the

atmospheric condensation layer V¢ is estimated using Newton’s surface integral

!

veer, Q) = G //Q@ (rgs ) N7, b, mg(Q) ] rg?(Q) d (4.90)

a

where ¢ is the surface density of the atmospheric condensation layer. Both V*

and V' can be further simplified using the spherical approximation of the geoid
(r, = R), and using the laterally homogeneous model for the atmospheric mass

density distribution, p%(r). Under these assumptions, Eqn. (4.89) can be rewritten as

Ver Q) = G /Q@/mm (&) N(r,4, ) € dE dSY (4.91)

E=RIH(Q

and similarly Eqn. (4.90)

Vee(r, Q) = GR? //Q@ rob, R) dQ' (4.92)

Using the mass-conservation condensation, the surface density ¢ has a form

Q) = [T € e (1.99)

R? J e=p+H(Q)
which also represents the straight column averaging. Similar to the topographical

effects, the potential of the real atmosphere V* can be decomposed into two parts
Velr, ) = Ve Q) + V7(r, Q). (4.94)

V' is the gravitational potential of the atmospheric shell with the lower boundary
being at the point of interest at the topography, and the upper boundary H® at
some particular height with negligible atmospheric density (usually the height of 50
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kilometres is used rendering the effect of the residual atmosphere negligible). V@
is the gravitational potential of the part of the atmosphere between the topography
and the lower boundary of the spherical shell. This atmospheric roughness has the
maximum thickness equal to about 9 kilometres. The same treatment can be applied
to the gravitational potential of the condensed atmospheric masses V*© which is just

a counterpart of V¢ in the Helmert space:
Ve(r,Q) = V:(r,Q) + V(r,Q) . (4.95)

The gravitational potential of the spherical atmospheric shell is evaluated as a
sum over potentials of £ individual sub-shells
ri+Ar
Ve Q) = [ o[ ] P, ) € dEda | (4.90)
Q@ f T
where p? is a constant atmospheric density within the i-th sub-shell with the lower
boundary r; and thickness Ar (unique thickness of 100 metres was used for numerical
evaluations, i.e., n = 410). The integral in Eqn. (4.96) can be evaluated for a point

of radius r as
k
Ve(r,Q) = 276G > of { (r; + Ar)? — rf} . (4.97)
=1

The atmospheric roughness represents a more challenging numerical problem.
While one of the bounds in the integral is a regular spherical surface, the other
one is the topography known either as a discrete numerical function (elevations in
the form of digital elevation models) or as a series of spherical harmonic functions. In
the first case, an analytical solution in the spatial form for the gravitational potential
does not exist and some numerical approximations must be deployed. The potential

V" can theoretically be evaluated as

Ve Q) = G /Q@ /R+H (E) N (10, €) € de dSY (4.98)

¢=R+H(Q

with the atmospheric density o* modelled as follows, cf. Eqn. (4.88),
o'(€) = of + a(E-R) + B(E-R). (4.99)
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Substituting this model for the atmospheric density into Eqn. (4.98), the potential of
the atmospheric roughness reads

V“”(r,ﬂ)zg [ ot —aR+ 3R | //Q N[ R+ H(Q). 0, R+ H(Q') | dO +

LG
6

[a—20R] //Q@ No | Rt H(Q)0, R+ HQ) | d2 +

+%ﬁ //% Ns[ R+ H(Q), 0, R+ H(Q) ] 2, (4.100)

where the auxiliary integration kernels can be derived as, see Apx. (A.4),

R+H(Q)

N[ R+ H(Q), 6, R+ H(Q) ] :/ N6 € de, (101)

E=R+H(Q

, R+H(9)
Ny [ R+ 1(9) 0, R+ 1) ] = [ N, &) € de,  (4.102)

E=R+H(Q)

Ny | R+ H(Q), ¢, R+ H(Q Y td 4.103
R H@ue R H@) ] = [ DN € e (4103)
Similarly, the gravitational potential of the condensed spherical atmospheric shell

is computed as the sum of gravitational potentials of n condensed sub-shells

k
Ver(r, Q) = GRS [ 500 // N(r o, R) dQ | (4.104)
=1 Qg
with the surface density of being defined as, cf. Eqn. (4.13),
as Q;l ritar 2
o = 2 /ézm € de . (4.105)
Having evaluated the integral in Eqn. (4.104), the following equation is obtained
R2 k
Ver(r, Q) = An ———= ad 4.106

with the condensation density equal to, see Eqn. (4.105),

= e Lorary = 2] o7
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The potential of the condensed atmospheric roughness is expressed as follows
Ve Q) = GR? / / o () N (ry 0, R) dSY (4.108)
Qg

with the surface density defined as follows

/ 1 / R+H(Q)

o (@) = 0" () € d¢ . (4.109)

E=R+H(Q)
Having defined the individual terms for the evaluation of the residual atmospheric

potential, its entire value is written as
Veir,Q) = V¥(r,Q) + V(r,Q) — VU (r,Q) — V(r,Q), (4.110)

where the radius r is equal either to R + H (for the surface potential required for
the derivation of the secondary indirect atmospheric effect), or to R (for the geoidal
potential required for the derivation of the primary indirect atmospheric effect).
There is a direct parallelism between the quantities derived for the topographical
and atmospheric masses. Both residual potentials and their effects on gravity have
the same role in the process of the second Helmert condensation. However, formulae
for their evaluation have to be derived independently due to the different geometric

properties of masses involved in the computations.

4.5 Atmospheric effect on gravity

The direct atmospheric effect on gravity is defined as the radial derivative of the
atmospheric residual potential at the point on the topography. Since the gravitation
of the atmospheric shell is equal to zero [MacMillan, 1930], only three more terms
have to be evaluated. The derivation of the potential of the spherical atmospheric
shell on its lower boundary is justified, however, since this quantity is required for the
theoretical evaluation of the secondary indirect atmospheric effect on gravity. The

gravitation of the atmospheric roughness can be evaluated as the radial derivative of

46



the appropriate potential for r; = R + H(2), see Eqn. (4.100),

o[ e 2 ,
A“”(rs,ﬂ):G/% E[/g:mm') 0" () N (1,15, €) ¢ dg] de’ . (4.111)

r=rs

Using the atmospheric density from Eqn. (4.99), Eqn. (4.111) can be rewritten

A" (rs, ) zg(e)i—aRwR?)//%Jl[R+H(Q),¢,R+H(Q’)} a9’ +

LG
6

(a—26R)//Q To| R+ 1(Q),0, R+ H(Q) ]| 42 +

+ % 4 //% Ts | R+ HQ), ¢, R+ H(Q') | 42 (4.112)

Auxiliary integration kernels from this equation can be derived as, see Apx. (A.5),

, § [ RHHE) ,

T[R4 H@, 0 R H@)] = 50 [ 7 N €de| L (a3)
, 0 R+H(Q) 3

o [R+ B0 B HQ) = o0 [ 7 Nk @de| ()
, 0 R+H(Q)

G [B+ H@) e R+ H@)] = 2 [ T Wi €hde | as)

The effect of the condensed atmospheric shell on gravity is, see Eqn. (4.106),

R g
Acs HQ) = -4 e T— a8 4.116
R+ 1.9) = — a6 | | Y (4.116)

with the value of the surface atmospheric density, see Eqn. (4.107), being

as __ a 2 T?(Q) B T?(Q/)
ot = (e —aR+BR ) =
+ ( o — 263 ) T?(Q) 4_R2r;1(Q ) + 6 TE(Q) 5}2TE(Q ) (4‘117)
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The effect of the condensed atmospheric roughness on gravity is based on Eqn. (4.108),

and can be written as follows
A (R4 H,Q) = GR? // o () T(R+ H, 0, R) d . (4.118)
Qg

The surface atmospheric density 0" has already been defined in Eqn. (4.109). The

entire direct atmospheric effect on gravity is finally obtained as the sum
SA"(R+ H,Q)=A"(R+ H,Q) — A°(R+ H,Q) — A" (R+ H,Q) . (4.119)

Looking closer at this formula, the first-order effect is represented by the spherical
shell A°** and the second-order effect is represented by the difference

SAT(R+H,Q) = AY(R+ H,Q) — A(R+ H,Q) . (4.120)

This quantity could be called a terrain correction to the direct atmospheric effect on
gravity because it originates in the roughness of the topography (terrain). Due to
the magnitude of the atmospheric density, its values are small when compared to the
topographical terrain correction.

Theoretically, all integrals should once again be evaluated over the full spatial
angle. Since the magnitude of all atmospheric effects is significantly lower compared
to the topographical effects, no attempt was made to evaluate effects of distant zones.
If necessary, a spectral method and some global elevation model could be used for its

effect on the atmospheric terrain correction.

