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PREFACE

In order to make our extensive series of lecture notes more readily available, we have
scanned the old master copies and produced electronic versions in Portable Document
Format. The quality of the images varies depending on the quality of the originals. The
images have not been converted to searchable text.
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A SYSTEMATIC ANALYSIS OF DISTORTIONS IN MAP PROJECTIONS

Notes for course in Map Projections, Department of Surveying
Engineering.

L. Hradilek and A. C. Hamilton

Preface

These notes are laid out with the intention that this booklet
will serve as a notebook for the student as well as providing him with most
of the material that will be presented in the lectures.

It 1s assumed that the student has complete mastery of the art
of manipulating expressions in differential calculus, algebra and

trigonometry; numerous opportunities are provided for him to practice this
skill.
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A SYSTEMATIC ANALYSIS OF DISTORTIONS IN MAP PROJECTIONS

Notes for a course in Map Projections in
the Department of Surveying Engineering
University of New Brunswick

INTRODUCT I ON

If we lived on a flat earth there would be no need for a course

on map projections.

As it is we live on an ellipsoidal earth and there is no way

that the curved surface of the earth can be portrayed on a flat sheet of

paper without introducing some distortions. There are two aspects to

this problem:

(a)

(b)

The mapping problem. This is the problem of representing large
areas, such as continents, on a flat piece of paper. There is no
perfect solution to this problem; there are only compromise solutions
that have acceptable distortions.

The surveying problem. Survey measurements are made on the actual,
i.e. the curved, surface of the earth; it is possible using geodetic
formulae to do all computations using the curved surface as
reference, however this would introduce unnecessary complications to
most projects and in practice most survey projects are computed
assuming some plane projection. When using a plane projection the
surveyor must be aware of the distortion that occurs as a result of

using the projection.

Hence in both mapping and surveying we have the problem of which

projection to use and of understanding the distortions that are introduced

by any projection that we do use.

There are many books written for geographers and others interested

in mapping at medium and small scales where a qualitative treatment is

adequate. There are also many treatises on the transformations between

various projection systems; in fact, this is an integral part of the

course on geometrical geodesy. The purpose of these notes is to study

the inherent properties of projections quantitatively and to develop a

systematic approach to the evaluation and classification of map projections.

In these notes analytical expressions for distortions in the

general case are developed and applied to'a representative selection of

projections., It is suggested that the student refer to a descriptive

text, such as Map Projections by H.S. Roblin, for illustrations and a

qualitative discussion of the subject and to a textbook such as Coordinate

Systems and Map Projections by D.H. Maling for more detailed treatment of
the subject.



CHAPTER I

GENERAL EXPRESSIONS FOR DISTORTIONS

As distortions are inevitable it is necessary to deal with them
quantitatively and from this to develop their significant characteristics.
We will approach this problem by developing analytical expressions for
various distortions starting with distortion in length. For these develop-
ments it is assumed that the curved surface - ellipsoid, or sphere, with
coordinates ¢ and A is being mapped onto a plane with coordinates X and Y or
onto a developable surface such as a cylinder or a cone. Note that a

cylinder or a cone can be mapped onto a plane without any distortion.

It is assumed that there exists a functional relationship

X =f(o,x) = Y =g(é,A) I-la

and that these are mathematically well-behaved functions having derivatives

ax = gp+ g0 gy = gp + 22
3¢ ERY I-1b

or dX = f¢ d¢ + f) dy ¢ dY = do + 9, dx

%

The general expression for distortion will be developed using
ellipsoidal parameters and then the simpler expression using spherical
parameters will be found.



Distortion in length: ellipsoid

Fig. 1
(a) (b)
X
A
dA *
/(
2
%
tan A = N _cos ¢dA
Md ¢
Earth Ellipsoid Mapping Plane
3
M= a(l-e?)/(1-e2s5in2¢) /2 is the Note that the axes have been chosen
radius of curvature of the with X vertical and Y horizontal;
meridian this enables us to follow the con-

ventional sequence

i.e. ¢ and A\, X and Y,

N = a/(l-ezsin2¢f% s the radius of
curvature of the prime
vertical in which a is the

length of the semi-major axis of
the earth and e is the first
eccentricity of the earth.
Earth sphere: This is the sphere approximating the earth; it is assumed to

have radius R where R &7 M =¢ N =2 /MN.

In these notes ¢ and A are used interchangeably for both the
earth ellipsoid and the earth sphere. Transformations between the earth

ellipsoid and the earth sphere are taken up in Geometrical Geodesy.

