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ABSTRACf 

This thesis investigates the determination of acceleration using the NA VST AR 

Global Positioning System (GPS) for airborne gravimetric applications. Particular 

attention is placed on the development and implementation of an observing model which 

will accurately measure accelerations using the second time derivative of the GPS canier 

phase. This development follows from the work performed by Kleusberg et al [1989] and 

Kleusberg [1989]. 

The position and velocity requirements for airborne gravimetry have been met 

using GPS observing and processing techniques. However, the separation of the aircraft 

acceleration due to air pockets, wind gusts, etc., from the observed gravity still remains to 

be resolved to the 1 to 2 mGal accuracy requirements. 

As a means towards determining accelerations to this accuracy level, this thesis 

develops a model in which the accelerations are obtained by utilizing the second time 

derivative of the GPS carrier phase. Canier phase data was collected from pairs of GPS 

~eivers located at fiXed points. Three different types of GPS receivers available to the 

market today were used for data analysis. Spectral analysis techniques in determining 

acquired acceleration accuracy were applied to computed accelerations from these data sets. 

Low-pass filters were applied to the acceleration data in order to separate the high 

frequency receiver measurement noise from the low frequency acceleration data. The 

implications and handling of GPS data contaminated by selective availability is addressed. 

Results show that for carrier phase observations over a fixed baseline of less than 100 

metres differential techniques can give accelerations which meet the 1 to 2 mGal accuracy 

requirements. 

Recommendations for the continuation of this research are given as well. 

II 
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CHAPTER ONE 

Scope of Thesis 

1.0 Introduction 

This thesis investigates the possible independent determination of aircraft 

accelerations utilizing the NAVSTAR Global Positioning System (GPS). These 

accelerations are subsequently applied as corrections to airborne gravity observations. 

Airborne gravity surveys are becoming a viable source in acquiring area mean gravity 

anomalies [Tapley et al., 1985]. Gravity measurements are used by geodesists to 

determine the geoid and the external gravity field of the eanh. Exploration geophysicists 

measure gravity in order to detect gravity anomalies which give them some knowledge of 

the earth's subsurface composition. A major source of error in gravity data obtained from 

airborne gravimetry is the contamination of gravity accelerations with accelerations caused 

by aircraft motion [Telford et al., 1976]. In practice, these accelerations must be solved 

independently and subsequently removed from the gravity data. 

The approach taken, after Kleusberg et al. [1989] and Kleusberg [1989], uses the 

second time derivative of the differential GPS carrier phase to extract the <j)Ah acceleration 

components of a moving antenna. Acceleration accuracy requirements for airborne 

gravimetry are in the range from 1 to 2 mGals. Consequently, accuracy levels ofGPS 

derived platform accelerations, must meet or surpass these requirements in order for this 

technique to be useful. 

The proposed method involves the formation of a simultaneous least squares 

adjustment of differential GPS pseudo-range and carrier phase observations to obtain the 

required accelerations. These accelerations are then subjected to a low-pass filter with a cur

off frequency of 0.0083 Hz. This cut-off frequency is used since it represents the 



gravimeter integration interval of 120 seconds to which the observed gravity is subjected. 

Note, however, that the limits of the integral ~e from 0.001 Hz to the cut-off frequency of 

0.0083 Hz. No signal below 0.001 Hz was considered because the power below this 

frequency contributes relatively little to the acceleration error [Bower et al., 1989]. The 

type of filter and its performance are covered in Chapter 7. A spectral analysis of the 

acceleration data is performed before and after filtering. Spectral analysis techniques allow 

for the verification of the acquired acceleration accuracy. More on the theory and 

implementation of these techniques is give in Chapter 7. 

1.1 Investigation of the Problem 

Brozena [1988] and Wells [1988] show that airborne gravimetry is becoming a 

reliable technique in acquiring accurate gravity data. Three advantages of airborne gravity 

surveys are as follows: 

(1) In a marine environment, the cost of $3.00 per kilometre of an airborne gravity 

survey is far less than the $50.00 per kilometre for a ship based gravity survey [Bower 

and Halpenny 1987]. 

(2) The maximum speed at which a ship can normally collect gravity data is 12 knots 

(approximately 22 km/hr) while an aircraft can collect gravity data at speeds of 190 knots 

(approximately 350 km/hr). This means an increase in production using airborne 

gravimetric techniques of 16 times that of ship based operations [Bower and Halpenny 

1987]. 

(3) The use of an aircraft will allow acquisition of gravity data in areas inaccessible by 

land based or marine based operations. Examples are the more remote regions of the north 

and south poles and in treacherous mountain terrain. Figure 1.1 is a contour map of 

geoidal undulations for Canada [Vanicek et al., 1986]. The figure shows several blank 

areas where no gravity data was available. These regions can be filled in with data obtained 
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Figure Ll 



using airborne gravimetry. Internationally, the continental shelf areas of the world are also 

candidates for airborne gravimetry since they lack gravity data because of economic and 

military pressure [Bower and Halpenny 1987]. Tapley et aL [1985] mentions that data 

coverage is substantially poorer in South America and Mrica, and in many instances where 

data is available it is not necessarily at the desired accuracy of 1 to 2 mGal. Consequently, 

the implementation of airborne gravimetry which can collect data at this accuracy level 

would provide a fast and efficient means of acquiring a good gravity data base. 

Airborne gravimetry data is commonly obtained using a gravimeter. Schwarz 

[1977] describes the gravimeter consisting of accelerometers which measure the resultant of 

gravitational and inertial forces. For observations at a fixed point on the earth the only 

major inertial force influencing the observation of the gravity field is the centrifugal force 

[Schwarz 1977]. In a dynamic environment, however, the gravimeter will measure the 

total acceleration of the moving platform. 

According to Bell et al. [1988] the desired free air anomaly (AFAA) is obtained from 

the total acceleration measured by the gravimeter (AroT) using the following equation: 

ATOT = A FAA + AAIRCRAFr + AEOTVOS + AELL + AFAC (1.0) 

where: 

A AIRCRAFT= the acceleration resulting from the vertical and horizontal motion of 

the vehicle, 

AEOTVOS = the acceleration caused by the movement of the platform across a 

rotating earth [see Bamford 1977], 

AELL = the gravity on the reference ellipsoid [see Vanicek and Krakiwsky 1986], 

AFAC = the Free Air correction necessary to reduce the airborne measurements to 

the geoid [see Vanicek and Krakiwsky 1986]. 
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Of most concern, and the problem investigated in this thesis, is the determination of 

the acceleration caused by the aircraft motion, AAIRCRAFf· Details concerning the last 

three corrections of Equation (1.0) can be found in the referenced literature. 

1.2 The Use of GPS for Airborne Gravimetry 

Developments in determining platform velocities and accelerations using GPS have 

followed the methodology of taking the first and second time derivatives of the resultant 

cf>Ah coordinates. Brozena et al. [1989] show results using this technique. The route 

chosen in this thesis is not to solve directly for the aircraft position. Instead, the GPS 

carrier phase observation is differenced in time to solve for the aircraft accelerations. 

The estimated ermr of the GPS carrier phase from data analysis plays an important 

role in the subsequent analysis of aircraft accelerations using the technique proposed here. 

Other factors include the GPS receiver update rate, satellite constellation, receiver antenna 

design and location, and satellite clock stability. These factors will be discussed later in 

this thesis. For now, it is sufficient to be aware of these errors and their propagation into 

the fmal solution. 

The specifications for reconnaissance airborne gravimetty requires accuracies of 1 

to 2 mGal in gravity with a spatial resolution of 5 km [Bower and Halpenny 1987, 

Goodacre 1987]. The success on how the GPS carrier phase obsetving technique can be 

used to measure aircraft accelerations depends on whether these specifications are met 

1.3 Methodology and Procedure 

Based on the results of Kleusberg et al. [1989] the proposed method in evaluating 

GPS techniques for use in determining aircraft accelerations, is to perform an analysis of 

actual obsetved differential GPS data collected between two fixed points. Actual aircraft 
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accelerations would be obtained by placing one receiver at a known fixed point acting as a 

monitor station while the other receiver travelled with the aircraft. For evaluation purposes 

the data required for this thesis were from fixed receivers. If the acceleration is negligible 

then the second time derivative of the GPS carrier phase should show zero acceleration. 

The noise that remains from a time series of these accelerations should give a measure for 

the error in the acceleration. Kleusberg et al. [1989] conducted their tests on the noise of 

the GPS carrier phase data derived from fanning linear combinations of the Ll and L2 

measurements of two adjacent receivers. 

This thesis performs similar tests on three sets of two adjacent receivers. One 

receiver played the role of the fixed station while the other played the role of the aircraft 

receiver. These sets consisted of Texas Instruments TI 4100, Trimble 4000 SLD and 

Ashtech Xll GPS receivers. In this research. however, the cpA.h accelerations of the 

"moving" antenna with respect to the "fixed" antenna, are determined explicitly. This 

process involved developing an algorithm which would model all pertinent errors and 

biases. 

The resultant time series of accelerations were subjected to spectral analysis 

techniques in order to determine the acquired acceleration accuracy. A low pass filter was 

applied to the acceleration time series in order to separate the high frequency receiver 

measurement noise from the low frequency acceleration data. 

A further test was performed on GPS data which was influenced by selective 

availability (S/A). Details covering these results are provided in Chapter 8. 

1.4 Thesis Contributions 

Kleusberg et al. [ 1989] assessed the noise of the GPS carrier phase observable. 

They concluded that this technique could be used in acquiring aircraft acceleration with 

accuracies which would meet the 1 to 2 mGal specifications discussed earlier. 
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In working toward verifying these conclusions, this thesis makes the following 

contributions: 

(1) An observing and processing technique for determining fixed point accelerations in the 

geodetic coordinate system is presented. The technique involves a simultaneous parametric 

least squares adjusunent of a combination of the GPS pseudo-range and carrier phase 

observables over three epochs. Development of the acceleration model involved deriving 

and implementing the GPS satellite XYZ accelerations. A low-pass filter was implemented 

such that it did not destroy the low frequency acceleration signal below the gravity band

pass as specified in airborne gravity surveys. This band-pass frequency level of 0.0083 

Hz corresponds to a gravimeter integration interval of 120 seconds. 

(2) A comparison of the achievable q>A.h accelerations and acceleration accuracies are 

assessed using three different GPS receivers which have been developed over the past 

decade. These are the Texas Instruments TI 4100, Trimble 4000 SLD and Ashtech XII 

GPS receivers. This assessment shows the result of advances made in receiver technology 

over the past few years with regards to carrier phase noise reduction, antenna design, and 

receiver processing time. 

(3) The implications of GPS selective availability are analyzed using contaminated data 

collected and assessed in this research. 

1.5 Thesis Outline 

Chapter 1 describes the potential of airborne gravimetry in acquiring gravity data. 

The technical implications of obtaining gravity data from a moving platform are briefly 

described. The motivation behind this thesis is given. Specifications governing the overall 

accuracy of the derived aircraft accelerations using GPS are given. The methodology and 

procedure of research in this thesis are discussed. The thesis contributions are listed as 

well as the outline of the thesis. 
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Chapter 2 reviews the accuracy requirements for airborne gravity surveys. These 

requirements include positioning, velocity and acceleration requirements. The present day 

accuracies achievable using GPS observing techniques are also given. Emphasis is placed 

on vertical acceleration determination. Present day techniques and accuracies of obtaining 

vertical accelerations using other altitude detection systems are described 

Chapter 3 describes the Global Positioning System. The observation equations of 

both the pseudo-range and carrier beat phase are introduced. Sources of error using GPS 

observing techniques for airborne gravimetry are discussed. 

Chapter 4 introduces the concept of the second time derivative of the GPS carrier 

phase observable, and its use for the independent determination of the $Ah acceleration 

components of a moving platform. The GPS error sources mentioned in Chapter 3 are 

discussed in detail and methods of handling each of them are presented. Technological 

advances in GPS receiver and antenna design are discussed. 

Chapter 5 develops the geometric configuration and the proposed observation 

scheme for determining aircraft accelerations. The observation equations for the parametric 

least squares adjustment are presented. Consideration is given to GPS satellite clock and 

orbital errors. The GPS satellite XYZ accelerations are derived from the broadcast orbital 

parameters. The least squares normal equations and the observation weight matrix are 

formulated. 

Chapter 6 describes the three different data sets collected for this research. The <jlA.h 

accelerations determined from this data using the proposed methods are presented and 

assessed. 

Chapter 7 briefly describes the purpose of applying spectral analysis techniques to 

the results of Chapter 6 in order to assess the accuracy of the acquired accelerations. The 

<jlA.h accelerations in each of the three data sets of Chapter 6 are subjected to a spectral 

analysis. The accuracy levels of each data set are presented and assessed. A low-pass 
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filter is described and implemented in order to reduce the high frequency noise of the 

acceleration data. The results of the the spectral analysis of the ftltered accelerations are 

presented and discussed. 

Chapter 8 defmes the concept of selective availability and its implication on the GPS 

pseudo-range and carrier phase observables. Handling of S/ A for airborne gravimetric 

applications is presented. Accelerations from GPS data influenced by S/A are computed 

and assessed. 

Chapter 9 reviews the results obtained from this thesis and presents some 

conclusions. Recommendations for future research concerning acceleration detennination 

for airborne gravimetry are discussed. 
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CHAPTER TWO 

Airborne Gravimetry: 

Accuracy Requirements and Techniques 

2.0 Introduction 

Chapter 2 reviews the accuracy requirements needed in airborne gravity surveys. 

Present day measurement techniques in aircraft acceleration determination are discussed. 

This discussion includes the results and limitations of these techniques. The utilization of 

the Global Positioning System is introduced as a method in determining aircraft 

accelerations for airborne gravimetry. 

2.1 Accuracy Requirements in Position 

The position accuracy for airborne gravity surveys can be broken into two sets of 

components, namely, vertical and horizontal components. 

Wells et al. [1986], and Vanicek and Krakiwsky [1986], stipulate that in order to 

achieve a 1 mgal correction accuracy for mid-latitude regions (45°N) an accuracy of 50 

metres or better is required in the horizontal position. Wells et al. [1986], and Kleusberg et 

al. [1989] suggest that an accuracy of 3 metres or better is required in the vertical position 

for the same correction accuracy. 

2.2 Accuracy Requirements in Velocity 

Velocity determination of a moving platform in a gravity survey is necessary in 

order to calculate the Eotvos correction. The Eotvos correction is the vertical component of 

the Coriolis acceleration. The Coriolis acceleration is a centrifugal acceleration experienced 
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by a moving platform as a result of passing over the surface of the earth and as a result of 

the rotating earth [ Bamford 1977; Telford et aL, 1976]. 

Goodacre [1987] and Smit [1988] show that in order to achieve a l mGal correction 

accuracy at mid-latitudes the east-west velocity of a moving platform must be known to an 

accuracy of 0.1 metres per second. 

2.3 Position and Velocity Determination Using GPS 

Results by Mader [1986], Cannon [1987], and Mader and Lucas [1988] show that 

the required position accuracy can be obtained using the combined GPS pseudo-range and 

carrier phase observables. Schwarz et al. [1987], and Brozena et al. [1989] suggest that 

the required kinematic velocity accuracy can also realistically be achieved using GPS 

techniques. Consequently, it is concluded that the accuracy requirements of position and 

velocity for airborne gravimetric applications can be obtained using GPS observing and 

processing methods. 

The determination of platform accelerations, however, is still an ongoing problem 

in airborne gravimetry. Many authors view that the independent determination of aircraft 

acceleration is the most pressing problem in airborne gravimetry [eg. Tapley et al., 1985; 

Bell et al., 1986; Bower et al., 1989]. 