4.6 Downward continuation of gravity

The last step in the gravity reduction consists of the downward continuation of gravity
data from the topography to the co-geoid. Its role was briefly explained in Sec. (3.1)
where basic formulations were also introduced. The proper formulation of the entire

problem is now in place.
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Using the second Helmert condensation, harmonic gravity data are derived on the
topography. However, for the solution of the Stokes problem their values on the co-
geoid are required. The mathematical formulation of the problem is based on the first

boundary-value problem of potential theory which consists of the Laplace equation
Vo> V2 rAg ()| =0, (4.121)

with the following boundary condition defined on the co-geoid, see Eqn. (3.57),

T"(r, Q
Vr =1, r Ad"(r,Q) = —27T"r,Q) — r % \ (4.122)
r
and the asymptotic condition at infinity
lim Ag"(r,Q) = 0. (4.123)

ro— o0

This problem solves for functional values of Ag" everywhere outside the co-geoid and
is sometimes called the upward continuation of a harmonic function. Its solution is

given by the Poisson integral [Kellogg, 1929]

Vr > r.: rAg r, Q = — // Te Ag Te,s /) 'P(T,@ZJ,TC) dQ/v (4124)
Qg

with the Poisson kernel defined as follows [ibid]

P(T, 77Z)7 TC) = T ( r2 - 7“3 ) NS(rv ¢7 rc) 9 (4125)
which has, using the spherical approximation (r. = R), the following spectral form
0O R n+1
P(r Z (2n+1) ( — ) P, (cos) . (4.126)
- r

Obviously, the inverse of this problem is the downward continuation of gravity.
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Chapter 5

Helmert’s Residual Gravity

Terrestrial gravity data, due to their incomplete distribution, cannot be used for
computing the low-frequency features of the gravity field. A method for combining
the satellite-derived and terrestrial gravity data was briefly introduced in Sec. (3.2).
The major topic of this chapter is the derivation of the Helmert residual gravity
anomaly on the co-geoid which is used for the solution of the generalized Stokes-
Helmert problem.

In the first section, the reference part of the residual topographical potential on the
co-geoid is derived in the spectral domain and the spherical harmonic representation
of the global topography. Its counterpart for the residual atmospheric potential is
formulated in the second section using a simplified model of the atmospheric density
function. The spectral method and spherical harmonic representation of the global
topography are also deployed in these derivations.

Based on these two potentials, the reference components of all topographical and
atmospheric effects on gravity are derived in the last section. They are subsequently
used for the derivation of the Helmert residual gravity anomaly on the co-geoid which
could be used for the determination of the Helmert residual co-geoid. The residual
primary indirect effects, required for the transformation of the Helmert residual co-

geoid into the real space, are included at the end of this section.
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5.1 Reference topographical potentials

The gravitational potential of the actual topographical masses on the co-geoid, see
Eqn. (4.4), can be written in the spectral form as follows
R+H(Q ¢ )
Vir, Q) = G o' r. Z // . (cos ) / = df ey ,  (5.1)
E=R Te
with Newton’s kernel, see Eqn. (4.1),
Ny = 25 (&) peoss). (5:2)
¢ n=0

Equation (5.1) can be rewritten as [Vanicek et al., 1995]

Vi Q) = GR? oL 3 (E)nﬂ Loy
C’ N % r. n+3

k

n+j ("+3) //Q@ [ ] Po(cos ) d . (5.3)

Assuming the mass-conservation condensation of topographical masses, see Eqn. (4.6),
the spectral form of the gravitational potential of the condensed topography, see Eqn.

(4.5), can be written as

Vct(rm — GR Z ( ) //Q@ P, (cos) d§ (5.4)

The residual topographical potential can be obtained by differencing [ibid]

o] n+1 1 n+3 n‘|’3
t 2
SVi(r, Q) = GR Z( ) {Hgkl ( )//Q@

P, (cos o) dQ’—//% () [1+§(Q’)+§2(TQ/)] P, (cos®) dﬂ'} . (5.5)

with the unitless parameter ( defined as follows

oy = 22 (5.6)



Investigating the behavior of the summation over k, it can be shown that this series
converges very fast and only the first three terms need to be used [Vanicek et al.,

1995]. After few algebraic operations, the following formula can be derived [ibid]
o) n+1
Vi) = GRS S (1) { [ @) x
n=1 2 Te Q@

Py (costh) dY + ”;“3 //Q@ Q) Py (cos ) dﬂ'} . (5.7)

Its reference (low-frequency) part then reads

sV} Q G ol Z " n+1H2Q
L) = 2 3 R
(re, ) T — 2n+1 (rc) A0+

t 4 n+1
o & on(nt3) (2" g
2 — | — H:(Q :
TG 3R nZ::l 2n +1 Te W) (5:8)
which can be written as
M ¢ ' n+1
5V (r ) = 5 ( “ ) SV(9) (5.9)
a =\ re
The coefficients of this spherical harmonic series are given as follows (Y n =1 ... ()
27 n RN\" H3(Q)
i = 2 (Y [z BO
Vn( ) M QO Qn—l_l Cl/ R n( ) —I_ (n—l_g) 3 (5 0)

Zonal coefficients for the spherical harmonic representation of squared heights H?*
can be computed from the global elevation model using Eqn. (4.55), and the same for

cubed heights I

Vo =0...0: HQ) = > H ,Y..Q). (5.11)
Equation (5.9) should be evaluated on the co-geoid. Since this surface is unknown,
an appropriate approximation has to be introduced. The vertical separation of the

co-geoid above the geoid is about 2 metres at most. Therefore the co-geoid can also

be approximated by the reference ellipsoid, see Eqn. (2.10),
r() = r(e) = a (1—f sin®p) + O(F*). (5.12)
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Then the radial term in Eqn. (5.9) changes into [Vanicek et al., 1995]

' n+1
Yn=1...70: (a_) il—l—(n—l—l)fsinch. (5.13)

Te
Hence, the ellipsoidal approximation of Eqn. (5.9) is

SVi(re, Q) = GM fj (1 + (n+1) fsin®e | 0VI(Q). (5.14)

n=1

5.2 Reference atmospheric potentials

The laterally-symmetrical atmospheric density model, see Eqn. (4.87),

R v
Vv > 2 : p° = ol | —— ) 5.15
o200 - 8 (i) 5.15)
and the mass-conservation condensation density selected as follows
“(Q L e ¢ 2d 5.16
0 = [ o ©1E € (5.16)

are employed in following derivations. To keep the new formulae consistent with
previous derivations, the same upper limit of the atmosphere is used. This upper
boundary could eventually be put equal to infinity. The use of the finite value yields,
however, identical results. The potential of atmospheric masses V* can be rewritten
in the spectral form as follows

Ve(r., Q) GZ e 1//% Pn(cos;/))/ o) € de dQ' . (5.17)

E=R+H(Q)

The integral over £ is evaluated using the model density from Eqn. (5.15)

R+H® R+H® v
[ e =g [T en(E) s ey

E=R+H(Q') ¢=R+H(Q' £

and then substituted into Eqn. (5.17)

gn v+3 R+H* ,
Vi(re, Q) = GR 0} Z ro" 1//9 { } Fa(costp) dd . (5.19)

n—v+3 E=R+H(Q)
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For the numerical evaluation of the potential V', the binomial theorem can be used

grv+3 R+H® B (R+ 5)n—u+3 He B
n—v+3 N n—v-+3 N

E=R+H(Q) E=H(Q')

Rn—u—I—B n—v+3 n—uv _I_ 3 Ha k H Q/ k
_ s <—) _ [ H®) . (5.20)
n—v+3 ;7 2 R R

This series converges fast, and only its first three terms have to be taken into account.