In Fig. 1 an elemental unit of length PPl on the elllipsoid is mapped onto
the plane as P'P; '

Distortion in length is defined as

- Ipi
PP, -~ PP}

oip To simplify the derivation and analyses which follow we will
Y

set pﬁT—- =my 1-2a
and call it a length distortion factor.

It follows that when my = 1 there is zero length distortion.



From Fig. 1:
[p'p' 12 = dv2 + dX? 1-3a
1
[PP 12 = (Md$)2 + (N cos ¢ dAr)2 1-3b
1
2 2
hence me = dxZ + dv . 1-2b

A M2 g2+ N2 cos2edr?

By substitution from I-1b
(f do + f, dr)2 + (g do + g, dr)?

Ma =
M2 d¢2 + N2 c052¢ dx2

and multiplying numerator and denominator by -

d¢?
2402 dx 2 4 g2
(F2+g2) + 2(f foo*9,9,) g3+ (FL +97) (
m o=~ $A_Co I-2¢
A M2 + N2cosz¢(dx)2
. ) . _ N cos ¢ di
From fig. {(la): tan A = BTEr T
da M L
hence 35'_ N—EEE-E-tan A . 1-3c
Exercise: By substitution from I-3c into [-2¢c show that:
f2+g2 2(F f. +g g,) f2 + g2
mi =2 cos2n + $_A 2 sin A cos A + -2 A sin2a 1-2d
M2 MN cos ¢ N2cos2¢
= m? cos?A + p sin A cos A + m? sin2A 1-2e
2
f2+g 2(F +gq) f2 + g2
in which SYP RN N PRI S0 S S S S S S Y
1 M2 MN cos ¢ 2 N2cos?¢

Question: What condition is required for the distortion to be independent of
azimuth, A?

Distortion in length: sphere

When considering the earth as a sphere instead of as an ellipsoid the
formulas in 1-2f become

f2 + g2 2(f f, + g,9,) f2 + g2
m2=_.¢..___.i . p=..—M...-LL mzz_‘L__—.—)i . ‘—29

1 R2 R? cos ¢ 2 R2 cos? ¢



Distortion in azimuth and angle

Fig. 2

W is the grid azimuth of the
meridian

U is the grid azimuth of the
element P'P;

A' is the value of A in the
mapping plane

» Y
In aP'QR: (180°-A') + (180 - um) +u = 180°
hence 180°-A' = My T Mg | -La
tan u_ - tan u
opt) = o 0 Mg 1-Lb
and tan (180°-A') = e Ty
m 3
dY
from AP'P; T: tan We T aX
dA
+ —r
b (@ - 9,40 + g, ) %t e
from 1- X's TF A FED L L 4 I-5a
¢ o T T
. . d)
Substituting for Iy from 1-3c
g¢Ncos¢ COSA+g)‘M$lnA
tan u_ = [ -5b
s f¢ N cosp cos A + fx M sin A

Taking an element of length along the meridian, i.e. with A constant

dY) g, do + 9, dx

tan P = (Ei'm = F d¢ + f_ dA I-6a
¢ X
%
but for ) constant, dA = 0 hence tan o S

¢



Distortion in azimuth is defined as A'-A

in which A' is computed from I-4b using tan Mg from I-5b and tan M from l-6a.

To get the distortion in an angle,w, where w = Ay-Ay, we compute
A' and A' from I-kb and get the angle w' = A; - A; in the mapping plane.
1 2
The angular distortion is then given by:

w' ~w

(A* = A") - (A -A)
2 1 2 1

]

(A = A ) - (A* = A) .
2 2 1 1

Special case: Distortion between meridian and parallel

Distortion in angle between the meridian and the parallel is equal
to the distortion in the azimuth, Ap, where Ap = 90°,

Aé is computed by substituting

dY . .
tan y (H?°¢ = const, into I-4b in place of tan Hg
dy N )
from I-1b (370d¢=o = ?; |-8
.0
tan p_ - tan u f
hence tan(180-A') = m P . _9 A
p 1+ tan p_ tan u g g
m P 1 + _2._ _&
¢ fk
= -——-—-——-—-—-v——-——-——-fx g¢ _ f¢ g)\ I -9a
f¢ fA + g¢ 9,

As tan (180~A5) = 1/tan (A; - 90)

the distortion between the meridian and the parallel is given by (A;-SO)
and is evaluated from
f¢ fA + g¢ 9

tan (A'-90°) S"F——"—'—_-———-—‘— 1-10
P x 9o f¢ EN

Question: What is the value of Aé-90° in a conformal projection?