2.4 Accuracy Requirements in Acceleration 

The acceleration accuracy requirements for airborne gravimetry can also be divided 

into vertical and horizontal components. 

2.4.1 Horizontal Accelerations 

Horiwntal accelerations of an aircraft can result from course adjustments 

implemented to the aircraft during flying operations. These adjustments are necessary in 
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order to maintain a predetermined flight plan. Wind gusts acting on the aircraft are another 

source of horizontal accelerations. The horizontal acceleration corrections are applied to the 

gravimeter gyros, which in tum, are used to stabilize the gravimeter leveling system The 

allowable (root mean square) rms in determining horizontal accelerations, AHOR• can be 

found from [Brozena et al., 1986]: 

(2.1) 

where, 

gobserr = the gravity measurement error caused by table leveling errors, 

designed to be 1 mgal or less (see Section 1.0), 

g =the acceleration of gravity (981 Gal), 

w0 = the circular frequency of the stable table based on horizontal 

accelerations due to variations in heading of the aircraft such as wind gusts ( 4 minutes or 

0.004167 Hz was found to be sufficient) 

w = the circular frequency of the horizontal acceleration which was 

specified in Chapter 1 as 120 seconds or 0.0083 Hz. 

Letting w = 0.0083 Hz then the rms of the horizontal acceleration must be known to 

within 6 Gal. The rms of2.6 Gal obtained by Brozena et al. [1986] using accelerometers 

was under calm wind conditions. An nns of higher magnitude was expected under more 

turbulent conditions. 

Bower and Halpenny [ 1987] suggest that the magnitude of horizontal acceleration 

experienced in aircraft motion for airborne gravimetry is not significant. Brozena et al. 
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[ 1986] suggests techniques which can reduce the effect of aircraft horizontal accelerations 

on gravity observations. These techniques involve switching off the gravimeter during 

times of major course corrections. This subsequently results in a loss of data for about one 

to two minutes during this time period 

2.4.2 Vertical Accelerations 

Vertical accelerations of an aircraft are caused by wind gusts, unstable air 

conditions, and by natural oscillations of the aircraft. Filtered gravity measurements can be 

in error as much as 200 mgal as a result of aircraft vertical accelerations [Brozena et al., 

1986]. 

Bower and Halpenny [1987] propose that a correction accuracy of 1 to 2 mGal is 

required for an aircraft altitude of 600 meters, and a spatial resolution of 5 kilometres. 

Gravimeter data under these conditions are subjected to a low-pass filter with a cut-off 

frequency of 0.0083 Hz (120 seconds). 

2.4.3 Evaluation of Aircraft Vertical Accelerations 

Bower and Halpenny [1987] evaluate the performance of a system used to measure 

platform acceleration by the rms height error within the aforementioned gravity bandpass of 

0.0083 Hz. Thus, the acceleration correction to be applied to the observed gravity data is 

determined by twice differencing the measured altitude. In tum, the power spectral density 

(PSD) of the acceleration correction is then equal to the PSD of the altitude times the 4th 

power of the angular frequency (w4) [Bower et al., 1989]. Kleusberg (1989] relates the 

PSD of the platform vertical acceleration errors, PSD(f), to the platform acceleration 

measurement accuracy, rms, as follows: 

2 f 
rms = J0 ° PSD(f) df (2.2) 
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where, 

f0 =the cut-off frequency of 0.0083 Hz, 

PSD(f) = the power spectral density of the platform acceleration error within f0 . 

Results given by Bower and Halpenny [1987] show that in order to meet the 

accuracy requirements stated above, the pennissible rms error in height determination range 

from 0.7 em to 1.5 em. Their results depend on the behavior of the altitude error as a 

function of frequency within the gravity bandpass. An evaluation of the rms height 

acceleration error obtained in this thesis is given in Chapter 7. 

2.5 Present Measurement Techniques - Results and Limitations 

Section 2.5 describes present techniques used in determining platform accelerations 

for airborne gravimetry. In addition, the performance and limitations of these techniques 

are reviewed. 

2.5.1 Horizontal Accelerations 

The effect of horizontal accelerations on airborne gravity observations was 

discussed in Section (2.4.1). The method of handling these accelerations was to shut off 

the gravimeter until course corrections were completed. The methoo proposed in this thesis 

involves the constant measurement of horizontal accelerations using GPS observing 

techniques. Further discussion on these techniques are included in the subsequent 

chapters. 
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2.5.2 Vertical Accelerations 

Aircraft vertical accelerations for airborne gravimetry have been determined using 

radar and pressure altimeters [Brozena et al., 1986], laser altimeters [Bower and Halpenny 

1987], and most recently GPS [Brozena et al., 1989]. Vertical platform accelerations are 

detennined from the second derivative of the altitude measurements [Kleusberg et al., 

1990]. Details concerning the description and operation of these systems can be found in 

the above references. 

Several disadvantages of the radar and pressure altimeters have been mentioned by 

Bell et al. [1986]. They state that the radar altimeter is limited in altitude, non-effective 

over ice or land, and expensive to install. The pressure altimeter, on the other hand, does 

not perform well over land unless calibration is available over nearby water bodies with 

known elevation. In addition, the pressure altimeter is limited in altitude and is susceptible 

to ice probing. Finally, Bell mentions that the aircraft pressure wake causes errors on the 

results from the pressure altimeter. [Bower and Halpenny 1987] suggest that the laser 

altimeter is weather dependent and specular reflection can occur over flat surfaces such as 

calm waters. 

Results of tests for aircraft altitude accuracies using the above systems are given in 

Table 2.1. This information was obtained from Bell et al. [1986], Bower and Halpenny 

[1987], and Telford et al. [1976]. 

Residual undetermined vertical accelerations of an aircraft are traceable to 

uncorrected errors in measuring the altitude of the aircraft since, as mentioned above, the 

acceleration corrections to be applied to the gravimeter are determined by the second 

derivative of the altitude measurements [Bower et al., 1989]. The results displayed in 

Table 2.1 are based on flying over open water and not land. Flying over land causes 

additional error sources as discussed above. Bower and Halpenny [1987] conclude from 
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their analysis of the above systems that airborne gravimetry under the specifications listed 

in Section 2.4.2 is just feasible over sea and not feasible over land. 

Table 2.1 

Aircraft Altitude Accuracies of Conventional Altimeter Systems 

Altimeter Altitude Accuracy 

Radar <2cm 

Pressure <20cm 

Laser <2cm 

The above conclusions were also based on results of vertical accelerations as 

derived from GPS observation techniques. However, information provided at the time 

indicated that the spectrum of GPS phase measurements was white Bower et al. [1989]. 

·Results by Georgiadou and Kleusberg [1988] show that the low-frequency part of the GPS 

phase measurement spectrum can be contaminated by multipath interference. Further 

details concerning their analysis is given in Chapter 4. Latter tests by Kremer et al. [1989] 

indicate that Selective Availability may have some effect on acceleration determination using 

GPS. More on Selective Availability will be given in Chapter 8. Bell et al. [1986] lists the 

following advantages of using GPS for airborne gravimetric surveys: 

1) GPS equipment is becoming inexpensive and easy to install, 

2) GPS results are not limited by altitude, 

3) GPS can operate over land, sea, or ice, 

4) GPS can operate in an all weather environment,and 
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5) GPS is not affected by isobars or areas of varying pressure as with an altimeter. 

Some results of vertical accelerations using GPS observing techniques have already 

been presented. Brozena et al. [ 1989] was able to obtain 2 mGal accuracies in vertical 

accelerations with spatial resolution of 20 kilometres at flight speeds of 360 km/hr. A radar 

altimeter was used as the reference system for this analysis. One of the main limitations in 

acquiring more accurate data was the influence of cycle slips in the GPS phase 

observations. The integration of GPS with an Inertial Navigation System (INS) can be 

implemented to help resolve the cycle slip problem [Schwarz et al., 1987; Kleusberg 

1988]. An alternative to handling cycle slips for acceleration pwposes is given in 

Chapter4. 

2.6 Summary 

This chapter has reviewed the accuracy requirements needed in airborne gravimetric 

surveys with regards to aircraft position, velocity, and horizontal and vertical acceleration. 

A review of literature shows that the position and velocity requirements can be obtained 

using GPS observing techniques. 

The most stringent of the acceleration requirements was determined to be the 

vertical component Specifications indicate that a I to 2 mGal correction accuracy is 

required for airborne gravity surveys. It was found that the magnitude of horizontal 

accelerations experienced in aircraft motion for airborne gravimetry was not significant. 

Present day techniques in acquiring vertical accelerations include radar, pressure, and laser 

altimeters, and GPS observing methods. All four methods have limitations and produce 

results which do not make them feasible for airborne gravimetric surveys with the above 

specifications. However, the Global Positioning System was described as being a 

favourable system in obtaining vertical accelerations and that many of its limitations could 

be overcome. 
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Initial results from GPS campaigns in airborne gravimetric applications show that 

GPS was not able to meet the 1 to 2 mGal requirements stated above. However, recent 

research by Kleusberg et al. [1989], and as discussed by Bower et al. [1989], indicate that 

GPS can achieve these accuracy requirements. Further details of these studies are covered 

in Chapter 4. 

In order to obtain a better understanding of the concepts which will be proposed in 

future chapters, it first becomes necessary to introduce the Global Positioning System and 

the biases and errors which are associated with the system. 
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CHAPTER THREE 

The Global Positioning System 

3.0 Introduction 

This chapter introduces the Global Positioning System (GPS). It gives a brief 

review of the basic concepts and characteristics of GPS as well as the fundamental 

equations which describe the observables in the system. The remainder of the chapter 

gives a brief review of the errors and biases of the GPS observables. 

3.1 System Description 

The Global Positioning System is a navigation and positioning system which 

utilizes radio frequency signals transmitted from orbiting satellites. The system has been 

under development for more than a decade by the United States Department of Defense and 

is predicted to be fully operational by the middle of the 1990s. Once operational, GPS is 

designed to have a constellation consisting of 24 satellites, three of which are spares. The 

so called Primary 21 Satellite Constellation [Green et aL, 1988] is to have an approximate 

altitude of 20,000 kilometres and are to be configured into six orbital planes with four 

satellites per plane. The equally spaced orbital planes are inclined to the earth's equatorial 

plane by 55 degrees. The design of the constellation is such that at least four satellites will 

be visible above the horizon from any place on the earth at virtually all times [Wells and 

K.leusberg 1989]. 

The overall operation of the system is under the control of the US Department of 

Defense. A network of ground control stations track the orbiting satellites. These control 

stations determine precise orbital and clock parameters of each satellite and transmit this 

information back to the satellite. The information is then sent to the GPS receiver in a 
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coded message as a broadcast ephemeris [Quek 1988]. Using this ephemeris and clock 

data, and the signal transmitted by the satellite, a receiver position can be computed. In 

addition to solving for the three positional coordinates of the receiver, the receiver time 

offset from some reference time must also be determined. Details concerning the solution 

for these unknowns can be obtained from Wells et al. [1986]. For now it suffices to say 

that observations from at least four satellites are needed to compute a unique solution for 

the receiver position. Fewer satellites can be observed if one or more of these four 

unknown parameters listed above is constrained in some way [Lachapelle et al., 1987]. 

3.1.1 Signal Structure 

Each of the GPS satellites contains a very high precision oscillator such as a 

rubidium or a cesium frequency standard. This standard has a fundamental frequency of 

10.23 :MHz, used to generate two L-band frequencies [Spilker 1978]: 

L1 = 1575.42 MHz = 154 X 10.23 MHz 

L2 = 1227.60 MHz = 120 X 10.23 MHz 

The L2 signal is modulated with a precise code, called the P-code, and a satellite 

navigation message. The L1 signal is modulated with a P-code, satellite message, and a 

less accurate coarse acquisition code called a CIA-code. The P-code is emitted at a 

frequency of 10.23 MHz and has a repetition period of 237 days. The CJ A code is emitted. 

at a frequency of 1.023 MHz and repeats itself every millisecond 

The satellite message is emitted at a frequency of 50 Hz and contains the 

information concerning the satellite health, and the orbital and clock parameters. 
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3.2 GPS Observables 

The fundamental observables used in,the Global Positioning System are the 

pseudo-range and carrier phase observable. The following sections give a brief description 

of these observables 

3.2.1 The Pseudo-range Observable 

Wells et al. [1986] defines the pseudo-range as the time shift required to line up a 

replica of the GPS code generated within the receiver with the incoming received code from 

the satellite. The time shift is converted to metres by multiplying by the speed of light 

Tills time shift is the measure of the difference between the transmission time at the satellite 

and reception time at the receiver [Wells 1985]. Note that these two time frames do not 

coincide and thus give a bias which must be determined. 

The mathematical model for the pseudo-range observation between the receiver j, 

and the satellite at k, at timet is given as follows [Wells and Kleusberg 1989]: 

where, 

p.k (t) 
J 

X·Y·Z· )' l' J 

c 

k k k 
P j (t) = p /t) + c[dt (t) - dTit)] + dionCt) + dtroJ:t) + e(t) (3.1) 

= the observed pseudo-range in metres between satellite k and 

receiver j at time t, 

=represent the satellite coordinates as given by the ephemeris, 

=the unknown receiver coordinates, 

=the speed of light in a vacuum, 

= the satellite clock offset from GPS time at time t, 
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= the receiver clock offset from GPS time at timet, 

= the atmospheric correction due to the effect of ionospheric 

refraction at time t, 

= the atmospheric correction due to the effect of tropospheric 

refraction at time t, 

E(t) =the remaining unmodelled errors (eg. receiver noise, 

multipath,etc.). 

3.2.2 The Carrier Phase Observable 

Wells et al. [1986] defines the carrier beat phase as the difference between the 

incoming Doppler-shifted satellite carrier signal and the GPS receiver generated reference 

signal. The receiver generated signal is considered to be of nominally constant frequency. 

Like the pseudo-range obseiVable, the time of reception of the signal and the time of 

transmission of the signal are biased with respect to GPS time. In addition, the 

propagation of the carrier wave is affected by atmospheric conditions. Keeping these items 

in mind, the carrier phase obseiVation is modelled as follows [Kleusberg et al., 1989]: 

(3.2) 

where, 

= the wavelength of the carrier phase signal in metres, 

= the observed phase measurement in cycles between satellite k and 

receiver j at timet. Note that the integer count of cycles since lock-

on is buried in this quantity, 

pt(t) = as Equation 3.1 above, 

c =the speed of light in a vacuum (metres per second), 
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dtk(t) 

dTjCt) 

<:4on(t) 

E(t) 

= the satellite clock offset from GPS time at time t, 

=the receiver clock offset from GPS time at timet, 

= the atmospheric correction due to the effect of ionospheric 

refraction at time t, 

= the atmospheric correction due to the effect of tropospheric 

refraction at time t, 

= the carrier phase integer cycle ambiguity between receiver j and 

satellite k, 

=the reniaining unmodelled errors (eg. receiver noise, 

multipath,etc.). 

The next section discusses the errors and biases which are associated with the 

above GPS observables and their implications with respect to acceleration determination. 

3.2.3 Measurement Noise 

Apart from the errors and biases, which are discussed below, the measurement 

noise of a GPS observable depends on several factors [Wells and Kleusberg 1989]. These 

include the type of measurement, the measuring technique, the mode of operation, and the 

receiver design. Evans et al. [1985] gives the Texas Instrument TI 4100 GPS receiver 

noise levels of 60 centimetres and 2 millimetres for the pseudo-range and carrier phase 

measurements respectively. Development in receiver technology has provided lower noise 

levels. Ashjaee et al. [1988] report 1 millimetre level signal resolution on the carrier phase 

obtained by the Ashtech XII receivers. Alison et aL [1988] claim the same accuracy with 

the Trimble 4000SLD. Srinivasan et aL [1989] claim decimetre level noise for the pseudo-

range measurement of the Rogue GPS receiver. More on GPS technological advances are 

given in Chapter 4. Wells and Kleusberg [1989] suggest that codeless receivers have a 

higher noise level due to the lower signal to noise level. The data collected for this research 
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is from code correlating receivers only. Consequently, all discussion will pertain to these 

types of receivers. 