For the evaluation of the potential V**, the condensation density must be evaluated
first. It can be written

N A
@) =2 f = de . 5.21
o) = &[0 L (F) e (5.21)

The gravitational potential V** of the condensed atmosphere then reads

R+H<

Ve () = gle_iy ni; ( R )”“ //%{ 353_” } Py (cos ) dY . (5.22)

Te — VUV f:R-I—H(Q/)

For the numerical evaluation, the binomial theorem is used once again

o (Q) = @33]_%1/ SZ;: (3ky) {(%)k - l%]k} (5.23)

The residual potential is then obtained as the difference of the potential V* and V'

Vi (re, Q) = GR? ol ZZ: n (r_ﬁ:)”"‘l //Q@{ (H*)? I%QH(Q’)z .,

n=1 2

(H*)? — H(Q')? ,
+ (n—2v+3) ViZ P,(costp) d0 (5.24)
which can be written as
¥4 n R n+1
SVAr. Q) = — 270G o" (—) H2(Q) —
‘/Z (r 2 ) 7TG QO nZ::l 2n —I_l rc n( )
a £ n+1
0 n (n—2v+3) ( R ) 3
— 227G =2 — H>(Q) . 5.25
™ 3R n; o + 1 ro () (5:28)
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Introducing the following form

M Y ' n+1
oV (re, ) = G, > (a—) SV, (5.26)
a n=1 Te
the coefficients of this spherical harmonic series are given as follows (Vn =1 ... ()
: 9 N RA\" H2(Q)

SVAQ) = — 27 & (Z) |rr@+m—2w+3) 222 (527
o= (B Ty -2 B o

The ellipsoidal approximation of the combined residual potential then reads

M Y ' n+1
oVe(re, Q) = Ga, > (j—) {5\/;‘((2) + 5\/;((2)} =
n=1 ¢
GM ¢
= = Y [+ (1) fsinfe] V() (5.28)
a n=1
with coefficients of the spherical harmonic series
R n RA\"
Sl V() = 2m s (gt (=) o
Vn V@) = 2n o (dh—al) 5y (o) MA@+
27 n ; . . RN\" .

+3—M2n—|—1 [(n+3)(@o—90)+2ugo} (a) H:(Q) . (5.29)

5.3 Helmert’s residual gravity anomaly

In this section, the derivation of Helmert’s residual gravity anomaly is summarized.

Surface values of the Helmert gravity anomaly were defined in Eqn. (3.27) as
Ag"(rs, Q) = Ag(Q) + §A(r,, Q) + 65(r,, Q) + 65%(r,, Q) , (5.30)

with the free-air gravity anomaly Ag” given by Eqn. (3.21). The values of the Helmert
gravity anomaly on the co-geoid can be obtained using the downward continuation

of gravity, see Eqn. (3.34),
Ag"(re, ) = AgM(rs, Q) + DAGM(9) . (5.31)
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The Helmert residual gravity anomaly then reads
Ag" (re, Q) = Ag"(r., Q) — Agi(r.,Q) , (5.32)
with the reference part defined as follows
Agh(re, Q) = Agl(re,Q) + 6Au(re, Q) + 05:(re, Q) + 655(re, ) . (5.33)

The reference free-air gravity anomaly can be obtained as follows

Agl(r., Q) = G;{y fj (n—1) (;‘—) T.(9) . (5.34)

c n=2 ¢

The reference combined direct effect on gravity reads
SA(re Q) = — ijy S (nt 1) (;‘—) SVL(Q) (5.35)

¢ n=1 ¢

and the reference combined secondary indirect effect on gravity is
5 (re, ) = — 2 ijy 5 (j—) SVL() (5.36)
c n=1 ¢

The reference quasigeoid-to-geoid correction is defined as

G{Y H(Q) Z_:l (n—1) (“—) T,(Q) — 47G o HQJ;)Q) . (5.37)

c Te

555(r., Q) =2

7

The reference component of Helmert’s gravity anomaly is then equal to

GM & RY H* ()
Agi(re, ) = —5= 3. ( - ) gi() — o TE (5-38)
réoo \ e R
with the coefficients of the spherical harmonic series given as follows

2H(R)
R

Vo > 1 : ¢MQ) = (n—1)T.,(Q) [1+ ]—(n—l—i’)) SV,(Q) . (5.39)

The residual primary indirect topographical effect on the geoid, required for the

transformation of the Helmert residual geoid into the real space, can be computed

5vt(r07Q) - 5‘/Zt(r07Q)

SNY(Q) = , 5.40
) Y(re, ) 540
and the residual primary indirect atmospheric effect on the geoid
Ve (r., Q) — dV2(r.,Q
sne(q) = e @) = SV (5.41)

V(re, )
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Chapter 6

Helmert’s Residual Geoid

Converting the original free boundary-value problem to the problem with some fixed
boundary, the unknown values of the disturbing gravity potential can be determined
uniquely. An appropriate form of the Stokes integration kernel depends on the shape
of the boundary surface. The modified spheroidal Stokes kernel (spherical Stokes’s
kernel degenerates into the spheroidal one when residual gravity data are deployed)
is used in this chapter for the evaluation of the Helmert residual geoid.

There are several problems with the numerical evaluation of the Stokes integration
which have to be first accounted for. The most serious one is the lack of global
coverage of suitable surface gravity data which does not allow for a global integration.
The solution is usually sought over some limited integration domain and the effect of
the neglected distant gravity data is accounted for by using global models, see Fig.
(7.2).

There are different approaches to the evaluation of the Stokes integral over the
limited domain, and different treatments of the singularity of the Stokes kernel for
spherical distance equal to zero. Generally, the solution can be obtained either using
the discrete numerical integration or converting the convolution integral from the
space domain into the frequency domain, and back again. The discrete numerical

integration is used in this chapter only.
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6.1 Modified spheroidal Stokes’s function

To account for the incomplete gravity data coverage, the integration domain for the
Stokes integral is divided into the near zone Qg (spherical cap of radius 1,) and the
distant zone g — g, where the omitted gravity data effect is taken into account
using a global gravity model. Because of significant differences between available
geopotential models [Najafi, 1996], one should try to keep the contribution of the
distant zone as small as possible. This can be done by modifying the integration
kernel.

Several modifications for the original spherical Stokes function have been derived.
For instance, a modification introduced by [Vani¢ek and Sjgberg, 1991] gives the
following modified spheroidal Stokes function [ibid]

fo2n+1
S = S - Y 2L ) Pfeosv) (6.1
n=2
Substituting the spheroidal Stokes function S¢ from Eqn. (3.62), one gets
o2n+1 o2n+1
S = 80— Y 2L peosy) = 3 P 1 () Puleosw) . (62

n=2

Searching for the minimum effect of the distant zone, it can be shown that
tn

= min {//Q@_% [ S, 0) | e } (6.3)

and the modification coefficients ¢,, can then be solved for using the following system

Vi, € R” : min { //Q A, ) S (W) dﬂ'} —

of linear equations [ibid]

‘ n
Vi < 053 T Run(i) ta(en) = Q) (6.4

The coefficients R, ., (1,) were introduced by [Paul, 1973]

Kis

Vm < n: R,m(t,) = / P,(cos ) Pp(costp) siny dip . (6.5)

=10

38



Molodenskij’s truncation coefficients for the spheroidal Stokes function in Eqn. (6.4)
can be evaluated as [Molodenskij et al., 1960]

Kis

Vi <00 QL() = [ S (6) Palcost) sing di (6.6)

=10

6.2 Contribution of the near zone

The Helmert residual geoid, see Eqn. (3.51), can be written as
NRYQ) = NEYQ) + NELL(Q) . (6.7)
The contribution of the near zone to Helmert’s residual geoid reads

NE(Q) = [, A @) 8 i) e (6.8)

Ay (re; ¢)
This integral is weakly singular for the spherical distance ¢» = 0°. A classical method
for treating a removable singularity consists of adding and subtracting a value of the

gravity anomaly at the singular point to obtain

S, (860 2) = g e ) | 8 (0 00) ) +

R

g (e S 6.9
* 47’(”)/(7“6,99 7 /Q@ ¢ ¢ ( )

The second integral in Eqn. (6.9) can be evaluated analytically. It can be written

as a sum [Martinec, 1993]

[7 st = [ S sinv v -

4 n W)
— Z_:z 2n j_ll _ P,(cos ) siney dyp —
¢ n wo
_ Z_:Z 2 ;1 tn(00) /w:o P,(cosp) sine dip . (6.10)
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The solution of this integral is attempted in terms of quantities which were already

defined. The zero-degree truncation coefficient is given as [Molodenskij et al., 1960]
Qo(v,) = — 4w + 5w’ + 6w’ — Tw' + 6w*(1 —w?) In(w +w?), (6.11)

with the following parameter
w = sin — , (6.12)

and the Paul function [Paul, 1973]

Poi1(costp,) — Po_1(cosp,)
2n + 1

Vin > 2 : Ry, = (6.13)

The integral on the left-hand side of Eqn. (6.10) is then derived as [Martinec, 1993]

/ Yo 55(¢7¢ ) Q' = — Qo Z_: (Vo) Bpo(to) —to(th,) . (6.14)

¥=0

The singularity contribution to the geoidal height is then given by [ibid]

R Ag"(ro, Q) vo ,
NS = 47r{]y(r£ ) ) [QW /¢=o S, o) 40 ] -

- R Ag(r., Q) [QZ(%/J)—ZZ: 2n + 1
o\ %o 5

2 7(r67 99) n=2

tn(t0) Rn,o(z/)o)tho(@/}o)] . (6.15)

The contribution of the rest of the cap can be evaluated by the discrete summation

over mean values of gravity anomalies within the cap [Heiskanen and Moritz, 1967]

N ) = w% [ (8670 2) = 36 | S'(0,0) a2

47‘[")/(7“6, ©) Q

R izt -
T Ao 9) § | A (re, ) = Agh(re, Q) | S (. 100) AQy . (6.16)
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According to the mean value theorem, the integration was replaced by the summation
over (7 — 1) cells within the spherical cap of the product of discrete mean values of

gravity anomalies [Vani¢ek and Krakiwsky, 1986]

! !