Distortion in area

Fig. 3
h
\
\ B
\ \ P
\
P dsy
ds,
P - ds, P
ELLIPSOID

Element of area:

dz = dsl X ds2

Distortion in area is defined as dy - dx'

)
dS;

IMAGE

-
-

P = ! ds' sin A!
dz ds1 X 52 X b

1
For simplicity we will use dz and call it an area distortion factor,

dr
1
noting that when g%- = ] there is zero area distortion.
1 H t
dr' _ dsl x ds} sin A'p B ds; ds, .
dz ds_ x ds Td X G sin Ay
1 2 1 1

where m is the length distortion factor along the meridian

and m, is the length distortion factor along the parallel.

2

Remembering that sin A; = sin (IBO-AQ) and noting that if tan a

c

siv e = vz gz
then from [-9a

sin A! = fA9¢ ; f¢gA 2
P "(f}\gd,-f(bg)‘) +(f¢fl+g¢g}\)

Thus from 1-2f and |-9b

2 2 2 2
dz! /F *9 . V/QA * 9y
W2

£ g-f
23 6%

ajo

@
f.g, - f
Exercise: Show that 9§i.=|.l.2—._~23}
dx MN cos ¢

Question: What is the condition for a true-area projection?

X
NZcosZg /’(fxg¢-F¢gA)‘+(f¢fk+9¢gx)‘

I-1la

1-9b

L 1=11b

I=11c
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Azimuths with minimum and maximum distortion in length

We apply the condition for extrema to 1-2e, namely: equate

the first derivative to zero and solve

From 1-2e
mi = mﬁ cos?A + p cos A sin A + mi sin2A
2 2
d(mA) - (dmA) dmA ] (dmA)
dA A dA”? A 2mA dA
d(mi) dmA
if rr e 0 then e 0 provided that ma # 0.
d(m%)
= -2m? cos A sin A + p(-sin?A + cos?A) + 2m? cos A sin A
dA 1 2 1-12a
= -m? sin 2A + p cos 2A + mi sin 2A . 1-12b
Condition for extrema:
2 . 2Y o1 - -
(m2 ml) sin ZAE + p cos ZAE 0 1-13a
therefore ‘
tan 2A, = —E— . I-13b
E 2 - n?
1 2

This equation can be satisfied by a value, A_, and by a value, A

El
equal to AE| + 90. These are the azimuths of the elements of

E2°

extreme distortion at point P.

To establish which of AEI and AE2 has maximum distortion and
which has minumum distortion, it is, of course, necessary to take
the second derivative, substitute at the extremajy if the value is

positive then it is minimum, if negative it is maximum.
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CHAPTER Il

SIMPLIFIED EXPRESSIONS FOR DISTORTIONS

Appreciable simplifications of formulas expressing distortions
may be achieved by using the directions of the extreme distortions as

reference axes.

Tissot's Indicatrix

A differentially small circle on the ellipsoid is mapped
as a differentially small ellipse on the plane. [This statement will

not be proved here; a proof can be found in U.S.C. & G.S. Spec. Pub. No.57
by Oscar S. Adams].

x.

(a) FIG. &4 ' (b)

Ellipsoid (sphere) Image

Coordinate axes chosen in the
directions of extreme distortion
in length.

From the definition of distortion in 1-2a the magnitude of the length dis-

tortion factors in the directions of the extremes can be designated:

= 49X =9 -
a =3 and b = dy li-la
Note that this a is not to be confused with the a defined on page 2.
dX = a dx dY = b dy 11-1b
The equation of the small circle in Fig. ba is
dx2 + dy2 = dr? I=1c
and after substitution from Il-1b the equation of the ellipse in
Fig. bb is
2 2
L+ I = dr2 l-1d
2 2
hence dX + L 1 . I-le

a2dr2 b2dr2

This is the equation of Tissot's Indicatrix.
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By using the axes of Tissot's Indicatrix as reference axes
alternative expressions for the length distortion factor (Equation 1-2d)

and the distortion in angle (Equation 1-7) can be derived.

Length distortion factor

From Fig. h4:
(P P1)2= dx? + dy2 = dr?