3.3 Biases and Errors 

Associated with each of the observables mentioned above are biases and errors 

which originate from the satellite, the receiver, and the atmospheric conditions of the 

propagating signal. 

3.3.1 Satellite Orbital Errors 

The Pjk term of equations (3.1) and (3.2) contains the satellite coordinates which 

are derived from the satellite ephemeris. Errors in the ephemeris can propagate into errors 

in receiver position, velocity, and acceleration. Satellite position errors from the broadcast 

ephemeris are approximately 20 metres [Wells and Kleusberg 1989]. More accurate 

satellite positions can be obtained from the precise ephemerides which are available from 

various sources [Robinson 1988, Remondi and Hoffman-Wellenhof 1989]. Depending on 

their magnitude, satellite ephemeris errors can be reduced by differencing techniques which 

are discussed in Section 3.4.4. The size of the satellite ephemeris errors and their effect on 

acceleration determination is discussed in Chapter 4. 

3.3.2 Satellite and Receiver Clock Biases 

As previously mentioned the satellite and receiver clock times are with respect to the 

GPS time frame. The satellite clock offset is closely monitored by the ground control 

network. This time offset, along with the frequency offset, and frequency drift, are 

transmitted via the broadcast ephemeris to the GPS receiver. These biases are in the form 

of coefficients of a second order polynomial as given below [Van Dierendonck et al., 

1978]: 
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where, 

dt 

ao 
al 

~ 

to 
t 

= the correction to be applied to the satellite transmission time, 

= the satellite clock time offset, 

= the satellite clock frequency offset, 

= the satellite clock frequency drift, 

= the satellite clock reference epoch, 

= the time of signal transmission from the satellite. 

(3.3) 

Equation 3.3 is a model for clock behavior, based on historical tracking data. The 

accuracy with which this model agrees with the actual clock behavior depends on the 

stability of the clocks. Section 3.1.1 mentioned that the GPS satellites have highly stable 

atomic frequency standards to control their timing. These types of clocks have a frequency 

offset accuracy which is usually better than 10-11 and a frequency drift accuracy of better 

than I0-14 per second [King et al., 1985]. 

The GPS receivers are normally equipped with less stable frequency standards such 

as a quartz crystal clock. Consequently, the unknown bias of the receiver clock from GPS 

time must be solved for when determining position. Two other options in handling the 

unknown receiver clock offset are to use differencing techniques or to solve directly for the 

coefficients expressed in Equation 3.3. A discussion on differencing as it applies to this 

thesis is given in Section 3.3.4. 

3.3.3 Atmospheric Affects 

The ionosphere is defined as that portion of the atmosphere which contains ionized 

particles dense enough to have a measurable effect on the propagation of a radio wave 

passing through it [Heroux, 1988]. It extends from about 50 kilometres to about 1000 km 
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above the earth [Wells and Kleusberg, 1989]. The ionospheric effect on the GPS signal is 

frequency dependent. Wells et al. [1986] gives a typical observation error of 30 metres at 

the zenith due to ionospheric affects on the signal. If dual frequency receivers are used, 

meaning the receiver observes both the Ll and the L2 signals, then the ionospheric effect 

on the GPS range can be measured directly [Goad 1985]. For single frequency 

observations the ionospheric effect can be estimated using modelling equations [Lachapelle 

and Wade 1982] or reduced using differencing techniques. 

The troposphere is defined as the non-ionized portion of the lower atmosphere 

[Hopfield 1971]. This area extends from the surface of the earth to about 50 kilometres. 

Like the ionosphere, the troposphere effects the propagation of the GPS signal. This affect 

can be as much as 10 metres along the horizon on the measured GPS range. The 

tropospheric effect is not frequency dependent and is most severe on signals observed near 

the horizon [Wells and Kleusberg 1989]. 

3.3.4 Differencing Techniques Using GPS Observables 

Previous sections have mentioned that clock and atmospheric biases as well as 

satellite orbital errors can be significantly reduced, if not eliminated, using differencing 

techniques. Differencing between GPS observables involves forming certain linear 

combinations of equations (3.1) and (3.2). The method can entail differencing between 

receivers, and/or between satellites, and/or between measurement epochs. By applying 

these differencing techniques, the common errors in the GPS observable can be eliminated. 

More details on differencing can be found in Wells et al. [1986]. 

3.3.5 Cycle Slips and Ambiguity Resolution 

Cycle slips are of most concern when dealing with high accuracy positioning using 

the GPS carrier phase. Kleusberg [1987] defines a cycle slip as a discontinuity in the time 
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series of a carrier phase as measured in the GPS receiver. The cycle ambiguity term of 

Equation 3.2 accounts for an unknown integer number N cycles of length A. in the carrier 

phase measurements. The ambiguity term is in general an arbitrary unknown number 

which changes if the receiver loses lock to the tracked signal [Wells and Kleusberg, 1989]. 

The two terms are related in that causes of cycle slips include blockage of the signal to the 

receiver, receiver power failure, and low signal strength. The implication of cycle slips in 

the phase data means that the cycle ambiguity term of equation (3.2) becomes more difficult 

to calculate. If this ambiguity term is not solved for than the subsequent range, after a cycle 

slip, will show an apparent jump. The magnitude of this jump will be equivalent to the size 

of the cycle slip scaled into metres. Thus, a cycle slip results in having to solve for an extra 

unknown ambiguity tenn. 

The existence of cycle slips can be significant if accelerations in airborne gravimetry 

are based on phase measurements. Jumps in range measurements can obviously lead to 

jumps in accelerations which, in tum, can suggest false aircraft movements. 'This topic is 

further discussed in Chapter 4. For now, it suffices to say that the detection and handling 

of cycle slips must be assessed in order to meet airborne gravimetry accuracy requirements. 

3.3.6 Antenna Errors 

Some of the unmodelled errors of equations (3.1) and (3.2) are related to the 

receiver antenna and the environment in which it is located. These errors consist of 

multipath, imaging, and phase centre location and variation. 

Multipath occurs when the received GPS signal is contaminated with one or more 

constituents of the same signal [Georgiadou and Kleusberg 1988]. This contamination is a 

result of the incoming signal being reflected by a nearby surface and being 

indistinguishable from the correct transmitted signal. Multipath can occur at the satellite or 

at the receiver. However, Young et al. [1985] shows that satellite multipath can be 
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insignificant when differencing between receivers spanning a baseline of a few tens of 

metres or more. 

Multipath at the receiver cannot be reduced by differencing. The effect of multi path 

at the receiver is highly dependent upon the reflective environment about the antenna. In 

addition, receiver multipath also depends on the antenna amplitude response. An antenna 

which has a response pattern that allows for the observation of satellites below the 

horizontal are susceptible to multipath signals originating from a reflective surface below 

the antenna [Tranquilla 1986]. Georgiadou and Kleusberg [1988] show that multipath can 

cause cyclic errors larger than the receiver noise leveL These periods can range from less 

than a few minutes to more than an hour. Evans [1986] shows that multipath effects on 

pseudo-range measurements can be as much as 10 metres. 

The phase centre of a transmitting antenna is defined as the apparent source of 

radiation of the antenna [Wells et al., 1986]. However, due to manufacturing errors, the 

phase centre is not necessarily the point which a receiving antenna, such as a GPS antenna, 

uses as a reference point in its position determination. The actual phase centre location is a 

function of the observing angle to the satellite from the antenna [Tranquilla 1986]. The 

phase centre will vary in time as the satellites move across the sky. These variations are 

due to the non-spherical phase pattern of the antenna. 

Imaging occurs when another conducting material situated near an antenna 

interferes with the radiation characteristics of the antenna. The phase centre of an antenna 

can be measured [franquilla 1986]. However, the source of radiation due to imaging is 

site dependent and thus, would be difficult to measure in practical applications. 

Form the above discussion it is evident that these antenna errors can have some 

influence on the determination of accelerations for airborne gravimetry. Especially when 

dealing with the low frequency part of the spectrum as described in Chapter 2. Bower and 

Halpenny [ 1987] suggested that the error spectrum of the GPS phase measurement was 
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white. However, Georgiadou and Kleusberg [1988] point out that the GPS phase 

observable is not necessarily white noise, but instead can be significantly influenced by 

effects described above. 

3.3. 7 Selective Availability 

Selective availability (S/A) means the intentional degradation of the transmitted 

information from the GPS satellite in order to limit the positioning capabilities of the user. 

This degradation can be implemented in the form of erroneous satellite ephemeris or 

dithering of the satellite clock. The position accuracy available to unauthorized users is 

suggested to be limited to 100 metres [Zachmann 1989]. Wells and Kleusberg [1989] 

suggest that differencing methods can reduce the effect of dithering. At the same time they 

suggest that further research is needed to fully understand the implications of selective 

availability. 

Sf A, like the other error sources, can limit the acceleration accuracy obtainable from 

GPS measurements .. Any dithering of the satellite clock or use of an erroneous satellite 

ephemeris will result in the computation of false accelerations in a moving vehicle. 

Selective availability, as it pertains to acceleration determination is covered in Chapter 8. 

3.4 Summary 

This chapter has introduced the operational concepts of the Global Positioning 

System and has described the GPS signal characteristics. In addition, the pseudo-range 

and carrier phase observations have been introduced along with the errors and biases 

associated with these observables. It was noted that these errors can limit the accuracy of 

acceleration determination for airborne gravimetric applications. Consequently, these 

errors should be modelled or eliminated depending on the type of error and the data 

processing technique used. 
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4.0 Introduction 

CHAPTER FOUR 

Acceleration Determination 

using 

Carrier Phase Observables 

This chapter introduces the concept of using GPS carrier phase measurements to 

determine accelerations. An assessment of the phase obsexvable errors is given. The 

impact of technological advances in receiver and antenna design is discussed. 

Implementation of a full satellite constellation and its affect on acceleration determination is 

given. Fmally, the treatment of the various error sources discussed in Chapter 3 is 

proposed. 

4.1 Accelerations Using the Carrier Phase Observable 

A standard techniques for determining accelerations has been to determine vehicle 

coordinates and then to take the first and second time derivatives to obtain velocity and 

acceleration respectively [Brozena et al., 1988]. 

An alternative for detennining accelerations, and the one chosen in this thesis, is to 

monitor the movement of the antenna in the direction of the satellite. The use of the 

pseudo-range measurement is not adequate for determining accelerations because of its 

inherent noise level (see Section 3.2.3). Kleusberg et al [1989] explains that the 

computation of accelerations involves two successive numerical differentiations of the 

measured range. Consequently, each differentiation will tend to increase the high 

frequency, noise like measurement errors. However, the low noise level of the carrier 
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phase makes this an attractive measurement for this technique. Taking the ftrst and second 
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Figure 4.1 

Methods in Determining Motion Using GPS Pseudo-Range and Carner Phase 
Measurements 

time derivatives of the carrier phase will give the antenna velocity and acceleration values, 

in the direction of the satellite. Combining several simultaneous such values to different 

satellites allows the determination of velocity and acceleration components. 

Figure 4.1 depicts the relationship between the two methods described above. 
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4.2 Assessment of the Phase Observable 

The measurement noise of equation (3.2) can be separated from the GPS phase 

observable using a linear combination of phase measurements from two adjacent dual 

frequency receivers [Georgiadou and Kleusberg 1988]. Assessment of the measurement 

errors associated with the GPS phase observable was performed by Kleusberg et al. [1989] 

using the above technique. Their results indicate that GPS phase data is not necessarily a 

white noise sequence. Low frequency cyclic variations, such as those due to multipath, 

can exist in the data. They conclude that these low frequency cyclic variations are 

responsible for the main GPS error at the gravity cut-off frequency of 0.0083 Hz used in 

airborne gravimetry. Consequently, it is antenna performance (multipath), and not receiver 

noise, that limits the accuracy at which accelerations in this band can be determined. 

Propagation of phase errors into the acceleration accuracies, in the frequency domain, using 

the proposed differencing technique has been assessed by Kleusberg [1989]. His analysis 

shows that the low frequency acceleration noise, such as aircraft motion and signal 

multipath, will be suppressed, while the high frequency receiver measurement noise will be 

amplified. Referring to equation (2.2), it will be shown later that this propagation of errors 

becomes significant when evaluating the low frequency part of the acceleration spectrum 

below 0.0083 Hz. 

4.3 Technological Advances in Receiver and Antenna Design 

Results by Kleusberg et al. [1989] were based on data collected using a Texas 

Instrument TI 4100 GPS receiver. Improvements in receiver design since the development 

of the TI 4100 are, 

a) Multichannel receivers which provide a separate channel for each incoming satellite 

signal. A multichannel receiver may have a signal to noise advantage over other types of 
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receivers, such as multiplex or sequencing receivers [Maher 1986; Lachapelle et al., 1987}. 

This is due to the fact that multichannel receivers allow for continuous tracking and more 

frequent sampling of the satellite signaL 

b) Rapid development of microprocessor capabilities has lead to faster sampling rates 

within the receiver [McDonald 1988]. 

c) Advanced circuit integration and hardware design has allowed receivers to measure 

the phase of the canier to better than 1 millimetre [Ashjaee et al., 1988]. 

d) Improved antenna design results in the phase centre of the antenna being 

theoretically well defined [Lachapelle et al., 1987]. 

The above advancements in technology enhance the capability of GPS to measure 

aircraft accelerations to the 1 to 2 mGal accuracy level. The use of multichannel receivers 

permits the continuous simultaneous tracking of the carrier phase to as many as 12 satellites 

[McDonald 1988]. With more satellites being tracked, there is a better chance to detect any 

cycle slips which may have occured during the observing session [Goad 1985]. The 

higher signal to noise ratio of the multichannel receiver enables the receiver to have 

continuous tracking of the satellite signal with a narrower bandwidth [Ashjaee 1986]. 

Consequently, this reduction in the signal to noise ratio reduces the chance ofloss of lock 

to the signal and thus, a loss of data. 

Also, the capability of a faster sampling rate will allow for fmer resolution of 

alicraftnGOvement 

As mentioned in the previous section, multipath effects have a significant 

contribution on the low frequency part of the phase measurement error within the gravity 

passband of 0.0083 Hz. Improvements in antenna design can lead to reductions in the 

power spectrum of these low frequency signals. In turn, this reduces the acceleration error 

within the same passband. 
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4.4 Implications of a Full Satellite Constellation 

In addition to the above technological' advancements, the satellite constellation will 

play a significant role in determining accelerations. The availability of extra satellites 

allows for redundancy in the acceleration solution as well as flexibility in project planning 

when certain satellites are not available. 

4.5 Treatment. of Biases and Errors 

The treatment of the biases and errors discussed in Chapter 3 must be addressed in 

order to formulate an observation model for acceleration determination. 

4.5.1 Satellite Orbital Errors 

The accuracy of the satellite ephemeris is important in justifying if the satellite 

position, velocity, and acceleration can be considered known when developing the model 

for acceleration determination for a receiver. Kleusberg et al. [1985] assessed the 

influence of the orbital errors on kinematic applications by analyzing the temporal variations 

in the errors of the predicted ephemeris using a pseudo-range residual plot of a fixed point 

His results showed that the slope of the long period variations of the residual plot was the 

error in satellite to receiver range. It was shown that this error did not exceed± 0.3 em/sec. 