. 1
Agi(r, Q) = Ao /Q Ag(ro, Q) QY (6.17)
13

with point values of the modified spheroidal Stokes function defined for a spherical
distance . This unknown value is approximated by a spherical distance between
the integration point and the centre of the k-th cell. AQy is the area of the k-th cell.
A regular geographical grid is usually used in numerical evaluations.

An alternative approach to the discrete numerical integration is represented by
the solution in the spectral domain which is based on the convolution theorem. The
discrete one-dimensional Fourier transform applied to mean gravity data within the
spherical cap Qg can be written (¥ ¢ = @) as follows [Schwarz et al., 1990]

NE(Q) = WIZ@ F! { kzijl F | Ag () cosgr | F | S (b tbo) | } , (6.18)

where F and F~! stand for the one-dimensional Fourier transform operator and its
inverse, respectively. When applied correctly to the same gravity data, both the spa-
tial and spectral method produce identical solutions for geoidal heights. Concerning
their numerical efficiency, it has been argued for a long time that the discrete Fourier
transform is computationally superior to the discrete numerical integration. Due to
the latest developmentsin the discrete numerical integration (due to the independence
of the Stokes kernel on longitude, and the symmetry along the central meridian, only
half of the kernel values are computed for each parallel) [Huang and Vanicek, 1999],
both methods use comparable amount of time. Moreover, the simplicity of the spatial

integration might be important for computer realization.
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6.3 Contribution of the distant zone

The influence of the distant zone on the Stokes integration has been derived by several
authors. An approach derived by [Molodenskij et al., 1960] which uses the so-called
Molodenskij coefficients (weights) to account for the influence of distant gravity data
is used here. These coefficients for the original Stokes function read as follows
Vi 22 Qu(s) = [ S(0) Palcos) sine d (6.19)
=10
Molodenskij coefficients for the modified spheroidal Stokes function are expressed
analogously as
Vi 220 QL) = [ S'(0.0) Palcost) singdv . (6.20)
=10

The truncation coefficients Q,(¢,) and Q’(1,) are related through [Martinec, 1993]

~ ¢ n
Vo > 2 Qv,) = Q) — Z_: 2 ;1 ta(o) Bpm(tb,) =
om+1 oo+l
— Qn(¢o) - Z_: n——l_l Rn,m(¢o) - Z_: 2—|_ tn(¢o) Rn,m(qvbo) . (621)

Minimizing the norm (6.3) in the least-squares sense with respect to the truncation

coefficients results in the following normal equations
Vo < 0 QYv,) = 0, (6.22)

and the contribution of the distant zone to the geoidal height can be evaluated using

Vi) = 5D =) QA THE) (6.23)

with the spherical harmonic coefficients of the Helmert disturbing gravity potential
T usually replaced by the coefficients T}, taken from a global geopotential model.
The maximum degree equal to 120 is usually used for numerical evaluations rendering

the effect of higher-degree terms smaller a one millimetre [Martinec, 1993].
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The Stokes integral for the Helmert residual geoid can be written as a sum

NH(0) = NEUQ) + NP+ NEL(0) =

- 4%7(7“@ 2) Z;: [Ag” (e, Qi) — Ag“(rc,ﬂ)} S (r,1b,) AQy —
R Ag™(r.,Q . R 120
2 j(r( ) : | Qo) +to(to) | + B) ZZ: (n—1) Q4(wh,) TH(Q) , (6.24)
. n={+1

where the epicentre contribution was reformulated into a simplified form.

6.4 Accuracy of Stokes’s integration

Over the Canadian territory, mean gravity data on a 5 regular grid, prepared by the
Geodetic Survey Division of Natural Resources Canada, are usually used for the de-
termination of the residual gravimetric geoid. The corresponding Nyquist frequency
for the spectral representation of the gravity field is equal to 2160. A simple proce-
dure was developed to test the numerical accuracy of the discrete Stokes integration
described above. Since available global models contain coefficients only up to degree
and order 360, synthetic higher-degree coefficients had to be generated. An approach
developed at the Curtin University of Technology, Perth, is used here.

Coefficients of the latest global model EGM96 [Lemoine et al., 1996] correspond
to the spherical harmonic expansion of the gravity potential on the sphere of fixed
radius a. To generate the synthetic higher-degree coefficients, a Kaula-kind decaying
degree variance is most easily obtained by rescaling the given coefficients to a smaller
sphere of radius b and their "recycling” for the higher-degree coefficients using a factor
of (b/a)*=3%°. This scaling factor can be changed in order to increase or decrease the
power of the higher frequencies. Increasing the value of b will increase the power of the

generated higher frequencies and vice-versa. In terms of mathematics, the potential
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of the earth gravity field up to degree 2160 can be computed as follows

GM 2160 b n
wine = S (L) e, (6.25)
roo \r
with the low-degree coefficients taken from the model
2 < <360 A m < ono: W,(Q) = (%) W () (6.26)

and the higher-degree coefficients are generated as follows

, \ 360
361 < n <2160 A m < n: W,(Q) = (—) Wago,m(2) . (6.27)

a

W, . stands for the spherical harmonic coefficients of the global geopotential model,
i.e., EGM96. In such a way, gravity potential for any point in space can be computed
using the scaled EGMY96 coefficients of degrees 2 to 360, and the generated coefficients
of degrees 361 to 2160 which are simply the scaled EGM96 coefficients of degree 360.

Such a synthetic geopotential model is then used to generate the geoid and gravity
data up to degree n = 2160. The higher-degree gravity data of degree 21 to 2160
are obtained by subtracting the reference gravity data of maximum degree 20. The
accuracy of the discrete numerical integration is assessed as the difference of two
geoidal solutions: first generated using directly the spectral form with the geopotential
coefficients, and the second one as the sum of the reference spheroid of degree 20
and the residual geoid computed in the way described in this chapter from discrete
gravity values obtained from the spectral form with the geopotential coefficients. This
difference should theoretically be equal to zero everywhere. The actual values are used

as indicators of the accuracy of the Stokes integrator. The scheme is in Fig. (7.3).
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Chapter 7

Numerical Results

Computed results based on some of the formulae derived in this dissertation are pre-
sented in both graphical and tabular form. Figures provide information about spatial
behaviour of individual quantities and can be used, in combination with tabulated
statistical values, to assess their significance in view of the accurate geoid. The area
used for numerical tests is bounded by parallels of 43° and 60° northern latitude,
and by meridians of 224° and 258° eastern longitude. Due to the selected size of the
spherical cap (radius of 6° is used in Stokes’s integration), appropriate effects in the
geoidal space were evaluated over a smaller area bounded by parallels of 49° and 54°
northern latitude, and by meridians of 236° and 246° eastern longitude. All gravity
data within the integration domain were available for each computation point.

Two topographical models were used for numerical evaluations: mean elevations
(smooth) on the 5 regular grid, see Fig. (7.4), and point elevations on the 30 X
60” regular grid, which were provided by Natural Resources Canada, and the U.S.
National Geodetic Survey, respectively. Global elevation model TUGS7 was also
employed, see Fig. (7.5). It contains the spherical harmonic representation of the
global topography to the degree and order 180. The coefficients for the power of the
global topography up to degree and order 90 were also available for the evaluation of

the effects due to the distant topographical masses.
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The latest combined geopotential model EGM96 [Lemoine et al., 1996] was used in
computations, see Fig. (7.6). It contains fully-normalized, unitless spherical harmonic
coefficients and their standard deviations, for a gravitational model complete from
degree 2 order 0, to degree and order 360. The synthetic higher-degree gravitational
fields, mentioned in Chapter (6), were generated from this model.