@'PnE X+ gv® = a® cos®a dr + b® sin’u dr?

as dX = a dx (from 11-1b) and dx = dr cos @ (from Fig.ha)

and similarly dY = b dy, dy = dr sin o
thus
m = E:Ei)z - a’cos?a dr? + bZsin®a dr?
o P Pl dr2
= a2cos2q + b2sin2gy 11-2

where o is the bearing measured from the x-axis, i.e. from the direction
of extreme distortion, a, the azimuth of which is AE]' The azimuth of

the PP1 direction is AE] + o. This compares with

mﬁ =m2 cos?A + p sin A cos A + m2 sin2A .
1 2

Area distortion factor

In Fig. 4, the area of the differentially small circle is
dl = qdr?

and the area of the differentially small ellipse is

di' = 7 adr x bdr
hence

dz' _ w ab dr2 _ "

F R -l -3
as compared with ! fA g, - f g

Ef_'= MN cos ¢ (in 1-17¢) .
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Distortion in bearing

From Fig. 4
tan o = dy ;  tan o' = 4y I1-4a
dx X
hence from |1-1b
tan o' = bdy . |—D-tan a . 11-kb
adx a
Distortion in bearing is defined as a'-a .
Extreme distortion in bearing and azimuth
We take the derivative of o' - a and equate to zero.
Thus
d(a' -a) _ . -
—ge 0, da £ = daE . 1=k
Applying this condition to the derivative of I|l-4b
|
d(ta? a') _bd (tan a) 1 1-4d
da a da
E
b ]
2,0 a 2
cos“a'y cosor
or
2,0 = b 2 R -
1 + tana £ 3 (1 + tan aE) I 1~ke
Substituting from I1-4b
2
g tanzaE =24 B tanz,
2 a a E
a
tan o = IET . 11=-b4f

But from |1-Ub

tan o' =P—tana =%¢%=/—E . I1-kg

E a E

For the computation of a'E - o

: (- = ' - [ H R -
sin (a £ uE) sin a g €0s ap - cos a'p sin ag 11-5a

From 11-4f sin o, =/-2_ cos o = JB_ .
- ; AL /a
From 11-kg sin alp = oy R cos a'E == -

Hence sin (a'E—aE) T e e = e [1-5b
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Maximum distortion in angles

The distortion AwE in the angle w = uz- al Is estimated by

its maximum value which may be two times larger than the distortion in

bearing.
Thus
AmE = Z(a'E - aE) I1-6a
Aw b-a
and i —) = si [ =22 -
sin ( 3 sin (a £ aE) e I1-6b

Note we did not compute an extremum for angle previously. We merely
found w'-w = (A;-Az) - (A; - Al) where A; + Ai were expressed in terms
of W + g

Note: The simplified formulas for distortions are well suited to
Genuine Projections; i.e. to those in which the images of meridians and
parallels remain perpendicular. In other words, those projections for
which p = 0, i.e. those for which AE] = 0 and AE2 = 90. The meridians
and parallels are then the directions with extreme scale factors.
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CHAPTER 11

ANALYSIS OF DISTORTION IN CYLINDRICAL PROJECTIONS

The cylindrical family of projections are illustrated and
their characteristics are discussed in Roblin (pp 18-25) and in many
other texts. In these notes, it will be assumed that the reader has
referred to Roblin or to some similar reference for a description of
the projection hence only the analytical expressions for distortion will
be developed here; there will be applications of the expressions

developed in Chapters | and I1I.

The cylinder is a useful intermediate surface between the sphere
and the plane. |t is called a developable surface as it may be mapped onto
a plane without distortion; it is of special value in visualizing the
transformation. The steps in transforming, i.e. projecting, from the

ellipsoid to the plane are illustrated schematically:

FIG. 5

TREATED IN
GEOMETRICAL GEODESY

4 < -
LANE
ELLIPSOID N\ <>

N,

NO ANALYTICAL
STEPS NEEDED
TREATED IN i
GEOMETRICAL GEODESY

-
e ~.

SPHERE
CYLINDER

TREATED IN THIS CHAPTER

All transformations from the ellipsoid, whether directly to
the plane or to an intermediate surface are somewhat involved mathematically.
As our immediate objective is to gain an understanding of map projections

in general, we will in most cases start with a spherical surface.
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Simple Cylindrical

For this projection the explicit functional relationships
and the derivatives corresponding to the general form in 1-la and

1-1b are:

X = R¢ Y = RA I{l-la
f =R =0
¢ %
fk = 0 gk = R . Il1i-1b
From (1-2g):
2 2 2 2
g2 2(,f,49,9) £2 4 g2
m ST emmemenane—— 9 p =-"—‘—————-‘—-; m A e
1 R R2cos ¢ 2 R? cos?y
mo= s b =0 ; P S S
1 ’ ’ 2 cos ¢

What are the directions of the extrema?