In addition, the change in slope of the long period variations is a measure of the 

acceleration error contributed by the satellite ephemeris. Using the results from the above 

reference, the change in slope is in the order of magnitude of w-4 mm/sec2 which is less 

than 0.01 mGal. Consequently, the broadcast ephemeris data will be considered errorless 

in developing the acceleration model. 
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4.5.2 Satellite and Receiver Clock Biases 

Equation 3.3 gave the second order polynomial used in modelling the satellite clock 

error. Section 3.3.2 gave the satellite clock frequency offset accuracy as w-11 and the 

frequency drift as w-14 per second. Of most concern for acceleration determination is the 

effect of the frequency drift on the phase acceleration. As mentioned in Section 3.3.2 the 

satellite clock errors can be reduced by differencing between two receivers observing at the 

same time, one receiver being positioned at a known point, while the other receiver being 

mounted on the moving platform. The remaining clock satellite clock errors can be 

considered negligible using this differencing technique. 

The receiver clock is less accurate then the satellite clock. Consequently, the 

receiver time offset, frequency offset, and frequency drift should be solved for at each 

epoch using the measured ranges. 

4.5.3 Atmospheric Effects 

When dealing with the atmospheric biases on the GPS observable, differencing has 

its limitations. Kleusberg [1986] stipulates that differencing between dual frequency 

receivers with a baseline length of 40 kilometres can result in ionospherically induced 

errors far above the receiver noise. Shorter baselines of approximately ten kilometres, 

however, show no significant effects. The data collected for this research was over 

baselines of less than 50 metres with an elevation difference of not more than 5 metres. 

For very short baselines like this one, the atmospheric conditions along the path of the 

propagating signal from the satellite to each receiver is practically the same. Consequently, 

differencing techniques will reduce, if not eliminate, the atmospheric effects on the phase 

observations. It should be noted that baselines of a few tens of metres do not exist in 

airborne gravimetry. It is the intention here to eliminate as many biases as possible in order 

to verify whether GPS gives useful accelerations at all under ideal conditions. 
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Heroux [1988] indicates that the ionosphere at high latitudes can cause severe 

amplitude and phase variations to the point where signal strength is decreased and cycle 

slips can occur on single frequency receivers. It was further stipulated that the only way to 

guarantee that GPS data from northern regions was not adversely affected by the 

ionosphere is to observe with dual frequency receivers. The application of this 

recommendation to airborne gravimetry has yet to be studied. Heroux's study suggests 

that when using single frequency receivers, the ionosphere will have a significant effect on 

GPS determined accelerations for airborne gravimetric surveys in the northern regions. 

Wells and Kleusberg [1989] suggest that the spatial coherence of tropospheric 

conditions is limited and that differencing over baselines of a short distance (eg. few 

kilometres) is not likely to successfully eliminate trospheric effects. Chapter 1 gave certain 

regions where airborne gravimetry would cover large areas. Consequently, tropospheric 

influences on GPS satellite signals would have to be estimated using measured temperature 

and pressure data. For airborne gravimetry these measurements would probably need to be 

measured on the fly. 

On very short baselines, like the tens of metres used in this thesis, differencing 

between receivers will avoid any differential atmospheric delays [Geogiadou and Kleusberg 

1988]. Consequently, it is expected that the tropospheric effect will be practically 

eliminated using the differencing between receivers. 

4.5.4 Cycle Slips 

Cycle slips have been considered as one of the major causes for limiting the 

accuracy at which accelerations can be determined [Brozena et al., 1989]. Following the 

approach taken in this thesis, whereby accelerations are determined by taking the second 

time derivative of the carrier phase observable, cycle slips can have less effect on the 

overall acceleration determination. This advantage is explained as follows. Chapter two 
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stated that the cut-off frequency for the gravity data was 0.0083 Hz (120 seconds) for 

airborne gravimetry. The aircraft acceleration correction applied to this gravity value is 

equal to the mean of the observed aircraft acceleration over the same time period [Kleusberg 

1989]. With a GPS receiver sampling rate of one second, the total number of aircraft 

acceleration determinations which can be obtained over this time period is 118. Each cycle 

slip introduced to the phase data will decrease the total number of acceleration 

measurements within the passband by three. This will have a negligible effect on the final 

result representing the 120 second time period. Thus, the proposal in this thesis for 

handling cycle slips is simply to detect and reject them. The total acceleration correction 

applied to gravity over the 120 second period is then determined from the measurements 

which remain. 

As implied in the above discussion, the magnitude of the cycle slip does not have to 

be determined. However, detection of the cycle slip is important. A description of 

methods for detecting cycle slips in kinematic applications, and their success, can be found 

in Mader and Lucas [1989] and Goad [1985]. 

The data collected for this thesis consisted of GPS pseudo-range and carrier phase 

observations on fixed points. Collecting data at a stationary point was necessary in order to 

assess the measured error in acceleration using the GPS carrier phase. Therefore, all 

computed accelerations should theoretically be zero. Any data which is contaminated with 

cycle slips would give a sudden rise in acceleration above the normal level. In this way 

cycle slip and other erroneous data was checked against a tolerance level and subsequently 

rejected. This technique may not be practical for actual airborne gravimetry applications. 

Methods to detect and reject cycle slips which may be useful in airborne gravimetry are 

described in Mader and Lucas [1989], and Goad [1985]. 
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4.5.5 Antenna Errors 

The existence of multipath and imaging in the receiver antenna are functions of the 

environment in which the data is collected. Thus, the reduction of multipath effects on the 

acceleration determination can be obtained by positioning the GPS receiver antenna in an 

area which minimizes the possibility of multipath or imaging. Antenna phase centre and 

phase variations are functions of the antenna design. The reduction of these errors depends 

on the type of antenna used. Antenna design can also play a role in reducing multi path 

effects. 

4.5.6 Selective Availability 

Dithering of the satellite clock or contaminating the satellite ephemeris with false 

information will cause subsequent changes in the apparent position, velocity, and 

acceleration of a receiver. Assuming that selective availability is common to two receivers 

observing during the same time period, then the effects of selective availability can be 

eliminated by differencing between receivers. The effects of selective availability and the 

implementation of differencing techniques in handling it are covered in Chapter 8. 

4.6 Summary 

This chapter has introduced the concept of determining acceleration using the GPS 

carrier phase measurement 

The accuracy with which accelerations can be resolved was shown to have been, in 

part, dependent on the technological advancements in GPS receiver and antenna design. 

Developments in this technology were itemized as they pertain to acceleration 

determination. In addition, the implication of a full satellite constellation on determining 

accelerations was discussed. 
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The treatment of biases and errors introduced in Chapter 3 were assessed. Methods 

of treating these errors in the present research were proposed. Implications of these errors 

for airborne gravity surveys were also addressed. 

Thus, the tools provided in this chapter have paved the way for the development of 

the least squares adjustment model which is presented in the next chapter. 



CHAPTER FIVE 

Formation of the Least Squares Adjustment 

5.0 Introduction 

The procedure used to determine acceleration in this research is to first determine 

the accelerations of each receiver and then difference between receivers to eliminate 

systematic errors. Chapter 5 begins with the development of the geometric configuration 

and the subsequent observation scheme for determining aircraft accelerations using a single 

frequency GPS measurement technique. The observation equations for a parametric least 

squares adjustment are then formulated. In this formulation, consideration is given to the 

development of the equations which describe the satellite orbital position, velocity, and 

acceleration. Next, the phase velocity and acceleration values are formulated. A weighting 

scheme is developed in the event of unequally spaced data. The least squares normal 

equations are then addressed with emphasis placed on the elements of the design matrix of 

the unknown receiver parameters and on the covariance matrix of the observables. Next, 

the equations for the transformation of accelerations from the conventional terrestrial (Cf) 

coordinate to the geodetic coordinate system are developed. Finally, differences between 

receivers are performed. 

5.1 Geometric Configuration of the 3 Epoch Observation 

Scheme 

This thesis proposes to determine acceleration by modelling the second time 

derivative of the GPS carrier phase observable. Initially, the single frequency receiver 

measurement technique is addressed. Once accelerations are determined, differential 

corrections are applied. The overall geometric configuration for this observation scheme is 
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illustrated in Figure 5.1. For simplicity, Figure 5.1 has only one satellite range 

representing the observing scenario. Real observation sessions would involve ranges from 

several satellites. 

The satellite in Figure 5.1 is in constant motion through its orbit about the earth. 

The objective in modelling the receiver acceleration is to relate the receiver motion to the 

satellite motion in the same coordinate and time frame. Results shown in Chapter 4 indicate 

that the satellite motion can be considered known for acceleration determination. The 

satellite coordinates, velocities, and accelerations can be derived from the orbital parameters 

provided in the broadcast ephemeris. 

Epoch #1 # 
Epoch 2 

Figure 5.1 

Epoch#3 

Geometric Configuration Between Satellite and Receiver in Determining Acceleration 
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Note that the phase measurement is sampled at each epoch over a three epoch time 

intervaL The relative change in the receiver position from epoch to epoch is all that is 

needed to measure the receiver velocity and acceleration. Consequently, to measure the 

velocity of the receiver, phase observations for two epochs are required. To measure the 

receiver acceleration, which is the change in velocity over time, phase observations for 

three epochs are required. This three epoch observation scheme can be used to determine 

receiver accelerations over a series of observations epochs. 

Figure 5.2 shows a typical scenario of an aircraft moving along in time observing 

phase measurements from a single satellite at epochs 1,2,3,4, .... ,n. 

#1 
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7~ 
Ranges to Satellite 

~6 
#2 
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#3 
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Figure 5.2 

&J>(t) 

#4 

<j>(t) 

Epoch #n 

Phase Measurement 

Phase Velocity 

Phase Acceleration 

Receiver Acceleration by Differencing the GPS Carrier Phase in Time 
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The velocity of the receiver in the direction of the satellite from epoch# l to epoch 

#2 is determined by differencing the carrier phase measurement over the time period 

between the two epochs. The velocity of the receiver in the direction of the same satellite 

from epoch #2 to epoch #3 is determined in the same manner. Consequently, the 

acceleration of the receiver from epoch #1 to epoch~ is determined by differencing the 

velocity estimates over the time period of the velocity change. In order to give some spatial 

resolution this acceleration is referenced with respect to the location of epoch ~. The 

acceleration for epoch~ is then computed from phase measurements obtained at epochs 

#2, #3, and #4. In this manner, the accelerations for the remaining epochs can be 

determined up to epoch n-1. Note that only the moving receiver is shown in Figure 5.2. 

The approach taken in this thesis is to difference the computed accelerations between the 

moving and monitor receivers. 

5.2 Formation of the Observation Equations 

The velocity value determined above is formed by differencing equation (3.2) over 

time. The time derivative for a satellite k and a receiver j is given as follows: 

where, 

k 

P· J 

. k . . . 
... + c(dt +dT)- dion + dtrop + £ (5.1) 

=the first time derivative of the phase observable (the Doppler 

observation), 

=the geometric range from the satellite to the receiver, 

=the position of the satellite in the Cf-system, 
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k k k x Y z 
X.YjZ· J J 

x-Y;z· · 
J J 

c 
. k 

dt 

dT· J 

=the velocity of the satellite in the Cf-system, 

=the position of the receiver in the Cf-system, 

= the velocity of the receiver in the Cf-system, 

= the speed of light in a vacuum, 

= the satellite clock frequency offset, 

= the receiver clock frequency offset, 

= the time derivative of the ionospheric delay of the propagating 

signal, 

dtrop = the time derivative of the tropospheric delay of the propagating 

signal, 

E. = the time derivative of the unmodelled measurement errors, 

cr = the Conventional Terrestrial coordinate system. 

The time dependence given in equation (3.1) is not included in equation (5.1) since, 

according to Section 5.1, the velocity of the receiver is based on phase measurements over 

two epochs. For now, the timetag for the velocity value will be referenced to the mid-time 

of the two phase measurements. 

The acceleration value is formed by differencing equation (5.1) over time. This 

second time derivative for a satellite k and receiver j is given as follows: 
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where, 

1 [ k .k. k .k. k .k.] 
... --- (X -Xp(X -Xj)+(Y -Yp(Y -Yp+(Z -Zj)(Z -Zp 2+ ... 

k 3 

(p.) 
J 

~ 
k 

Pj 

x\r~k 
. k. k. k 
XYZ 
.. k .. k..k 
XYZ 

xy.z. 
J JJ 

x.y:? .. 
J JJ 

)(5{.7. 
J JJ 

c 
•• k 
dt 

dt. 
J 

.. k . . •• .. •• 
... + c(dt +dT ~- dion + dtrop + E 

= the second time derivative of the phase observable, 

= the geometric range from the satellite to the receiver, 

= the position of the satellite in the cr -system. 

= the velocity of the satellite in the cr -system, 

= the acceleration of the satellite in the cr -system, 

= the position of the receiver in the cr -system, 

=the velocity of the receiver in the Cf-system, 

= the acceleration of the receiver in the cr -system, 

= the speed of light in a vacuum. 

= the satellite clock frequency drift, 

= the receiver clock frequency drift, 

=the second time derivative of the ionospheric delay of the 

propagating GPS signal, 

dtrop = the second time derivative of the tropospheric delay of the 

propagating GPS signal, 

(5.2) 

=the second time derivative of the unmodelled measurement errors. 

cr = the Convential Terrestrial coordinate system. 
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Section 5.1 showed that the acceleration was based on the phase measurements 

over three epochs. Consequently, the timetag for the acceleration will be referenced to the 

middle epoch. 

The sensitivity of the phase acceleration to an error in position can be determined by 

error propagation. Assuming all other variables of equation (5.2) are known, the error in 

acceleration due to an error in position is given as follows: 

(5.3) 

where, 
2 

cr lili~ = the error in the phase acceleration in the direction of the satellite, 
2 2 2 

crx.cry.crz. 
J J 1 

( ()8&)1 ) 
()X,Y,Zj 

= the error in the receiver position with respect to the cr -system, 
2 

=the Jacobian of the transformation from the receiver X,Y,Z 

coordinates with respect to the Cf- system to the geodetic coordinate 

system. 

Appendix I gives an example illustrating the effect of an error in receiver position 

on the determined acceleration of the receiver in the direction of the satellite. Satellite 

parameters for the example were obtained from GPS data collected for this research. The 

result shows that an error of 100 metres has no significant effect on the receiver 

acceleration as determined by equation (5.2). Wells et al. [1986] stipulates that an accuracy 

of 50 metres or better is realizable using the GPS pseudo-range observable. This implies 

that the pseudo-range observation can be used to determine the position of the receiver in 

equations (5.1) and (5.2). Thus, to complete the set of observation equations the pseudo-

range equation is expressed once again as follows: 
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(5.4) 

The variables of equation (5.4) were defined in equation (3.1). The time of the 

pseudo-range observation has been omitted in order to present the equation in the same 

manner as equations (5.1) and (5.2). 

Also provided in Appendix I is the sensitivity of the phase acceleration to an error in 

velocity of 1 m/sec. The results show that if the velocity is determined by pseudo-range 

observations, variations of several mGals would be experienced in the subsequent 

accelerations. Consequently, because of its low noise level characteiistics, the carrier 

phase was used to determine velocity in the acceleration model. 

Performing differences between receivers, in order to eliminate the satellite clock 

errors and reduce atmospheric effects to negligible values, gives the following set of 

equations: 

k k 
t\P/t) = t\p/t) + ct\dTlt) + t\E(t) (5.5) 

k k k 
t\84>/t) = t\8p/t)- ct\MTit) + Ll8£/t) (5.6) 

k k k 
t\oS<j> /t) = Ll88p /t) - cLl88dT j(t) + Ll88£/t) (5.7) 

The unknown parameters in the above equations are the three receiver coordinate 

differences, the three receiver velocities and accelerations, and the three receiver clock 

parameters. These clock parameters are the time offset, the clock frequency offset and 

frequency drift A minimum of four satellites is needed to solve for these twelve 
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unknowns. The observations from these four satellites and three epochs are the four 

pseudo-ranges, the four first time derivatives in the phase measurements, and the four 

second time derivatives in the phase measurements derived from three subsequent phase 

measurements. The total number of observations equates to twelve. 1bree additional 

observations are obtained for each extra satellite observed. The procedure used is to first 

determine the accelerations of each receiver and then difference between receivers to 

eliminate systematic errors. 