The first series of figures and tables represents values of topographical effects de-
fined both in gravity and geoidal space obtained as described in Chapter (4). Con-
tributions of the near zone, represented by a spherical cap with radius of 3°, to the
terrain, condensed terrain, direct topographical, and secondary indirect topographi-
cal effect on gravity computed on the topography can be found in Figs. (7.7) — (7.10).
The Newton integrals were computed using the 30”7 x 60” point elevations within a
1° x 1° rectangle centered at the computation point. The 5 x 5 mean elevations
were used for the integration over the remainder of the spherical cap. The effects on
gravity at the topographical surface are represented by their 5" mean values computed
from the fifty 307 x 60” point values. This approach was selected with respect to the
available elevation data and very long computational times.

The corresponding effects of the distant topographical masses, described also in
Chapter (4), can be found in Figs. (7.11) — (7.14). Their combined effects in geoidal
space, estimated using the Poisson and Stokes integration, are shown in Figs. (7.15) —
(7.22). Point values of the primary indirect topographical effect are in Figs. (7.23) and
(7.24). Basic statistical values including arithmetic means and standard deviations
for individual topographical effects in gravity space can be found in Tables (7.5)
and (7.6), and in geoidal space in Tables (7.7) and (7.8). Both the figures and the
tabulated values correspond with the expected behaviour of the topographical effects:
the topographical masses within the near zone generate a high-frequency gravity field
and the distant topographical masses are responsible for an attenuated low-frequency
gravitational field. This is a consequence of Newton’s law of gravitation. Looking at

the effects in gravity space, one may consider the distant zone effects to be less critical
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for the geoid computations. Their contribution to the geoid is important, however,
due to the smoothing effect of the Stokes integration where not only the magnitude
but also the frequency content of the gravity data plays an important role.

Atmospheric effects represent a second group of results. The derived coefficients
of the second degree polynomial function used to approximate the actual density
distribution of atmospheric masses for heights up to 9 kilometres are included in
Table (7.4). The direct atmospheric effect on gravity is in Fig. (7.25). Its spherical
part can be seen in Fig. (7.26) and the corresponding atmospheric terrain correction
can be found in Fig. (7.27). The corresponding effect in geoidal space is shown in Fig.
(7.28). Basic statistical values for individual atmospheric effects both in gravity and
geoidal space are in Tables (7.9) and (7.10). Atmospheric effects on gravity represent
mean values evaluated using discrete numerical integration over a spherical cap with
radius of 3°. Applying the second Helmert condensation on the atmospheric masses,
the last step in the reduction of gravity data conformal to the Stokes-Helmert theory
was completed. The derived gravity data can further be downward continued to the
geoid using the inverse Poisson integration. We succeeded, within available accuracy,
to derive gravity data which corresponds to the harmonic disturbing gravity potential.
The use of the boundary-value problem of one kind or another is then possible and
theoretically fully justified.

Results for the numerical accuracy of the Stokes integration using higher-degree
synthetic fields are included at the end of this chapter. The first two figures compare
degree variances of two generated synthetic fields against the high-frequency global
potential model GPM98B [Wenzel, 1998] which is defined up to degree 1800, see Figs.
(7.29) and (7.30). Figures (7.31) and (7.32) represent the geoid of degree 2160 based
on the first synthetic field and its corresponding statistics. Figures (7.33) and (7.34)
then show the same results for the second synthetic field. Extreme values of these
results can be found in Table (7.11). These values represent numerical errors of the

discrete Stokes integration when applied on errorless 5” mean values of gravity.
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‘ Parameter ‘ Symbol ‘ Magnitude ‘ Dimension

Major semiaxis a 6378137 m
Geocentric gravitational constant | GM | 3986005 x 10° m? s72

Dynamic form factor Jo 108263 x 1078

Angular velocity w 7292115 x 1071 | ¢!

Table 7.1: Constants of the Geodetic Reference System 1980

‘ Parameter ‘ Symbol ‘ Magnitude ‘ Dimension ‘
Universal gas constant K 8314.32 N m kmol ™" K~!
Mean molecular weight 1 28.9644 kg kmol ™
Sea-level air pressure P 101325 N m™2
Sea-level air temperature T 288.15 K
Sea-level gravity g 9.80665 m s™2

Table 7.2: Constants of the United States Standard Atmosphere 1976
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Subscript ‘ Height [km] ‘ Cradient [K km™'] ‘

1 00 -11 — 6.5
2 11-20 + 0.0
3 20 - 32 + 1.0
4 32 - 48 + 2.8
3 48 - 51 + 0.0
6 51-71 — 2.8
7 71 - 86 — 2.0

Table 7.3: Temperature gradients of linearly-segmented height profile

Parameter ‘ Magnitude ‘ Dimension
Density at the sea level 4+ 1.2227 kg m~°
Linear coefficient —1.1436 x 107* | kg m™

Quadratic coefficient + 3.4057 x 107? kg m™°

Table 7.4: Derived model of atmospheric density function
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‘ Parameter ‘ Minimum ‘ Maximum ‘ Mean value ‘ Std deviation ‘

Terrain effect — 1.468 | 4 48.029 + 1.681 + 3.537
Condensed terrain effect | — 25.136 | + 92.776 + 0.954 + 4.915
Direct effect — 44,747 |+ 45.150 + 0.729 + 4.167
Secondary indirect effect — 0.017 + 0.002 — 0.000 + 0.001

Table 7.5: Topographical effects on gravity - near zone (mGal)

‘ Parameter ‘ Minimum ‘ Maximum ‘ Mean value ‘ Std deviation ‘
Terrain effect — 43.993 | + 290.519 + 55.599 + 65.062
Condensed terrain effect | — 44.062 | + 292.130 + 55.655 + 65.243
Direct effect — 1.613 + 0.351 — 0.056 + 0.220
Secondary indirect effect — 0.266 + 0.290 — 0.005 + 0.047

Table 7.6: Topographical effects on gravity - distant zone (mGal)
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‘ Parameter

‘ Minimum ‘ Maximum ‘ Mean value ‘ Std deviation

Terrain effect
Condensed terrain effect
Direct effect

Secondary indirect effect

Primary indirect effect

+ 0.298

+ 0.140

+ 0.158

— 0.001

— 1.397

+ 2.695

+ 2.012

+ 1.163

-+ 0.000

-+ 0.000

+ 1.696

-+ 1.080

+ 0.616

— 0.001

— 0.104

£ 0.519

£ 0.366

+ 0.187

£ 0.000

+ 0.142

Table 7.7: Topographical effects on geoid - near zone (m)

‘ Parameter

‘ Minimum | Maximum | Mean value ‘ Std deviation ‘

Terrain effect
Condensed terrain effect
Direct effect

Secondary indirect effect

Primary indirect effect

+ 12.951

+ 12.949

— 0.136

— 0.014

— 0.295

+ 50.682

+ 50.814

+ 0.002

+ 0.011

+ 1.096

-+ 39.949

+ 40.021

— 0.073

— 0.002

+ 0.053

+ 6.681

+ 6.706

£ 0.028

£ 0.006

+ 0.141

Table 7.8: Topographical effects on geoid - distant zone (m)
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‘ Minimum ‘ Maximum ‘ Mean value ‘ Std deviation ‘

‘ Parameter
Spherical direct effect + 0.559 + 0.870 + 0.799 + 0.057
Terrain correction — 0.042 + 0.012 — 0.001 + 0.003
Secondary indirect effect — 0.002 — 0.001 — 0.002 =+ 0.000

Table 7.9: Atmospheric effects on gravity (mGal)

‘ Parameter ‘ Minimum ‘ Maximum | Mean value ‘ Std deviation
Direct effect + 0.278 + 0.304 + 0.285 + 0.004
Secondary indirect effect — 0.000 -+ 0.000 — 0.000 =+ 0.000
Primary indirect effect — 0.006 — 0.006 — 0.006 £ 0.000

Table 7.10: Atmospheric effects on geoid (m)

‘ Model ‘ Minimum ‘ Maximum | Mean value ‘ Std deviation

Field A — 0.017 + 0.026 + 0.003 £ 0.008

— 0.030 -+ 0.039 + 0.003 £ 0.010

Field B

Table 7.11: Accuracy of Stokes’s integration (m)
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Figure 7.11: Terrain effect on gravity
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Figure 7.12: Condensed terrain effect on gravity
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Figure 7.20: Condensed terrain effect on geoid - distant zone (m)

92

238° 239° 240° 241° 242° 243° 244° 245°

237°



53°
52°

245°

244°

30
205 N

24

o

42
035

2

o

241
07

o

0

24

o
e

239

o

8

23

o

237

53" g
52°

Figure 7.21: Direct topographical effect on geoid - distant zone (m)

93

238° 239° 240° 241° 242° 243° 244° 245°

237°



245°

244°

o

243

242°

o

241

o

240

o

239

238

o

237

238° 239° 240° 241° 242° 243° 244° 245°

237°

Figure 7.22: Secondary indirect topographical effect on geoid - near zone (m)

94



256°

244° 248° 252°
248° 252°

244°

o

o
N
N

228° 232° 236°
232° 236° 240°

228°

Figure 7.23: Primary indirect topographical effect on geoid - near zone (m)

95



Figure 7.24: Primary indirect topographical effect on geoid - distant zone (m)
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Chapter 8

Conclusions and Recommendations

Conclusions of the research presented herewith are summarized in the first part of
this chapter. In Chapter (3), the mathematical model for the determination of the
gravimetric geoid represented by the geodetic boundary-value problem was derived.
The shape and size of the unknown boundary surface (the geoid) were approximated
by the geocentric reference sphere. The earth’s gravity field was approximated by the
normal field generated by the geocentric reference ellipsoid. Based on this formulation,
appropriate input data for the model were defined including their derivation from the
observed values of gravity. In the last section of this chapter, the entire problem was
re-formulated for the reference field generated by a low-frequency reference spheroid
which can be derived from a global geopotential model.

Following the theoretical formulations, formulae for the proper gravity reduction
were derived in Chapter (). Using the mass-conservation approach for the conden-
sation of external topographical and atmospheric masses, spherical formulae for the
practical evaluation of all topographical and atmospheric effects on gravity and the
geoid were derived. The spherical modelling of the topographical masses represents a
significant improvement with respect to widely used planar formulae. In this spheri-
cal model, the effects of distant topographical masses both on gravity and the geoid

can be formulated using the spectral method and spherical harmonic representation
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of the global topography. Omitting these effects in the geoid computations causes a
significant long-wavelength errors to the geoid. The second Helmert condensation was
also applied to the atmospheric masses, and all atmospheric effects both in gravity
and geoidal space were derived. This step finalized the effort for the derivation of the
gravity data which could be used in the boundary-value problems without violating
the basic mathematical principles.

Due to large numerical values of the direct and primary indirect topographical
effects, the necessity to use the densest and most accurate elevation data seems to
be inevitable for the evaluation of the near zones. Effects of distant topographical
masses have to be taken into the account using either spatial or spectral techniques.
The proper condensation of atmospheric masses brought about numerical values for
the direct atmospheric effect similar to those which can be derived from official ta-
bles of the internationally adopted corrections. Other atmospheric effects, but the
primary indirect atmospheric effect on the geoid, are too small to be applied in the
determination of the one-centimetre geoid.

Theoretical derivations leading to the computation of the residual gravity data on
the geoid were presented in Chapter (5). The reference part of both the topographical
and atmospheric residual potentials was first derived using the spectral method and
a global topographical model. The reference topographical and atmospheric effects
on gravity were obtained and subsequently deployed for the derivation of the Helmert
residual gravity anomaly. Although no numerical values were provided here, derived
formulae could easily be implemented.

A practical approach to the numerical evaluation of the residual gravimetric geoid
was presented in Chapter (6). First, the appropriate form of the integration kernel
was derived from the spherical Stokes function by removing its low-frequency part. To
keep the contribution of the distant gravity data as small as possible, the Molodenskij
modification of the spheroidal Stokes kernel was employed and appropriate modifica-

tion coefficients were derived. The weak singularity of the Stokes kernel was removed
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analytically. Although the contribution of the distant gravity data was kept small
when deploying the modified kernel, its values were still evaluated using the Molo-
denskij spectral approach and a global gravity model. The accuracy of a numerical
approach was then tested using the higher-degree synthetic gravity data. Assuming
the same density of gravity data as that in Canada, a centimetre-level accuracy of
results can be expected if errorless data are employed.

Recommendations for further research conclude this final chapter. The ellipsoidal
correction to the spherical Stokes kernel must be implemented in the near future
including its modification and solution of its singularity. Appropriate modifications
of existing computer routines for the ellipsoidal correction to the spherical kernel
should provide results according to the latest theoretical developments. Estimated
values of this effect on the geoidal height are in the centimetre level and thus very
important in view of the one-centimetre geoid.

The density and accuracy requirements for the elevation data should be further
investigated. Implementation of the anomalous topographical density into formulae
is necessary though only a limited knowledge is available today. The density effects
might reach the decimetre level for areas with very rough topography. The accuracy
of topographical corrections represents one of the major limitations in the present
determination of the accurate gravimetric geoid.

Evaluation of the gravitational effect of the distant atmospheric masses might be
the next step in the proper atmospheric reduction. Due to the smallness of values of
atmospheric corrections, effects of temporal variations of basic atmospheric parame-
ters on the atmospheric corrections to gravity and geoid are not necessary. Because
of the reasonable match of values obtained using spherical and ellipsoidal approxi-
mations, and density models with variable complexity, there is a low priority for any
additional research of gravitational effects of atmospheric masses on the gravimetric

geoid.
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Gravity information on a denser grid than 5 is necessary for the solution of one-
centimetre geoid over complex parts of the gravity field. Since this requires more
costly observations, there is only a low probability for the determination of the one-
centimetre regional gravimetric geoid in the near future. This applies especially to
areas with major mountains such as the territory of western Canada. However, this
statement should not prevent us from the formulation of suitable theories as was

attempted in this dissertation.
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Appendix A

Theoretical Derivations

A.1 Integration kernels M; and M,

Due to the complexity of expressions deployed in the following derivations, a simplified
notation is introduced in the following equation for the parameter

R4+ HE®) R+ H
- R4+ HQ) R+ H

- % . (A1)

Following this notation, another unitless quantity is defined as follows

Newton’s kernel can be developed into a series which is convergent for every (] < 1

= | =

Nrabr') = (4 0= 20 cosg) ™ = — (1 4 o = 2 cos))F =

:%(2—2608;&)_%(1—%—%%%)‘|‘O(§3)' (A.3)

Its inverse can similarly be expressed using another convergent series as

N
N

./\/-_l(r,;/),r/) = (r*+ r'?— 2rrlcos¢) =7 (1 + n*— 25 cosep)z =

:r(Q—ZCos;/))%(l—l—g—l—%%)+O(§3). (A.4)
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Equation (4.21) can be formulated for the specified integration limits as

7“2

./\/l(r,;/),r/) =3 (n + 3 cosyp) (1 4+ n°— 21 cosih)

N

_|_

3 costp — 1) | st (L E w2 cos )’

2 I — costp + (2 — 2 cos;/))%

[}

7

5 (1 + 3 cosyp) (2 — 2 cos;/))% ) (A.5)

Next, Eqns. (A.3) and (A.4) are substituted into the following expression

N[

(n + 3 cost) (1 + 5> — 2 cos))

[T

= (1 4+ ¢ + 3 cosy) (2 — 2 cosp) (1_|_£_|_§_21—|-Cos;/;

2 8 1—COS77Z)) » (AB)

and similarly into the logarithmic function

| n — costy + (1 4+ n*— 25 cosyp)s | .
n I =
I — costp + (2 — 2 cosep)z
4 (2 — 2 cosp)r (& 4 & Licosy
= In 1_|_C ( 77Z}) (2 81—1cos1/;) (A?)
I — cosyp + (2 — 2 cosep)z

This logarithm can be expanded into the Taylor series which is convergent for every

(| < landy > 0

1 1+§+(2—2c08¢)%(%+%%)
n > N
I — cosyp + (2 — 2 cos)?
| 9 _ 9 e ¢ 1+ cosy
- + ( COS@/J) 5 + 8 1 — cosy
1—Cos¢+(2_2cos¢)%
1 cos 2
2 [1 42— 2cosg)r (44 §iremy) N (A.8)
2 I — cosp + (2 — 2 costp)z |
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The second term from this series is taken into the account only rendering truncation
errors negligible. Performing algebraic operations in Eqns. (A.6) and (A.8), then Eqn.
(A.5) can be written as

2 24(2-2 cos;/))%

Mlrr) = 2 ‘ I —costp+(2—2 cos;/))%

_|_

N 3r? , 3—4costh+cos? P +2 (1 —cost)) (2—2COS77/))%

1 172 (Ag)
4 (2—2cos)? {1—COS77/)—|-(2—2COS77Z))5}

The sought integration kernels can be obtained from this expression substituting for

¢ and (2. They are subsequently used for the evaluation of the distant-zone effect.