In summary, the acceleration model is described by the three epoch observation 

scheme where the receiver accelerations are related to the GPS observables as follows: 

where, 

R 

p 

&j> 

R = f { P .o<j),oo<j)} 

= the XYZ acceleration of the receiver with respect to the Cf

coordinate system, 

(5.5) 

= the GPS pseudo-range observable, 

=the GPS phase observable differenced over time (the Doppler 

observation), 

=the second time derivative of the GPS phase observable. 

Note, that the time of R represents the middle epoch of the three epochs required in 

determining the receiver acceleration. 

5.2.1 Velocity Averaging Over Three Epochs 

The three epoch observing scheme introduces two velocities which have to be 

related to the acceleration which is related to the middle reference time. In the case of an 
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equal time interval between epochs the velocity is simply the average of the velocity before 

and after the reference time. However, the situation often occurs where the time interval 

between observations is not a constant but can change as much as 100 milliseconds. Such 

data were experienced with the Trimble 4000 SLD GPS receiver. 

Recognizing that the time intervals used to compute the receiver velocity can be 

different, weighting of the data becomes necessary. The weighting technique applied here 

assumes that more information on the aircraft movement can be gained from the shortest 

time interval used to determine the velocity. Given a three epoch observation scheme, 

where the three epochs are represented by t 1, 11· and t3, and their corresponding phase 

measurements are cp1, ~.and~. then the velocity of the receiver in the direction of the 

satellite for the centre epoch, $, is given as follows: 

(5.5) 

The corresponding acceleration of the receiver, <P, in the direction of the satellite 

for the centre epoch is given as follows: 

(5.6) 

The complete derivations of equations (5.5) and (5.6) are presented in Appendix II. 
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5.3 Satellite Orbital Velocities and Accelerations 

Recall that Equations 5.1 and 5.2 include the satellite velocities and accelerations. 

The accelerations of a satellite can be determined from the parameters which describe the 

orbital motion of the satellite. Values for these parameters are given in the broadcast 

ephemeris. Note, these values describe the satellite orbit for a period of approximately one 

hour [Wells et al., 1986]. New ephemeris parameter values are used every hour. A 

description of the satellite orbital parameters can be found in Quek [1989]. 

The final form of the satellite coordinates used in the observation equations is given 

with respect to the Conventional Terrestrial coordinate system [Kleusberg 1987]. The 

satellite coordinates determined from the broadcast ephemeris are with respect to an Earth 

Centred Space Fixed (ECSF) reference frame. Consequently. the satellite coordinates must 

undergo a transformation in order to express them in the Cf coordinate system. The 

computation of the satellite coordinates from the orbital parameters of the broadcast 

ephemeris is given in Wells et al. [1986]. The computation of the satellite velocities in the 

ECSF coordinate system is accomplished by taking the time derivative of the satellite 

coordinates. This means taking the first time derivative of the orbital parameters expressed 

in the broadcast ephemeris. Satellite accelerations are subsequently derived by taking the 

second time derivative of the satellite coordinates. Thus. this means taking the second time 

derivatives of the orbital parameters described by the broadcast ephemeris. A summary of 

the formula representing the satellite accelerations as derived from the satellite ephemeris is 

given in Appendix III. 

5.4 Formation of the Normal Equations 

The general form of the linearized approximation of the observable l, which is a 

function of the unknown parameters xis given as follows [Wells and Krak:iwsky 1971]: 
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where, 

xo = the a priori estimates of x, 

x-xo =the corrections to the initial estimate of x, 

1° = the obsexved values of l, 

r = the residuals on 1, 

af dx = the frrst order design matrix for x. 

Denoting the design matrix ~ by A, the misclosures f(xO) - 1° = ro , and the 

corrections x-xO by o, equation (5.9) can be written in the well known form: 

Ao +ro =r 

(5.9) 

(5.10) 

The normal equations result from the minimization of the sums of the squares of the 

weighted residuals (ie. minimization /ci1r ). Ci1 represents the covariance of the 

obsexved quantities. For a parametric least squares adjustment, where the obsexvables are 

expressed as functions of the unknown parameters, the least squares normal equations are 

given as follows [Wells and Krakiwsky 1971]: 

No=b 

and, the solution to the normal equations is given as, 

or, 

(5 .11) 
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The design matrix, A, for the equations (5.6, 5.7, and 5.8) will consist of the 

partial derivatives of the observations with respect to each of the 12 unknown quantities 

given in Section 5.3. This will be a hyper-triangular matrix consisting of design matrices 

representing each type of observation necessary in acquiring the receiver acceleration. 

Figure 5.3 illustrates this design matrix. 

aP 0 0 
a X,Y,Z,T 

asq, ao<t> 0 
a a .... 

X,Y,Z,T X,Y,Z,T 

aoo<t> ao<><t> aoo<t> 
a X,Y,Z,T 

a .... 
X,Y,Z,T 

a ........ 
X,Y,Z,T 

Figure 5.3 

Design Matrix of Least Squares Adjustment 

The variances applied to the measurement noise of the pseudo-range and carrier 

phase observables were obtained from error analyses performed by other authors [Milliken 

and Zoller 1980; Evans et al., 1985; Langley 1986; Ashjaee et al., 1988]. The TI 4100 

was estimated to have a P-code pseudo-range error of 2 metres and a carrier phase error of 

2 millimetres. Modem receivers such as the Ashtech XII and Trimble 4000 SLD receivers 

were estimated to have a CIA code pseudo-range error of 1 metre and a phase measurement 

error of 1 millimetre. Propagating the phase measurement error using equations (5.5) and 

(5.6) gives the Doppler observable a measurement error of 8 millimetres for the TI 4100 

and 4 millimetres for the other two receivers. The o&j> observable subsequently has 
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measurement error of 8 millimetres for the TI 4100 and 4 millimetres for the other two 

receivers. 

Note here that the correlation between the pseudo-range and the phase 

measurements is assumed to be zero. In addition, the physical correlation between phase 

measurements was not considered. This subsequently creates a diagonal weight matrix of 

the observables containing their corresponding measurement errors given above. The off-

diagonal elements are zeros. 

Following the procedure of the least squares process, the estimated correction 
....... 

vector o, is applied to the initial estimates of the unknown parameters. The process is 

iterated until the unknown parameters converge to a level where further iterations are of no 

significance. 

5.5 Transformation of Position, Velocity and Acceleration 

Letting X represent the XYZ cartesian coordinates of the receiver and U represent 

the cp!JJ. geodetic coordinate of the same point, then the transformation from U to X is given 

by [Krak:iwsky and Wells 1971]: 

X=JU (5.12) 

The matrix J represents the Jacobian of the transformation from U to X and is given 

as follows [Krakiwsky et al., 1977]: 

-(M+h) sincp cosA. 

-(M+h) sincj> sinA. 

(M+h) coscj> 

-(N+h) coscj> sinA. 

(N+h) coscj> cosA. 

0 
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coscj> cosA. 

coscj> sinA. 

sincj> 

l (5.13) 



The error propagation for these three dimensional coordinate systems involves the 

transformation of the covariance matrix of the cartesian coordinates, CXYZ into the 

geodetic covariance matrix, C4>A.h· Using the law of propagation of errors this 

transformation is given as follows [Wells and Krakiwsky 1971]: 

(5.14) 

In this thesis it becomes necessary to transform the velocities and accelerations, and 

their associated errors from the cartesian coordinate to the geodetic coordinate system. 

Appendix N gives the derivation of these transformations. 

In summary, the geodetic velocities are expressed as follows: 

. -1 . 
U=J X (5.15) 

where, 

= the velocities of the receiver in the geodetic coordinate system, 

=the Jacobian matrix for the transformation (equation 5.13), 

= the velocities of the receiver in the cartesian coordinate system. 

The propagation of the cartesian velocity errors, :E :X , to the geodetic velocity errors, 

Lt], is represented by: 

T 
-1 -1 

:E-u= J :Ex(J ) 

The time derivative of equation (5.15) gives the accelerations in the geodetic 

coordinate system as follows: 
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where, 

ti 

j 
-1 

. . . -1 . . -1 . 
U==J X+J X (5.17) 

= the accelerations of the receiver in the geodetic coordinate system, 

= the time derivative of Jacobian matrix for the transformation (see 

Appendix IV), 

=the accelerations of the receiver in the average terrestial coordinate 

system. 

The corresponding propagation of acceleration errors from the cartesian coordinate 

system to the geodetic coordinate system is given as: 

where, 

T T T T 
1 1-. -1 -1 -1 1-. 1..... .-1 

L.u = r L.xO- J + i L-x<i > + i :Exx<I- J + r LxiP > (5.18) 

:E·· u 

L.·· X 

:Exx L. ... 
, XX 

= the covariance matrix of the receiver accelerations in the geodetic 

coordinate system, 

= the covariance matrix of the receiver accelerations in the cartesian 

coordinate system, 

=the correlation matrices between the receiver velocities and 

accelerations in the cartesian coordinate system. 

5.6 Summary 

The method used in this chapter to determine accelerations using single frequency 

GPS carrier phase observing techniques was to first determine the accelerations of each 

receiver and then difference between receivers to eliminate systematic errors. This chapter 
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has developed the least squares adjustment model for determining these accelerations. The 

model has been based on a three epoch observation scheme. The observations consisted of 

pseudo-range and carrier phase observations. The phase measurement was differenced in 

time to give the receiver accelerations. The pseudo-range observations were used to 

determine the receiver position in the adjustment Although the pseudo-range position is 

not as smooth as the carrier phase determined position, it was shown that the apparent 

noise in the pseudo-range position from epoch to epoch had no significant effect on the 

determination of the receiver acceleration in the direction of the satellite. 

In formulating the observation equations the satellite accelerations were derived 

using the orbital parameters described by the broadcast ephemeris. In addition, a weighting 

scheme was designed to handle data where the three epoch observing scheme had unequal 

spaced time intervals. Finally the transformation of the coordinates, velocities, and 

accelerations from the cartesian coordinate system to the geodetic coordinate system was 

developed. 

The next step towards evaluating the possible acceleration accuracy achievable from 

GPS measurements is to test the model presented here using observed GPS data. The next 

chapter performs this test and comments on the results. 
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CHAPTER SIX 

GPS Observations and Processing Results 

6.0 Introduction 

Chapter 6 applies the theory for determining accelerations presented in this thesis to 

observed GPS data. Three GPS data sets were collected. Each set consisted of pseudo

range and carrier phase measurements at two fixed points situated within 50 metres of each 

other. The data sets are described and accelerations are determined. The results are 

assessed as they pertain to this thesis. 

6.1 TI 4100 Observations 

The first set of data was collected using two Texas Instrument TI 4100 GPS 

Receivers. The TI 4100 is a CIA-code plus P-code, Ll/L2 single channel multiplexing 

receiver. It records dual frequency pseudo-range and carrier phase measurements as well 

as the navigation message. More details concerning this receiver can be found in Ward 

[1984]. 

6.1.1 TI 4100 Data Description 

The 11 4100 data was collected on December 16, 1987, in Ottawa, Canada 

(approximately 45.1°N, 76.1°W). The two receivers were spaced less than 50 metres 

apart The sampling interval for both receivers was two seconds. The receivers recorded 

the Ll/L2 P-code pseudo-range and carrier phase measurements. The time length of the 

observing session was approximately 40 minutes. The receivers at both ends of the 

baselines were held fixed. Consequently, the theoretical accelerations of the receivers 

should be zero. The accelerations were determined from pseudo-range and phase 
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observations from four satellites. Only the L2 carrier phase was utilized. It was found that 

the ionospheric correction obtained from using dual frequency observations was 

insignificant when determining accelerations. The POOP value for the observing session 

centred about 4. A polar plot giving the sky distribution of the satellites during the time 

period of observing is given in Appendix V. 

6.1.2 <!>A.h Accelerations and Assessment of Results 

Figure 6.1 shows the time series of undifferenced vertical accelerations for each 

receiver. The mean value for each plot shows that the acceleration value does not exceed 
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Figure 6.1 Vertical Accelerations Using U ndifferenced TI 4100 Data 
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Figure 6.2 Accelerations in LatitudeUsing Undifferenced TI 4100 Data 

0.00036 mm/sec2 which equates to less than 0.1 mGal. This indicates that no apparent 

bias is present in the data and testifies to the validity of the theory presented here. The 
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Figure 6.3 Accelerations in Longitude Using Undifferenced TI 4100 Data 

standard deviation about zero of each time series shows a magnitude ranging from 0.62 

mrn/sec2 to 0.67 mm!seCl which corresponds to 62 mGal and 67 mGal respectively. 

40 

Figure 6.2 and 6.3 show the time series of horizontal accelerations for each 

receiver. The mean value in the latitude does not exceed 0.00288 mm/sec2 while the mean 

value in the longitude does not exceed 0.00172 mm/sec2. These accelerations are also less 

than 0.1 mGal which also indicates that no apparent bias is in the horizontal components of 

the acceleration data. The standard deviations of the horizontal accelerations do not exceed 

1.76 mm/sec2 and 0.70 mm/sec2 for the latitude and longitude components respectively. 

The polar plots of the satellite sky distribution during the observing session are given in 

Appendix V. The plots show the majority of the satellites situated in the northern part of 
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Figure 6.4 Vertical Accelerations Using Undifferenced Trimble 4000 SLD Data 

the sky. Thus, the difference in the noise levels of the horizontal components could be a 

result in the geometric configuration of the satellites. 

6.2 Trimble 4000 SLD Observations 

The second set of data was collected using two Trimble 4000 SLD receivers. This 

receiver is a CIA-code, Ll/L2 multichannel receiver. The receiver can observe five 

satellites on both Ll and L2 frequencies or ten satellites on just the Ll frequency. More 

details concerning the Trimble 4000 SLD receiver can be found in Alison et al. [1988]. 

6.2.1 Trimble 4000 SLD Data Description 

The Trimble data was collected on May 27, 1989, in Fredericton, Canada 

(approximately 45.9°N, 66.6°W). The receivers were situated within 50 metres of each 

other. The sampling interval for the observing session was four seconds. The observing 
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Figure 6.5 Accelerations in Latitude Using Undifferenced Trimble 4000 SID Data 

session was for approximately 40 minutes. The receivers at both ends of the baselines 

were held fixed and recorded the Ll signal only. Acceleration results were based on 

recording pseudo-range and carrier phase measurements from six satellites. The PDOP for 

the observing session centred about 3. A polar plot of the satellite sky distribution for the 

observing session is given in Appendix V. 

6.2.2 cpA.h Accelerations and Assessment of Results 

Figure 6.4 shows the vertical accelerations as computed using observed pseudo-

range and carrier phase data from the Trimble 4000 SLD. 

The mean value does not exceed 0.00088 rnm/sec2. This compares quite well with 

the sub-rnGal vertical acceleration determined using the TI 4100. This further confums the 

validity of the procedure used here in determining acceleration. The standard deviation of 
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Figure 6.6 Accelerations in Longitude Using Undifferenced Trimble 4000 SLD Data 

the vertical accelerations using the Trimble data does not exceed 0.22 rnm!sec?. The noise 

level between the two vertical acceleration time series is noticeably differenL This gives a 

clear indication of the advances in receiver technology (eg. multichannel receivers) and the 

implementation of extra satellites towards a full constellation. 