A.2 Integration kernels H;, H,, and H;

In the case of the primary indirect topographical effect on gravity, the computation

point is on the reference sphere. Introducing following two unitless quantities

r R + H
and
' T/ R —|— H/ '
= — = - -1 A1l

the integration kernel M given by Eqn. (4.21) is now sought in the form

2

! R ! ! ' 1
MR G,rr') = (' + 3 cosw) (1 + 0% = 2/ cos )t +

R2 /_ 1 /2_ 2 '
g ety | st (L 0 cos )
2 n — cosyy + (1 + n2—= 2n cosyp)

1
2
1
2

2

R |
-5 (n + 3 cosyp) (1 + n* =21 coseh)? . (A.12)
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Substitutions introduced in Eqns. (A.3) and (A.4) are employed to derive following

three expressions

[T

(' + 3 cost) (1 + 0 = 2 cost)

¢’ ¢(? 14 cose
(1 + B + gil—cos;/)) , (A.13)

N =

= (1 + ¢+ 3 costp) (2 — 2 cos)

N[

(n + 3 cos®p) (1 + n° — 25 cosep)

(1_|_£_|_C_2w)7 (A_14)

[T

= (1 + ¢ + 3 cosyp) (2 — 2 cosy) 2 8 1 —cosi

(- -2 o)t (56 4 E5C Lo )
¢ — cosyp + (1 — (2— 2§cos¢)%

n — cosp + (I + n'?— 2n cos)
n

1
n — costy + (1 + n?— 21 cosy)

W= o)

N =

(A.15)

= In|l +

After few algebraic operations, the above expressions can significantly be simplified,

and the kernel M is derived in the form

M(Ra¢ararl) = % (CI —() (2—2COS77/))% (14 cosvp) +
R? P 5 (3cos?p — 1) (1 + cos )
T | |
8 ( ) (2—2cos)? [n—cos;/)—l—(l—l—n?—chos;/))?}

_% (CJ—OQ (3cos2¢_1) 3_COS¢‘|‘2(2—QCOS¢)51 -
{U_COS¢+(1+772—277COS77/))5}
-I-% ((l—o (3cos?¢p — 1) 24 (2—2cos)z .

n—cos;/)—l—(l—l—n?—chos;/))%

R? 5+ 3cos?

+ — ((*=¢Y m (A.16)
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A.3 Integration kernels K; and K,

The integration kernels for the direct topographical effect on gravity can be derived
deploying the same approach described in Apx. (A.1). Using the same substitutions,
the integration kernel K, see Eqn. (4.59), can be first written as

(3 + n?) costy + n (1l — 6 cose)
(1 + 92— 29 cos;/))%

K(ro,r) = r

—~ 1+ p?— 2 3
+ 7 (3cos®*p — 1) In n = cosy + (L4 1 1 CO?¢) —
I — costp + (2 — 2 cosep)z

1 + 4 costyp — 6 cos?ap
”

— ; , (A.17)
(2 — 2 cosyp)?
and subsequently developed into the form
K(T,@/),T/) = - g § (2_2C08¢)_% -
or 2 3—10cos v +3cos*th —2 (3costp — 1) (2 — 2COS77Z))% (A18)

8 (2—2COS¢)% [1_COS¢+(2_2COS¢)%}2

A.4 Integration kernels N, A5, and N

The auxiliary integration kernels which are required for the evaluation of the residual
atmospheric potential are derived here. Three geocentric radii (), r1(Q'), and ry(Q")
define positions of the computation point, the lower integration limit, and the upper

integration limit. Spatial distances for these three positions are defined as

i = 1,2 N (ro,rm) = (KP4 rf — 27“77605;/})% =1, (A.19)
and a logarithm of the following expression is as follows
- [
o= In 2" cosy + 1 (A.20)

ro—r costp + I
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Using these substitutions, the integrals (4.101), (4.102), and (4.103) are derived as

Mrrrs) = [ 7 N6 € de =

- % [rale— rili+ Brcosy (lb— I) + r*w (Beos®y — 1) |, (A.21)
Marrirs) = [ 7 N € de =
_ % (202 b= 12 1)+ 5reost (ralo— i b)) +
+ 1 (15cos?y — 4) (b= L) + 317z cosp (Seos?y — 3) | . (A22)

Nofrrirs) = [ 7 N € de =

1
= 52 {6(7“;’[2— ri 1) 4+ 14 rcosty (r3 ly — 13 ly) +

+ 72 (35cosp — 9) (ro by — 71 ) + 5r’costp (21cos®yp — 11) (lo — 1) +

+ 37tz (35 cos’?p — 30cos? + 3) } ) (A.23)
A.5 Integration kernels 7, J>, and J3
Additional substitutions are introduced here
=120 = LY (A.21)
a; — cosp (A.25)

':1222': .
! ’ b r,— r cos + I
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The integration kernels (4.113), (4.114), and (4.115) are then derived as follows

0
j1(7“,¢,7“1,7“2) = E

[ N g ds =

{rz a; — ria; + 3cost (I — 1) + 272 (3cos®yp — 1) +

[N

+3rcosth (g — 1) + 12 (3cos?y — 1) (By — 61)} , (A.26)

0
jz(rﬂ/)ﬂ“hrz) = E

o Mo e ds =
(2 (3 a2 — 12 as) + Heosth (raly — 71 1) +
+r (30cos? — 8) (I — L) + Breost (rap — ar ly) +
+ 72 (15cos?t — 4) (g — a1) + 9% @ cos ¥ (5eos?dh —3) +
+3 17 cos v (heos?p —3) (B2 — B) | (A.27)

0
j:a(?“,%/)ﬂ“hrz) = E

[ N ¢t -

= — [607 0 — ] ay) + Mcost (72 1y — 7P 1)) +
+ 14 rcos;/)(r% oy — rf ar) + 2T(35C08277/) —9) (rely — r 1) +
+ 72 (35COS277/) —9) (rp a2 —1r ) + 15 2 cos 1) (21 cos?p — 1) (Is—1h) +
+ 5 r?costp (21 cos® ¢ — 11) (g —ay) + 12 7% z (35cos* v — 30 cos® ¥ + 3) +

+ 37t (35cos*yp — 30cos?y + 3) (B2 — 61)} . (A.28)
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Appendix B

Computer Realizations

The computer realization of some important formulae derived in the dissertation is
presented in this appendix. Six different subroutines in a form of the FORTRAN
source code represent main parts of programs written for numerical evaluation of
quantities described in the sequel. All variables were implicitly declared using the
double precision. The declaration is not included in the codes.

First two subroutines were deployed for numerical evaluation of integration kernels
for the residual topographical potential and the direct topographical effect on gravity.
Values of integration kernels for the spherical terrain correction and its condensed
counterpart can also be obtained. Integration kernels for the residual atmospheric
potential and the direct atmospheric effect on gravity are then computed using the
third and fourth subroutines.

The evaluation of the modified spheroidal Stokes kernel can be done using the
fiftth subroutine. The analytical solution of the modified spheroidal Stokes kernel can
be found in the last subroutine. They both form the computational core of the Stokes
integrator employed recently for the numerical evaluations of the accurate gravimetric

geoid at the University of New Brunswick.
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B.1

Residual topographical potential

subroutine topot(csi,rha,row,rup,dkx,dky,dkz)

input: 1. c¢s1i - cosine of spherical distance

rha - radius of computation point

2

3. row - lower bound of newton

4. rup - upper bound of newton
output: 1. dkx - integration kernel of

2. dky - integration kernel of

3. dkz - integration kernel of

tow=row/rha

tup=rup/rha

sow=dsqrt (1.d0+towrtow-2.d0*tow*csi)
sup=dsqrt (1.d0+tup*tup-2.d0*tup*csi)
zow=tow-csi+sow

zup=tup-csi+sup
dk1=(3.d0*csi*csi-1.d0)*dlog(zup/zow)
dk2=(tow+3.d0*csi) *sow
dk3=(tup+3.d0*csi)*sup
dkx=rha*rha*(dk1+dk3-dk2)/2.4d0
hip=(rup-row)/row

tip=rha/row
sig=(rup-row)*(1.d0+1.5d0*hip+hip*hip)
dis=dsqrt(1.d0+tip*tip-2.d0*tip*csi)
dky=row*sig/dis

dkz=dkx-dky

return

end
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B.2 Direct topographical effect

subroutine topef(csi,rha,rem,row,rup,dkx,dky,dkz)

input: 1.
output: 1.

2.
3.
tow=row/rha

tup=rup/rha

2
3
4.
5

csi
rha
rem
row
rup
dkx
dky

dkz

cosine of spherical distance

radius of computation point

mean radius of earth

lower bound of newton integral

upper bound of newton integral

integration kernel of topographical gravitation
integration kernel of condensation gravitation

integration kernel of residual gravitation

sow=dsqrt (1.d0+towrtow-2.d0*tow*csi)

sup=dsqrt (1.d0+tup*tup-2.d0*tup*csi)

Zow=tow-csi+sow

zup=tup-csi+sup

dk1=(3.d0*csi*csi-1.d0)*dlog(zup/zow)

dk2=(tow*towxcsi+3.d0*csi+(1.d0-6.d0*csi*csi)*tow)/sow

dk3=(tup*tup*csi+3.d0*csi+(1.d0-6.d0*csi*csi)*tup)/sup

dkx=rha*(dk1+dk3-dk2)

sig=(rup*rup*rup-row*rowkrow)/ (3.d0*rem*rem)
g p P P

tip=rha/rem

dis=dsqrt(1.d0+tip*tip-2.d0*tip*csi)

dky=sig*(csi-tip)/(dis*dis*dis)

dkz=dkx-dky

return

end
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B.3 Residual atmospheric potential

subroutine atpot(csi,rem,rha,row,rup,dkx,dky,dkz)

point

integral

integral

atmospheric potential

condensation potential

¢ === input: 1. c¢s1i - cosine of spherical distance
C 2. rem - mean radius of earth

c 3. rha - radius of computation

C 4. row - lower bound of newton

c 5. rup - upper bound of newton

c === output: 1. dkx - integration kernel of

c 2. dky - integration kernel of

c 3. dkz - integration kernel of

&2.d0*dam+3.d0*csi*(5.d0%csi*csi-3.d0)*res

de0=+1.2226662d+0

alp=-1.1435850d-4

bet=+3.4057150d-9

tow=row/rha

tup=rup/rha

sow=dsqrt (1.d0+towrtow-2.d0*tow*csi)
sup=dsqrt (1.d0+tup*tup-2.d0*tup*csi)
zow=tow-csi+sow

zup=tup-csi+sup

res=dlog(zup/zow)

bam=sup-sow

cam=sup*tup-sow*tow
dam=sup*tup*tup-sow*tow*tow

eam=sup*tup*tup*tup-sow*tow*towktow

residual potential

rt1=3.d0*csi*bam+tcam+(3.d0*csi*csi-1.d0)*res

rt2=(15.d0*csi*csi-4.d0)*bam+5.d0*csi*cam+
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rt3=5.d0*csi*(21.d0*csi*csi-11.d0)*bam+14.d0*csi*dam+
&3.d0*(35.d0*csi*csi*csi*kcsi-30.d0*csi*csi+3.d0) *res+
&(35.d0%csi*csi-9.d0)*cam+6.d0*eam
dkx=rha*rha*(de0-alp*rem+bet*rem*rem)*rt1/2.d0+
&rha*rha*rha*(alp-2.d0*bet*rem)*rt2/6.d0+
&rha*rha*rha*rha*xbet*rt3/24.40

tip=rha/rem

dis=dsqrt(1.d0+tip*tip-2.d0*tip*csi)
rt1=(tup*tup*tup-towrtow*tow)/3.d0
rt2=(tup*tup*tup*tup-towktow*tow*tow)/4.d0
rt3=(tup*tup*tup*tup*tup-towktow*tow*tow*tow)/5.d0
dky=rha*rha*(de0-alp*rem+bet*rem*rem)*rtl/dis+
&rha*rha*rha*(alp-2.d0*bet*rem)*rt2/dis+
&rha*rha*rha*rhaxbet*rt3/dis

dkz=dkx-dky

return

end
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B.4 Direct atmospheric effect

subroutine atmef (csi,rem,rha,row,rup,dkx,dky,dkz)

point

integral

integral

atmospheric gravitation

condensation gravitation

¢ === input: 1. c¢s1i - cosine of spherical distance
C 2. rem - mean radius of earth

c 3. rha - radius of computation

C 4. row - lower bound of newton

c 5. rup - upper bound of newton

c === output: 1. dkx - integration kernel of

c 2. dky - integration kernel of

c 3. dkz - integration kernel of

de0=+1.2226662d+0

alp=-1.1435850d4-4

bet=+3.40571504-9

tow=row/rha

tup=rup/rha

sow=dsqrt (1.d0+towrtow-2.d0*csi*tow)
sup=dsqrt (1.d0+tup*tup-2.d0*csi*tup)
zow=tow-csi+sow

zup=tup-csi+sup

res=dlog(zup/zow)

bam=sup-sow

cam=sup*tup-sow*tow
dam=sup*tup*tup-sow*tow*tow
qow=(1.d0-tow*csi)/sow
qup=(1.d0-tup*csi)/sup
gow=(qow-csi)/zow

gup=(qup-csi)/zup
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deq=qup-qow

deg=gup-gow

fam=tup*qup-tow*qow

gam=tup*tup*qup-tow*towkqow
ham=tup*tup*tup*qup-tow*tow*towkqow
rt1=3.d0*(csi*bam+csi*deq)+fam+
&(3.d0*csi*csi-1.d0)*(2.d0*res+deg)
rt2=(30.d0*csi*csi-8.d0)*bam+5.d0*(csi*cam+csi*fam)+
&3.d0*csi*(5.d0*csi*csi-3.d0)*(3.d0*res+deg)+
&2.d0*gam+(15.d0*csi*csi-4.d0)*deq
rt3=5.d0*csi*(21.d0*csi*csi-11.40)*(3.d0*bam+deq)+
&(35.d0%csi*csi-9.d0)*(2.d0*cam+fam)+6.d0*ham+
&3.d0*(35.d0*csi*csi*csi*csi-30.d0*csi*csi+3.d0)*
&(4.d0*res+deg)+14.d0*csi* (dam+gam)
dkx=rha*(de0-alp*rem+bet*rem*rem)*rt1/2.d0
&+rha*rha*(alp-2.d0*bet*rem)*rt2/6.d0
&+rha*rha*rha*bet*rt3/24.d40

tip=rha/rem

sig=(de0-alp*rem+bet*rem*rem)* (rup*rup*rup-row*rowkrow)/3.d0+
&(alp-2.d0*bet*rem)* (rup*rup*rup*rup-rowkrow*row*row)/4.d0+
&bet* (rup*rup*rup*rup*rup-row*rowxrow*row*xrow)/5.d0
sig=sig/rem/rem

dis=dsqrt(1.d0+tip*tip-2.d0*tip*csi)
dky=sig*(csi-tip)/(dis*dis*dis)

dkz=dkx-dky

return

end
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B.5 Modified spheroidal Stokes’s kernel

subroutine integ(csi,nlr,tkc,ftc)

¢ === input: 1. c¢s1i - cosine of spherical distance

c 2. nlr - degree of modified spheroidal stokes fct

c 3. tkc - coefficients of modified spheroidal stokes fct
c === output: 1. ftc - value of modified spheroidal stokes fct

dimension tkc(*)

rsi=(1.d0-csi)/2.d0

tsi=dsqrt(rsi)
ftc=1.d0-5.d0*csi+1.d0/tsi-6.d0*tsi-3.d0*csi*dlog(tsi+rsi)
sun=0.d0

sum=tkc(1)/2.d0
sum=sum+3.d0*xtkc(2)*csi/2.d0

prm=1.d0

prv=csi

do n=2,nlr

prs=prm

prm=prv
prv=(2.d0*n-1.d0)*csi*prm-(n-1.d0)*prs
prv=prv/n
sun=sun+(2.d0*n+1.d0)*prv/(n-1.40)
sum=sum+(2.d0*n+1.d0) *prv*tkc(n+1)/2.d0
end do

ftc=ftc-sun-sum

return

end
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B.6 Integral of modified spheroidal Stokes’s kernel

subroutine stokes(csr,nlr,tkc,epc)

¢ === input: 1. c¢sr - cosine of spherical distance

C 2. nlr - degree of spheroidal stokes fct

c 3. tkc - modification coefficients

c === output: 1. epc - integral of modified spheroidal stokes fct

dimension tkc(*)

tsi=dsqrt((1.d0-csr)/2.40)
epc=4.d0*tsi-5.d0*tsi*tsi-
&6.d0*tsi*tsi*xtsi+7.d0*tsi*xtsi*xtsi*xtsi-
&6.d0*tsi*tsi*(1.d0-tsi*tsi)*dlog(tsi+tsi*tsi)
sun=0.d0
sum=tkc(1)*(csr-1.d0)/2.d0+3.d0*tkc(2)*(csr*csr-1.d40)/4.40
prm=csr

prv=(3.d0*csr*csr-1.d0)/2.40

do n=2,nlr

prs=prm

prm=prv

prv=(2.d0*n+1.d0)*csr*prm-n*prs

prv=prv/(n+1)

sun=sun+(prv-prs)/(n-1.40)
sum=sum+tkc(n+1) * (prv-prs)/2.40

end do

epc=epc+sun+sum

return

end
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