Figure 6.5 and 6.6 show the horizontal accelerations in the latitude and longitude 

directions. The mean accelerations do not exceed 0.00565 mrn/sec2 and 0.00163 mrn/sec2 

for latitude and longitude respectively. The standard deviations of these time series are no 

larger than 0.77 mm/sec2 and 0.28 mrn/sec2 for the latitude and longitude respectively. 

These are much smaller than the error associated with the TI 4100. This may reflect the 

level of accuracy which has been gained over the past decade as a result of the technological 

advances mentioned earlier. 
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Figure 6.7 Vertical Accelerations Using Undifferenced Ashtech Xll Data 

6.3 Ashtech XII Observations 

The final set of GPS data was collected using the Ashtech X1I GPS receiver. This 

receiver is a multichannel C/A-crxle tracking receiver which presently operates using the Ll 

frequency. The receiver can simultaneously track up to 12 satellites on 12 separate 

channels. More details concerning this receiver can be obtained from Ashjaee et al. [1988]. 

6.3.1 Ashtech XII Data Description 

The Ashtech data was collected in Fredericton, Canada in September 1989. The 

two receivers were placed approximately 10 metres apart and were held ftxed for the 

duration of the observing session. Pseudo-range and carrier phase data from as many as 

seven satellites were observed at a two second sampling interval. The POOP value for the 

observing session centred about 3. A polar plot giving the satellite sky distribution for the 
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Figure 6.8 Accelerations in Latitude Using Undifferenced Ashtech XII Data 

time period during observing is given in Appendix V. It should be noted that Selective 

Availability was believed to be in operation at this time. 

6.3.2 <)>Ah Accelerations and Assessment of Results 

30 

Figure 6.7 shows the vertical accelerations of both receivers as computed here. The 

mean accelerations and standard deviations do not exceed O.CX)733 mrn/sec2 and 0.65 

mrn/sec2 respectively. This is similar to the result obtained with the Trimble 4000 SLD. 

Figure 6.8 and 6.9 show the horizontal accelerations as detem1ined using the Ashtech 
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Figure 6.9 Accelerations in Longitude Using Undifferenced Ashtech XII Data 

receivers. The mean and standard deviations of the horizontal and vertical accelerations are 

of the same order of magnitude as the previously displayed results of the TI 4100 and the 

Trimble 4000 SLD data sets. 

6.4 Overview of Results 

Table 6.1 gives a summary of the acceleration results. A direct comparison among 

the three types of data sets indicates that the TI 4100 mean accelerations are smaller than the 

Trimble results which are then smaller than the Ashtech XII mean values. The noise level 

of the accelerations among the three types of data sets show that the TI 4100 and Ashtech 

XII results are relatively equivalent. However, the Trimble 4000 SLD results are only half 

as noisy as the other two receivers. 
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Table 6.1 

Summary of Undifferenced GPS Determined Acceleration 

(mm/sec 2) 

Receiver 
J.l·· a·· 

J.l .. 
a- J.l·· a-<I> q, A. A. h h 

TI4100 

"A" -0.00136 1.58 -0.00137 0.70 0.00011 0.62 

"B" -0.00288 1.76 -0.00172 0.69 0.00036 0.67 

Trimble 4000 SLD 

"A" 0.00524 0.75 -0.00050 0.28 0.00077 0.22 

"B" 0.00565 0.77 -0.00163 0.28 0.00088 0.22 

AshtechXll 

"A" -0.00594 1.16 -0.00508 0.59 -0.00131 0.62 

"B" 0.00453 1.15 0.00328 0.57 0.00733 0.65 

A closer look at the results show that the signature and magnitude of the mean 

acceleration values of the TI 4100 and the Trimble results are similar for data sets from both 

receivers. In comparison, the Ashtech results show a larger difference between the mean 

acceleration values of data sets from both receivers. The noise level, however, remains the 

same. A reason for this unusual higher noise level could not be resolved at this time. It is 

believed that Selective Availability, which has shown to be in effect at this time [Kremer et 

al 1989], could be the cause of this irregularity. 

The similar mean acceleration values between each data set are expected since it was 

assumed that the antenna of each like receiver were electronically identical and were placed 

in an environment where multipath and imaging have been minimized. The noticeable 

difference in mean acceleration in the Ashtech results can possibly be due to antenna 
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differences or the influence of imaging and/or multi path. Also, as mentioned above, 

Selective Availability could have connibuted to these results. On the other hand, the non

zero means given in Table 6.1 can be attributable to the unmodelled accelerations which 

originate from antenna variations which are not common in each GPS antenna. 

A spectral decomposition of the data was performed in order to give some insight 

into the relationship between these data sets. This is part of the analysis which is presented 

in the next chapter. 

6.5 Summary 

This chapter has shown computed accelerations from fixed points using the 

observing and processing techniques described in this thesis. The results show that the 

acceleration of a fixed point can be resolved to less than 1 mGal. The advances in receiver 

technology and the implementation of extra satellites towards a full constellation where 

shown to give lower noise levels in accelerations. An exception, however, was with the 

Ashtech XII data set where unusual higher noise levels were experienced. No finn 

c;onclusion on why this resulted could be reached. Several factors were believed possible. 

These factors included the antenna, the antenna environment, or Selective Availability. 

The standard deviations of the accelerations given by all three data sets were in the 

order of tens of mGal/sec2. These values are similar to those given by Kleusberg et al. 

[1989], and are unacceptable for airborne gravimetric applications. However, as 

mentioned earlier, the gravity cut-off frequency was 0.0083 Hz. This implies that only 

noise with frequencies less than 0.0083 Hz will contaminate the gravity measurements. 

The process of assessing the GPS determined accelerations within the passband involves a 

spectral decomposition of the time series of acceleration data. This subject is the topic of 

the next chapter. 
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CHAPTER SEVEN 

Spectral Analysis of Acceleration Data 

and 

Application of a Low-pass Filter 

7.0 Introduction 

Chapter 7 continues the analysis of the acceleration data in order to obtain an 

accuracy level at which the GPS determined accelerations have been computed. The 

chapter begins with a spectral decomposition of the acceleration data to determine the power 

spectrum of the signals which exist in the acceleration time series. This analysis is 

performed for each data set obtained in Chapter 6. An assessment of the results is given. 

A low-pass filter is then applied to the acceleration in order to filter out the high frequency 

noise within the gravity bandpass. Finally, a discussion is given on the implication of 

Selective Availability when determining accelerations. 

7.1 Spectral Decomposition of Acceleration Data 

The link between the Fourier spectrum and the covariance matrix is the Fourier 

transformation [Abidin 1989]. In tum, this relates the Power Spectral Density (PSD) 

function to the covariance function. This relationship was expressed in Chapter 2 and is 

again written as follows: 

rms = ~ J fo PSD(t) df 
0 

(7 .l) 
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Consequently, in order to assess the acceleration error within the gravity bandpass 

cut-off frequency of 0.0083 Hz a spectral decomposition of the acceleration time series was 

performed. 

The PSD plots of the vertical and horizontal accelerations obtained from Chapter 6 

are illustrated in Appendix V. In general, all plots show an increasing power in the high 

frequency part of the spectrum. This is attributed to the measurement white noise being 

amplified as a result of the numerical differentiation of the carrier phase [Kleusberg et al., 

1989]. A lower powered signal exists within the bandpass of 0.0083 Hz. Table 7.1 gives 

the corresponding rms values of the acceleration data using equation (7 .1 ). 

Table7.1 

Rms Values of Undifferenced Accelerations 
within the 

Gravity Bandpass of 0.0083 Hz 

Acceleration Accuracies (mGal) 

Receiver 
q, A. h 

TI4100 

ft'Atf 7 4 2 

uB" 7 4 2 

Trimble 4000 SLD 

"A .. 10 4 3 

ttB .. 9 4 3 

Ashtech XII 

"A .. 6 5 3 

"B" 5 4 4 

70 



The limits of the integral are from 0.001 Hz to the cut-off frequency of 0.0083 Hz. 

No signal below 0.001 Hz was considered because the power below this frequency 

contributes relatively little to the acceleration error [Bower et al., 1989]. The results show 

that the vertical accelerations over the passband have an rms value ranging from 2 to 4 

mGal These accuracy levels are outside of the acceptable accuracy range of the 1 to 2 

mGal accuracy requirement of airborne gravimetry. 

A closer look at the PSD plots of Appendix V reveals that the low frequency part of 

the acceleration spectrum have similar power spectral densities. Assuming no common 

multipath effects exist between the two receivers, then this low frequency signal may be 

attributable to atmospheric conditions, common receiver and antenna electrical 

characteristics, and satellite clock errors. In order to reduce these effects, the acceleration 

values were differenced between receivers. Table 7.2 gives the mean and standard 

deviation of each data set after differencing between receivers. The sub-mGal mean results 

show that no biases have been introduced in the differencing process. 

Table 7.2 

Summary of Differenced GPS Determined Accelerations (mrn/sec2) 

Receiver 
J.l·· J.!·. J.!·· 

<P a .. 'A a- h a·· cjl A. h 

TI4100 0.00313 1.89 0.00060 0.68 0.00016 0.53 

Trimble 4000 SLD -0.00041 0.40 0.00113 0.22 -0.00010 0.16 

Ashtech XII -0.00512 0.81 -0.00835 0.60 -0.00864 0.50 
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The PSD plots which result from this differencing are shown in Appendix VL 

Table 7.3 summarizes the acceleration accuracies obtained by implementing equation (7 .1 ). 

The differencing results presented in Table 7.3 reflect the direct differencing of the mean 

values given in Table 6.1. 

The PSD plots show that the high frequency noise of the phase measurements still 

remains. However, the low frequency signal has decreased in power by an order of 

magnitude. Exceptions exist, however, for the latitude component of the Trimble receiver 

and all three acceleraton components of the Ash tech receiver. 

Receiver 

TI4100 

Trimble 4000 SLD 

Ashtech XII 

Table 7.3 

Rms Values of Differenced Accelerations 
within the 

Gravity Passband of 0.0083 Hz 

Acceleration Accuracies (mGal) 

h 

0.4 0.1 0.2 

2 0.5 0.4 

5 3 3 

It is believed that the discrepancy in the Trimble latitude acceleration data is a result 

of multipath effects. One of the two Trimble antennas was situated within 10 metres of a 

large wall, while the other was located in a wide open space. The effect of multipath on the 

acceleration time series would cause a different power in the low frequency part of the 

spectrum. The difference in the power of the two acceleration time series is quite dominent 
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in the lower part of the acceleration spectrum. A separate data set in a multi path free 

environment to resolve this discrepancy was not obtained at the time of observing. 

The Ashtech data set was collected in a farm field away from any obstructions 

which may cause multipath or imaging. If the two antenna are not electronically identical, 

that is, the phase centre and phase variations of each antenna are different, then the 

acceleration time series could show a different power spectrum in the low frequency band 

I_Tranquilla 1989]. Such differences exist in the power spectrum of the Ashtech 

acceleration data. Consequently, the difference in the acceleration power spectrum of the 

data set is believed to result from the electronic differences between the two Ashtech 

antenna. 

With respect to the TI 4100 and Trimble data sets the rms values of the vertical 

acceleration data within the gravity bandpass range from 0.2 mGal to 0.4 mGal, which are 

within the 1 to 2 mGal accuracy level for airborne gravimetry. The results also compare 

favourably with results predicted by Kleusberg et al. [1989]. The rms values, for the same 

two receivers, of the horizontal acceleration data within the gravity bandpass of 0.0083 Hz 

range from 0.1 mGal to 0.5 mGal, which is well within the 6 Gal horizontal accuracy 

requirement level for airborne gravimetry. 

7.2 Application of a Low-Pass Filter 

where, 

The corrected gravity value for the gravity passband is given as follows: 

=gravity corrected for receiver vertical accelerations, 

=the observed gravity as a result of low-pass filtering over the 

passband with cut-off frequency of 0.0083 Hz, 
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ii =the measured receiver acceleration, 

iihigh =the high frequency part of the measured receiver acceleration 

outside the gravity bandpass. 

As shown in Chapter 6, the low and high frequency signals are embedded within 

the same data set In order to separate these low and high frequency signals the 

acceleration data needs to be subjected to a low pass filter. 

7.2.1 Filter Description and Implementation 

where, 

The ideal low-pass filter has a transfer function, H(oo), given as follows: 

1 if 0 =:; (J) =:; (J) c 

H(ro) = { 

0 if roc < ro =:; oo 

H(ro) =the transfer function, 

ro = the frequency of the signal, 

roc =the cut-off frequency. 

The above filter can be implemented by fixing the range of the impulse response 

function and then find the filter whose transfer function best approximates H(ro) in the least 

squares sense. Details concerning the design of this filter can be found in Bloomfield 

[1976]. 1bis implementation of this filter to the data collected for this thesis is described 

below. 

7.2.2 Spectral Decomposition of Filtered Acceleration Data 

A symmetric non-recursive least squares low-pass filter was applied to the TI 4100 

acceleration data obtained for this thesis. Only the TI 4100 data was used in order to test 
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the ability of the low-pass filter. In summary, the filter had a 65, and a 33, term least 

squares approximation to the cut-off frequency of 0.0083 Hz. The transfer function had a 

transition band of width 41t/2NS+ 1 surrounding the cut-off frequency of 0.0083 Hz. The 

value of 2NS+ 1 represents the number of terms in the least squares approximation. 

Appendix VII shows the spectral decomposition of the filtered vertical and horizontal 

acceleration from the TI 4100 data set. The plots show that the low frequency signal still 

remains while much of the high frequency signal has been removed. Some distortion in the 

low frequency part of the spectrum has resulted. The distortion is more pronounced as the 

transition band about the cut-off frequency is narrowed. 

Another practical aspect of the filtered data is if the signal maintains its phase value 

after filtering has been applied. Otnes and Enochson [1978] state that when using a 

symmetric nonrecursive filter, such as the one used here, there is zero shift in phase of the 

filtered signal. However, the trade-off when implementing these filter types is a shortening 

of the data set. The magnitude of this reduction is equivalent to one half the span of the 

filter. Consequently, the data set in the above analysis, recognizing the filter spanning 

. 64+ 1 terms, will be reduced by 32 epochs at each end. Consequently, in order to 

compensate for this reduction, 64 extra observations would be required. In terms of 

airborne gravimetric applications, this means that the collection of data would have to start 

32 epochs earlier in order to obtain the same spatial coverage as the unfiltered data. 

Using equation (7 .1), and adding on the error contribution due to receiver 

measurement noise, the total rms errors in acceleration are given in Table 7.4. The results 

are still within the acceleration accuracy requirements for airborne gravimetry. 

7.3 Summary 

This chapter has applied spectral analysis techniques in order to obtain a measure of 

the accuracy of the acceleration data detem1ined using GPS measurements. The results 
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have shown that a strong correlation exists between corresponding data sets. This 

correlation can be attributed to the satellite clock error and atmospheric conditions. 

Differencing between receivers was shown to reduce the acceleration error by an order of 

magnitude. The remaining error was within the acceptable limits of the 1 to 2 mGal 

accuracy requirements of airborne gravimetry. It was shown however. that these 

accuracies cannot be reached if the electronic characteristics of the receiver antennas are not 

identical. 

Table 7.4 

Rms Values of Differenced and Filtered Accelerations 
using TI 4100 Data Sets 

Number of 
Rms(mGal) 

Terms 
~ 'A. 

33 0.7 0.2 

65 0.2 0.1 

h 

0.3 

0.2 

A low-pass fl.lter was implemented on the acceleration data in order to reduce the 

contribution of the high frequency receiver measurement noise to the total acceleration error 

within the gravity bandpass. The total acceleration error was still within the 1 to 2 mGal 

accuracy level. 

The fmal chapter in this thesis investigates the implications of Selective Availability 

on acceleration determination using GPS observing and processing techniques. 
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CHAPTER EIGHT 

Implications of Selective Availability 

on 

Acceleration Determination 

8.0 Introduction 

Chapter 8 presents acceleration data which is thought to be contaminated by 

selective availability. The chapter investigates the implications of this type of selective 

availability (S/A) on acceleration determination using the GPS observing and processing 

techniques presented in this thesis. Differencing techniques of the acceleration data are then 

applied in order to see if the effect of S/ A experienced here can be reduced if not eliminated. 

Analysis of the data follows along the same approach as that taken in the previous chapter 

8.1 Implications of Selective Availability on Acceleration 

Determination 

Section 4.5.6 defined selective availability as the intentional contamination of the 

GPS signal such as dithering the satellite clock or changing the satellite broadcast 

ephemeris. Part of the observing session for the Trimble 4000 SLD data involved 

observing phase and pseudo range data from satellite PRN#14. Satellite 14 is part of the 

Block II satellites which are presently being launched into orbit. In addition, these satellites 

have been programmed to transmit signals which have been influenced by S/ A [Kremer et 

al., 1989]. 

Figure 8.1 shows the computed height position as a result of including satellite 14 

in the observation session. The height positions were computed with pseudo-range 

observations. The plot shows the characteristic high frequency noise from pseudo-range 
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positioning. However, a large uncharacteristic jump of approximately 60 metres 

simultaneously occurs in both receivers near the 20 minute time period. 

Analysis of the data set showed that both the pseudo-range and the canier phase 

data of satellite 14 experienced a large change in magnitude. The change occurred within 

the sampling rate of four seconds. Results without using satellite 14 show the same 

characteristics as in Figure 8.1 only without the large jump. Figure 8.1 does not resemble 

the characteristic effects of S/A as shown by Kremer et al. [1989]. However, as only one 

ephemeris record was used throughout the observing session, it is believed that the 

contamination of the signal was a result of the dithering of the satellite clock, and thus is 

believed to be some form of selective availability. 

8.2 Handling Selective Availability when Determining 

Accelerations 

Figure 8.1 shows that the height position, after the apparent jump, tends to 

gradually recover towards the value it would normally have had if the signal had not been 

distorted. This movement, or settling, occurs similarly in both receivers. This appears to 

be the settling of the satellite clock after dithering. Consequently, assuming the settling is 

common in both receivers, the effect should be removed by differencing between receivers. 

The apparent jump in acceleration, which occurs at the time of selective availability, can be 

treated for airborne gravimetry in much the the same manner as cycle slips. That is, 

disregard the acceleration resulting from S/ A in the averaging process over the gravity 

passband of two minutes. 

In order to test this approach the accelerations for the above data set were computed 

using the contaminated data of satellite 14. Table 8.1 gives the results of this test. The 

table shows that the mean values of the acceleration data sets are still sub-mGaL 
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Table 8.1 

Summary of GPS Determined Accelerations Influenced by Selective Availability 

Receiver 

Trimble 4000 SLD 

"A't 

"B" 

Differenced 

Receiver 

(mm/sec2) 

<I> a·· 
~ 

A ai 

0.00575 0.61 -0.00241 0.27 

0.00266 0.61 -0.00034 0.28 

0.00308 0.33 -0.00207 0.21 

Table 8.2 

Rms Values of GPS Determined Accelerations 
Influenced by Selective Availability 

Trimble 4000 SLD <I> (mGal) A (mGal) 

"A" 6 4 

"B" 8 4 

Differenced 3 0.6 

h a-
h 

-0.00002 0.21 

-0.00004 0.23 

0.00002 0.15 

h (mGal) 

3 

3 

0.7 

Appendix Vill shows the power spectral density plots of S/ A contaminated 

accelerations determined from both receivers. The low frequency part of the spectrum for 

all three acceleration components show similar results. An exception once again exists in 

the latitude component where it is believed multipath may be influencing the results. 

Appendix VIII also shows the PSD results after differencing between the two receivers. 
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Table 8.2 gives the rms values of accelerations within the gravity passband of 

0.0083 Hz. This table reveals that by applying the differencing technique the rms values of 

the GPS determined acceleration within the passband of0.0083 Hz are well within the 

accuracy specifications required for airborne gravimetry. Another aspect of Table 8.1 and 

Table 8.2 is that the height accelerations show slightly better results when compared with 

those of Table 6.1 and Table 7 .2. The reason for these results was not completely 

ascertained However, a look at the satellite polar plot shows that there is a better 

geometric configuration with the addition of satellite 14 into the observation scheme. 

8.3 Summary 

This chapter has shown the effect of what is thought to be a form of selective 

availability on GPS pseudo-range positioning. A jump of 60 metres in height was 

experienced with the Trimble 4000 SLD data set presented in previous chapters. The 

suggested handling of selective availability in determining aircraft accelerations for airborne 

gravimetry was to ignore the apparent large acceleration resulting at the time of S/A, and to 

difference between receivers to eliminate the systematic settling of the satellite clock after 

S/A has been implemented. Analysis of the acceleration data using power spectral density 

techniques showed that the acceleration accuracy requirements for airborne gravimetry can 

be met when handlingS/A in the manner described above. 

In retrospect, if we consider the poorer then expected performance of the Ash tech 

receiver, it could be viable to suggest that selective availability, in some other form (eg. 

Kremer et a1 [1989]), contaminated the Ash tech data. 
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CHAPTER NINE 

Conclusions and Recommendations 

9.0 Overview of Thesis 

This thesis has investigated the determination of acceleration for airborne 

gravimeny using the NA VSTAR Global Positioning System. It was shown from a review 

of the literature that vehicle position and velocity accuracy requirements for airborne 

gravimetry can already be met using the GPS observing and processing techniques. 

However, the separation of the vehicle acceleration from the gravity measurements was 

shown as one of the major problems presently facing airborne gravimetric surveys. The 

capababilities of conventional techniques such as radar, pressure, and laser altimeters can 

not meet the vertical acceleration requirements of 1 to 2 mGals. This accuracy measure was 

based on filtered gravity data over a passband of 0.0083 Hz (2 minutes). 

This thesis has developed and implemented a technique whereby the vertical and 

_horizontal accelerations of a GPS receiver can be determined by using the pseudo-range 

and carrier phase observations. This development follows from the work performed by 

Kleusberg et al. [1989] and Kleusberg [1989]. The theory behind this technique was to 

utilize the second time derivative of the carrier phase to determine the acceleration of a 

moving receiver. The three cartesian component accelerations were then transformed to 

give accelerations in the geodetic coordinate system. A three epoch observing and 

weighting scheme was developed in order to formulate the mathematical model describing 

the receiver acceleration. 

Static data sets of GPS pseudo-range and carrier phase observations were collected 

from three different types ofGPS receivers. These were the TI 4100, the Trimble 4000 

SLD, and the Ashtech XII receivers. Each data set consisted of observations from two 
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receivers which were situated within 50 metres of each other. Spectral analysis techniques 

were applied to the computed accelerations in order to determined the acceleration accuracy 

within the gravity passband of 0.0083 Hz. 

A non-recursive low-pass filter was applied to the data in order to separate the low 

frequency signal of the acceleration from the high frequency receiver noise signal. The 

results of this filtering were presented. 

Fmally, the height position from a data set which was thought to be contaminated 

with selective availability was presented. In addition, the accelerations of this data set as 

processed using the technique developed above were presented. 

9.1 Conclusions 

Several conclusions have been formed as a result of the research that was conducted 

in writing this thesis. 

(1) With respect to a static data set, the application of the GPS pseudo-range and carrier 

phase observations can be used to determine antenna accelerations which meet the airborne 

gravimetric acceleration requirements of 1 to 2 mGals (Chapter 5,6 and 7). 

(2) Multi path effects on the carrier phase signal may limit the achievable acceleration 

accuracy (Section 7.1). 

(3) The electrical quality of the GPS receiving antenna may limit the accuracy at which 

accelerations can be determined (Section 7.1 ). 

(4) The acceleration accuracy obtained by processing data from a single GPS receiver 

does not meet the 1 to 2 mGal requirements of airborne gravimetry. The signal in the low 

frequency part of the acceleration spectrum showed a high power. The power spectral 

density plots of adjacent acceleration data sets revealed that this high powered signal is 

common in both time series. Consequently, differencing the accelerations between 
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receivers reduced the power. The accuracy of the differenced accelerations were well 

within the required specifications (Chapter 6 and 7). 

(5) The application of a non-recursive low-pass filter to the acceleration data can 

separate the high frequency receiver noise from the low frequency acceleration values. 

This filtering does not change the phase of the acceleration signal within the gravity 

passband. However, by narrowing the transition band of the filter some distortion occurs 

to the characteristics of the low frequency acceleration signal (Chapter 7). 

( 6) Selective Availability can cause apparent jumps in acceleration values within the 

sampling rate of the signal. In the case of satellite clock dithering, the behaviour of the 

receiver's apparent position, and subsequent acceleration, is comnion in adjacent receivers 

observing over the same time period. Consequently, this settling effect can be eliminated 

by differencing accelerations between receivers (Chapter 8). 

(7) The apparent acceleration jumps caused by cycle slips and selective availability can 

be handled by omitting them in the averaging process over the gravity passband of 120 

seconds. With a high sampling rate this would have little effect on the overall mean value. 

However, it should be noted that the type of selective availability experienced in this thesis 

does not resemble that found by other authors [Kremer et al., 1989]. Consequently, the 

method of handling selective availability, as discussed in this thesis, refers only to the data 

collected here (Chapter 8). 

9.2 Recommendations 

This thesis has investigated the use of GPS observing and processing techniques 

towards determining aircraft accelerations for airborne gravimetry. The data collected for 

this research was static data from three different GPS receivers. The following 

recommendations are presented as a basis for future research involving this topic: 
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(1) The collection and processing of a test data set is essential in determining the 

success of the application of this technique. This does not necessarily involve the 

collection of airborne data. Simulation data sets can be obtained as well as data sets from 

moving platforms which are mechanically controlled allowing for precise measurements of 

the antenna motion. 

(2) The electrical characteristics of the antenna of different receiver types should be 

measured and classified as to their capabilities for measuring accurate accelerations. 

(3) An investigation should be conducted into the type of low-pass filter which should 

be used to separate the high frequency measurement noise from the low frequency 

acceleration signal of the receiver. This filter should not distort the characteristics of the 

low frequency acceleration signal as was experienced in this research. 

(4) More research is needed in order to determine the effect of selective availability on 

the determination of accelerations using the second time derivative of the canier phase. A 

modification of the technique used in this thesis should be investigated. This modification 

would be to difference between receivers first and then perform the time differencing to get 

relative velocities and accelerations. This may prove to be less sensitive to Selective 

Availability. 
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APPENDIX I 

Sensitivity of Phase Acceleration to Errors 

in Position and Velocity 

using 

Propagation of Errors 

The equation for the second time derivative of the phase in the direction of the 

satellite is given from equation (5.2) as follows: 

2 2 k k 2 a <Jl 1 [ { k .. k .• . k . 1 { k .. .• . • 
00$=-2 =k (X -X)(X -Xj)+(X -X) + (Y -Y)(Y -Y)+(Y -Y)} + ... 

at P· 
J 

2 

... + {(Zk-Z)Cik-Z) + (Zk-Z) } ] - ... 

1 [ k .k. k .k. k .k.] 
... --- (X -X)(X -Xj) + C'f -Y y(Y -Y) + (Z -Zj)(Z -Z) 2+ ... 

k3 

(pj) 

.. k • . .. . . 
. .. + c(dt +dTj)- dion + dtrop + E (I.l) 

where, 

The sensitivity of the phase acceleration to an error on position can be determined 

by error propagation. Assuming all other variables of equation (I.l) are known, the error 

in the phase acceleration due to the error in position is given from equation (5.3) as 

follows: 
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2 2 2 
2 a88<J> 2 a88<J> 2 a88<J> 2 

<>ss$= (""~X·) <>x+ ( ""~y.) ay.+ ( ""~z.) crz. 
OJ J OJ J OJ J 

a&><j> 
The expression (ax.) is evaluated as follows: 

J 

aBoq, 
ax-= 

J 

1 .. . . k 1 k. 2 112 -- -- k 3 IDPn k. 
-(X- X ) -~p A(X1-X J - --IDPn (X1-X ) + (X1-X J 

k J 3 3 k5 
k k 

p j (p j ) (p j ) (p j) 

where from equation (5.2), 

(!.2) 

(1.3) 

2 k k 2 

TOPA= { (Xk-Xy(Xk-X)+<Xk-Xy } + { (Yk-Y)(Y -Yy+cY -Yy } + ... 
2 

... + { (Zk_Z)Ctk-Zy + (Zk-Zy } 

The expressions for (a;~), and (a~~~) are solved for by substituting the 
J J 

corresponding coordinates into equation (!.3) and then substituting back into equation 

(1.2). 

The sensitivity of the phase acceleration to an error on velocity can also be 

determined by error propagation. Assuming all other variables of equation (Ll) are 

known, the error in the phase acceleration due to an error in velocity is given as follows: 
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2 2 2 
2 aoo4> 2 ao04> 2 aoo4> 2 

aoo$:::: (-.-) a>-i + (-.-) crl'i + (-.-) a:Z; 
axj aYj azj (I.4) 

2 

<as~> 
The expression axj is evaluated as follows: 

2 2 

The expressions for 

<ao~> 
ay. 

J 

<ao~> 
and az_; are solved by substituting the 

coresponding coordinates into equation (!.5) and then substituting back into equation (14). 

Worked Example: 

Equation (I.3) shows that the error in the phase acceleration depends on the spatial 

relationship between the satellite and receiver at the time of observation. Noting that the 

this spatial relationship is constantly changing, it would not be feasible to solve all the 

acceleration phase errors for an observing session. Instead, a worked example is 

performed in order to provide some insight to the sensitivity of the phase acceleration to 

receiver position. 

The data for the following example was taken from the TI 4100 data set used in this 

thesis. The velocity and acceleration of the receiver were taken as being zero for this 

particular example. The satellite and receiver position, velocity, and acceleration 

parameters are provided as follows: 

Variable Receiver Parameters Satellite Parameters 

X 1082 330 m -7 350 072 m 

y -4 378 230 m -15951690 m 
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z 4 495 070 m 20 299 553 m 

x 0 m/sec 2130 m/sec 

y 0 m/sec 1333 rn/sec 

z 0 rn/sec 1789 rn/sec 

x 0 rn/sec2 0.31 rn/sec2 

y 0 rn/sec2 -0.07 rn/sec2 

z 0 m/sec2 0.42 m/sec2 

k 

Pj =21326 792 m 

Assuming an error in the ·xyz position of the receiver to be 200 metres and 

substituting this, along with the above parameters, into equation (1.2) gives a phase 

acceleration error of approximately 10-4 mrn/sec2. This value is well below the expected 

acuracy of the acceleration obtainable in this thesis. Consequently, the pseudo-range 

observation can be used to determine the receiver position when computing the acceleration 

using the second time derivative of the second time derivative of the phase measurement. 

Assuming a noise level of approximately 1 m/sec for the velocity estimate using 

only the pseudo-range observation, then the resultant error in the carrier phase acceleration 

will be in the magnitude of 10-1 mm/sec2. This equates to several mGals which is not 

acceptable for reconnaisance airborne gravimetry. Consequently, the carrier phase 

observation is preferred when determining velocity estimates in the acceleration model 

because of its low noise level characteristics. 
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APPENDIX II 

Phase Velocity and Acceleration Over Three Epochs 

In many instances the time interval between phase observations may not be equal 

In the case of determining accelerations this becomes critical, since the change in phase 

over two subsequent epochs gives the acceleration. If the time interval for the phase 

observations are not the same, then it is recommended that, when dealing with a three 

epoch observation scheme, a higher weight be placed on the shorter time interval. This is 

because the phase information collected over the shorter time interval will give a better 

representation of the receiver movement then the phase information obtained over the 

longer time interval. Kleusberg [1989] gives a method of determining the phase velocity 

and acceleration using this weighting technique. The equations for this method are 

developed below. 

Let the phase observations at time t1. t2, and t3 be represented by $1• <1>2• and $3 

respectively. Also, let the velocity and acceleration at epoch t2 be represented by$ and <I> 

respectively. The phase observations at each of the three epochs can be expressed using 

the following equations for acceleration. 

• 1 •• 2 

<l>t = <!>2 + <l><tt-tv + 2 <I> (tt-tv 

<1>2 = <1>2 

Subtracting equation (IL2) from equations (II. 1) and (IL3) gives, 
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(IL3) 

(II.4) 



Equations (11.4) and (II.5) can be expressed in matrix form as follows: 

2 

[::~:] = 

(t 1-t:z) 
tct2 
(-) 

[~] 2 
2 

t3-t2 
(t:rt~ (-) 

2 

Solving for the velocity and acceleration values gives, 

<l>t- <1>2 

tl-t3 
(tl-t~(-y-) 

(II.5) 

(1!.6) 

(11.7) 

For cases where the epoch interval is a constant (ie. (t3-t2) = (t2-t1) = l\t ), then the 

above velocity and acceleration equations simplify as follows: 

(11.8) 

.. 1 
<I> = --2 ($3-2<h+¢t) (IL9) 

(l\t) 
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APPENDIX III 

Satellite Orbital Accelerations 

1.0 Introduction 

The determination of the satellite orbital accelerations are derived by taking the 

second time derivatives of the orbital parameters given in the broadcast ephemeris, and the 

subsequent second time derivatives of the transformation equations which express the 

accelerations of the satellite in the Earth Centred Earth Fixed coordinate system. The 

following abbreviations are used in order to simplify the formula given below. The 

abbreviations are with respect to satellite k at time tic unless otherwise specified. 

· a,b 

e 

c 

=semi-major and semi-minor axis of the reference ellipsoid (WGS 84) 

= the first eccentricity of the ellipsiod ( e2 = (a2-b2)Ja2 ) 

=mean earth rotation ( 7.292115147 x IQ-5 rad/sec) 

= the argument of perigee (rad) 

= time since reference epoch ( t - toe ) 

= speed of light in a vacuum 

=the eccentric anomaly 

=the first time derivative of the eccentric anomally 

=the mean anomaly of the satellite at time ttc 

=the first time derivative of the mean anomaly at time tk (available from the 

broadcast ephemeris) 

= the true anomaly 

= the ftrst time derivative of the true anomaly 

=the second time derivative of the true anomaly 
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cue 

Cus 

uk 

uk 

uk 

ere 

Crs 

rk 

rk 

rk 

cic 

Cis 

Io 

lk 

ik 

1 k 

no 
Q 

A.k 

"-k 
A.k 

XYZoRB 

XY:ZoRB 

XYioRB 

p 

=coefficient of the cosine correction term to the argumant of latitude (rad) 

=coefficient of the sine correction term to the argument of latitude (rad) 

= the argument of latitude (rad) 

= the first time derivative of the argument of latitude 

= the second time derivative of the argument of latitude 

= coefficient of the cosine correction term to the orbital radius (rad) 

= coefficient of the sine correction term to the orbital radius (rad) 

= the orbital radius 

= the first time derivative of the orbital radius 

=the second time derivative of the orbital radius 

= coefficient of the cosine correction term to the orbital plane inclination 

(rad) 

=coefficient of the sine correction term to the orbital plane inclination (rad) 

= the orbital inclination at time toe 

= the orbital inclination 

= the first time derivative of the orbital inclination 

=the second time derivative of the orbital inclination 

= the right ascension paramter in the broadcast ephemeris 

= the rate of change of the right ascension 

= the longitude of the ascending node 

=the fmt time derivative of the longitude of the ascending node 

=the second time derivative of the longitude of the seconding node 

= orbital coordinates 

= orbital velocities 

=orbital accelerations 

=the range from the the satellite to the receiver in the ECEF (or Cf) system 
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p 

p 

XYZECsF 

)(yzECSF 

XYlECSF 

XYZECEF 

xnECEF 
j{yzECEF 

=the range rate from the satellite to the receiver in the ECEF (or Cf) system 

lix:YZ 
=~--

p 

==the change in range rate from the satellite to the receiver in the ECEF (or 

= 

Cf) system 
2 

~YZ (~YZ) 

p 3 
p 

= satellite coordinates in Earth Centred Space Fixed coordinate system 

= satellite velocities in Earth Centred Space Fixed coordinate system 

= satellite accelerations in Earth Centred Space Fixed coordinate system 

=satellite coordinates in Earth Centred Earth Fixed (or Cl) coordinate 

system 

=satellite velocities in Earth Centred Earth Fixed (or Cl) coordinate system 

=satellite acceleratons in Earth Centred Earth Fixed (or Cl) coordinate 

system 

1.1 Time Derivative of Eccentric Anomaly 

1.2 Time Derivative of True Anomaly 
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l 

. (1-el2 Ek 
fk=------2 

{ 1 - e Cos(Ek) } 

1 
2.2. 2 

. . -2e (1-e J Ek Sin(EtJ 
fk=----~--4~ 

{ 1 - e Cos(EtJ } 

1.3 Time Derivative of Argument of Latitude 

ii k = "( k + 2 "( k ( C usCos2( ro+f k) - Cuc;Sin2( <0-+f k) } - ... 
. 2 

... - 4(fk) { C~in2(ro+fk) + CucCos2(<0+f0 } 

1.4 Time Derivative of Orbital Radius 

r A= a(l-eCos(Ek) 

rs = CrcCos2(ro+fJ + Cr~in2(ro+fk) 

IOI 



aeEkSin(Ek) 
r - -:---::::--=:-:-
A- 1-eCos(Ek) 

is= 2fk { Cr5Cos2(w+fk)- CrcSin2(co+fk) } 

. 2 
. . -aeEk 
r A= 3 (e-Cos(EJJ } 

( 1-eCos(EJJ} 

"i 8 = 2 ·r k { Cr5Cos2(co+f0- CrJiin2(ro+f0- ... 
. 2 

... - 4(f0 { CrsSin2(co+f0 + CrcCos2(ro+f0 } 

1.5 Time Derivative of Orbital Plane Inclination 

ik = io + i(tiJ + CicCos2(ro+f0 + CisSin2(ro+f0 

ik = i + 2fk { Ci5Cos2(oHfk)- CicSin2(ro+fk) } 

.i. k= 2.f k { CisCos2(co+fk)- CiJiin2(co+fk)} - ... 

. 2 
... - 4(fk) { CisSin2(ro+f0 + CicCos2(ro+f0 } 

1.6 Time Derivative of Longitude of Ascending Node 

Ak = QO + (Q- (l)~tk- (t)etoe 

Ak = Q- (l)e 
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1.7 Time Derivative of the Orbital Coordinate System 

X oRB= rk Cos(uJ 

YoRB = rk Sin(uk) 

ZoRB=O 

XoRB = rkCos(utJ- rku~in(uk) 

YoRB = r~in(utJ + rkukCos(uk) 

ZoRB=O 

. . • • • 2 . . •. 
X oRB= { r k- rk(uJ }Cos(uk)- { 2rkuk + rk u k }Sin(uk) 
.. • • . 2 . • •• 
YoRB= { rk-r.JutJ }Sin(uk)+ ( 2rkuk+rkuk}Cos(uk) 

Zk=O 

1.8 Time Derivative of the ECSF Coordinate System 

XECSF= XoRBCos(A.iJ- YoRBSin(A.k)Cos(ik) 

Y EcsF= XoRBSin(A.k) + YoRBCos(A.k)Cos(ik) 

ZEcsF = Y oRBSin(ik) 

. 
. . . - { Y ORB [ A.kCos(A.k)Cos(ik) -1J)in(A.k)Sin(ik)] + Y oRBSin(A.k)Cos(ik) } 

Y EcsF= { X 0 RBSin(A.k)- X0 RBA.kCos(A.k) } + ... 

... + { YoRBCos(A.k)Cos(ik)- Y ORB [ 1kCos(A.k)Sin(ik) + A.J)in(Ak)Cos(ik)] } 
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• 2 

XEcsF= Cos(A.k) { X oRB- X0 RB(A.k) 

- 2X0RBA.~in(A.J . 
- 2YoRBA.kCos(A.JCos(i0 

+ Sin(A.k)Sin(ik) { 2Y0 RBik + YoRB .f k } . 
+ 2Y oRBA.JkCos(A.k)Sin(iiJ 

o 2 I 2 •• 
+ Sin(A.k)Cos(itJ { Y oRB(A.iJ + Y oRJJ<tiJ - Y ORB } 

• 2 

Y ECSF= Sin(A.k) {X oRB- XoRB(A.IJ } . 
+ 2X0 RBA.kCos(A.J . 
+ 2Y oRBA.J~in(A.k)Sin(ik) 

- Cos(A.IJSin(ik) { 2Y oRB.{ k + YoRBik) . 
- 2Y0RBA.~in(A.JCos(ik) 

• 2 2 

+ Cos(A.k)Cos(ik) { Y oRB- Y oRB(A.k) - Y oRB<ik> } 

.. . . .. .. . 2 
ZECSF= Cos(ik) {2YoRBik + Y ORB i k) + Sin(ik) {YoRB- Y oRB(iJ } 

1.9 Time Derivative of the ECEF (or CT) Coordinate System 

l 
2 2 2 2 

p = { (X 5-Xr) + (Y 5-Y r) + (Z5-Zr) } 
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s .. s .. . s . 
... + [ (Y -Yr)(Y -Yr) + (Y -YR)] + ... 

s .. s . . . s . 
. . . + [ (Z -Zr)(Z -Zr) + (Z -ZR)] 

XocEF= XECS~os(e..ro) + Y ECsp5in(£..ro) c c 

Y ECEF = -XECSpSin(!:m) + Y ECS~os(f:ro) c c 

. XECEF= Cos(~) { XECSp+ ... 
c 

ffi 1 · ro 1 !!,XYZ 
... +- [ llXYZ(2Y ECSF-~~XYZ)X ECSF) + Y ECS~~yz- ] } + ... 

Cp Cp 3 
p 

. p { .. 
·- · + Sm(=-<O) y ECSF- · · · c 

ffi 1 · ffi 1 6.XYZ 
... - -[ ~YZ(2XECsF+~6.XYZ)YEcsF) + XEcsF<~~XYZ- ) } 

Cp Cp 3 
p 
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w 1 . w 1 t;XYZ 
... -- [ LlXYZ(2XEcsF+ ~t;XYZ)Y ECSF) + XEcsF<~~XYZ- ] } - ... 

Cp cp 3 
p 

. p { .. 
... - Sm(:-{l)) Xocsp+ ... 

c 

Oll . W 1 ll.XYZ 
... + - [ llXYZ(2Y ECSF- ~LlXYZ)X ECSF) + Y ocsF<MXYZ- ] } 

Cp Cp 3 
p 
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APPENDIX IV 

Transformation of Position, Velocity, and Acceleration 

from the 

CT -System to the Geodetic Coordinate Systems 

The transformation of the receiver geodetic cpAh coordinates to the cr coordinates is 

given as follows [Krakiwsky et all977]: 

X= (N+h) Cos($) Cos(A.) 

Y = (N+h) Cos(cp) Sin(A.) 

Z= {N(l-e1 + h} Sin(cp) 

(IV.l) 

(IV.2) 

(IV.3) 

The error propagation for this three dimensional transformation, and the reverse 

transformation, is given as follows [Krakiwsky et all977]: 

T 
Cxvz=J c$Al1J 

T 

Cq,t..h= r 1 Cxvz<r1 

(IV.4) 

(IV.5) 

where in both of the above equations, J represents the Jacobian of the transformation from 

the cr coordinate system to the geodetic coordinate system. The Jacobian matrix for the 

above transformation is given as [Krakiwsky et all977]: 
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-sin(<)>) cos (A) -sin(<)>) sin (A) cos(<)>) 

M+h M+h M+h 

-sin (A) cos (A.) 
0 

1= (N +h) cos (<!>) (N +h) cos(<)>) (IV.6) 

cos(<!>) cos (A.) cos (<!>)sin (A.) sin (<!>) 

In this thesis it becomes necessary to transform the velocities and accelerations from 

the cartesian cr- coordinate system to the geodetic coordinate system. Letting X represent 

the XYZ coordinate of the receiver, and U represent the <j>Ah coordinate of the same point, 

then the transformation from X to U is given by: 

(IV.7) 

Thus the propagation of errors from X to U can be represented by: 

(IV.8) 

The transformation of the receiver velocities from the cr -system to the geodetic 

coordinate system is obtained by taking the time derivatives of equations (IV .1 ), (IV .2), 

and (IV.3). This exercise shows that the Jacobian matrix for the velocity transformation is 

equivalent to the Jacobian matrix of equation (IV.6). Thus, the reverse transformation of 

the velocities is represented as follows: 

. -1 . 
U=J X (IV.9) 
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The corresponding propagation of velocity errors from the CT-system to the 

geodetic coordinate system is then given as follows: 

T 
-1 -1 

L(J=1 L)((J ) (IV.lO) 

The change in U, in equation (IV.9), with respect to a change in time, represents 

the receiver acceleration in the geodetic coordinate system. Consequently, the time 

derivative of equation (IV.9) is given as follows: 

au -tax . -1 . 
dt=J at+J X (IV.ll) 

Denoting dU as ti, the receiver accelerations in the geodetic system, and ()~as X, 
dt Ul 

the receiver acceleration in the Cf-system, then equation (IV.ll) can be written as: 

.. -1·. . -1. 
U=J X+J X (IV.l2) 

The j term of equation (IV.l2) is the time derivative of the Jacobian matrix 

expressed in equation (IV.6). The corresponding propagation of acceleration errors from 

the Cf coordinate system to the geodetic coordinate system is then given as follows: 

(IV.l3) 

The last two terms of equation (IV.l3) represents the correlations between the 

velocities and accelerations. 
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APPENDIX V 

Power Spectral Density Plots 

of 

Undifferenced Accelerations 

The following pages contain plots of the power spectral density values of the 

undifferenced accelerations of each of the data sets obtained for this thesis. The plots of the 

PSD accelerations from both receivers within each data set are given. A polar plot giving 

the satellite sky distribution of each data set is provided as well. 
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Power Spectral Density of Ashtech XII Undifferenced Accelerations in Longitude 
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APPENDIX VI 

Power Spectral Density Plots 
of 

Differenced Accelerations 

The following pages contain plots of the power spectral density values of 

the differenced accelerations of each of the data sets obtained for this thesis 

Sampling Rate = 2.0 seconds 

0.01 0.1 1.0 

Frequency (Hz) 

Figure VL1 

Power Spectral Density of TI 4100 DifferenCed Vertical Accelerations 
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APPENDIX VII 

Power Spectral Density Plots 
of 

Unfiltered and Filtered Accelerations 

The following pages contain plots of the power spectral density values of the 

unfiltered and filtered accelerations as computed using the differenced data sets of 

the TI 4100 receiver. 
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APPENDIX VIII 

Power Spectral Density Plots 

of 

Undifferenced Accelerations 

Influenced by Selective Availability 

The following pages contain plots of the power spectral density values of the 

differenced and undifferenced accelerations which have been contaminated by selective 

availablity. The data set used was from the Trimble 4000 SLD receiver. A polar plot 

giving the satellite sky distribution for the data set is provided as well. 
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