P
tan 2AE=f—é°——'E—'~=0 AE‘ 0, AE2=-"90
mé-m
1 2
therefore a=m, b = my .

Is the projection equal-area? No

What is the area distortion factor? axb=mxm =

Is the projection conformal? No. p =20

butm #m .
1

Maximum distortion in angle?

Aw
. Ey _b-a _ sec ¢-1 . _
sin ( 2 ) = b+a  sec ¢+l Hi-Te
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Cylindrical equal-area

The functional relationships are:

X =R sin ¢ Y = R -2

Exercises:

1]

(i) Show that m1 =cos ¢, p=0,m 1/cos ¢ and hence that the
2

projection is equal-area.
(ii) Show that the maximum distortion in angle is given by

Ame ) = sec ¢ - cos ¢

sin ( 2 sec ¢ + cos ¢
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Gall's projection

The functional relationshipsand first derivatives are:
_ 1.7R sin ¢ - -
X = T+ cos 3 Y = 0.7R X I1-3a
f o= 1R[] g =0 111-3b
¢ I + cos ¢ ¢
fy=0 g, = 0.7R
From 1-2g
! 2
P N pito 0 .2 0+ (0.7R)2
1 RZ P ) R4 cos“¢
m o= 1.7 (1 + cosd:)-1 mo= Ll 111-3¢
1 ) 2 COs ¢
What are the directions of the extrema?
tan 2A; m—zl—f—~r;§-—=o oAy =0, A, =90
therefore a=m , b=m
2 1
Is the projection equal-area? No
Area distortion factor?
_ 1.7 0.7 -
axbs= T+ o5 8 cos 3 111-3d
Is the projection conformal? No,
p =0, but m1 #m
Maximum distortion in angle?
0.7 _ 1
<in (AwE) _ b-a _ cos¢ ]'7(l+ cos¢) 11-3
7 b¥a " 0.7 L o1 ¢
cosd M1+ cosg’

Questions:
(1)
(i)

is not conformal?

Under what condition is there no distortion in angle?

How can this be reconciled with the fact that the projection
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Mercator's projection

The functional relationships and first derivatives

are:
X =R In tan (45° + ) Y = R) I11-ka
- R = -
fo = o3 g, =0 [11=bb
f,o=0 9, =R .
From 1-2g
f2 + g2 2(f f + ) f2 + g2
w2 o b g¢.p=(¢x%gx.m2=A % .
1 RZ RZ cos ¢ * 75 7 R? cos?¢
Hence
[ o S N -
mo= ooy = Se¢ by p =0 ; m2 cos g = Sec 6. Ili-khe

Do the directions of extreme distortlon exist?

No, because distortion is equal in all directions.

Is the projection equal-area? No.

Area distortion factor?

axb=m xm = ! ! ! 1 11-bd

X ==
1 ,  cos ¢~ cos ¢ cos?d

I's the projection conformal? Yes
p=0,andm =m .
1 2

Maximum distortion in angle? 0

oin (%) _bma _secd - secd
2 b+a sec ¢ + sec ¢
Definition: The Loxodrome or rhumb line is defined as a curve on the

sphere intersecting all meridians In the same azimuth. The loxodrome

is mapped as a straight line on Mercator's projection. (see Roblin p.22)
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The Transverse Mercator (T.M.) projection is used mainly for
bands of only a few degrees in width, the band that is 6 degrees in

width is known as the Universal Transverse Mercator (U.T.M.) and is

used for the National Topographic Series of maps in Canada and in
many other countries. To reduce the distortion in scale a secant
cylinder is generally used instead of a tangent cylinder. For a 6°
zone, the cylinder is made to intersect the sphere 2° each side of the
central meridian.

The Transverse Mercator projection and procedures for con-
verting from the ellipsoid are discussed in Coordinate Systems and
Map Projections by D. H. Maling (pp. 217-233).
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CHAPTER 1V
ANALYSIS OF DISTORTION IN AZIMUTHAL (ZENITHAL) PROJECTIONS

The azimuthal or zenithal family of projections are illustrated
and their characteristics are discussed in Roblin (pp. 39-55) and in many
other texts. As in Chapter Ill it will be assumed that the reader has
referred to a descriptive text and only the analytical expressions for
distortion will be discussed here. Also, as in Chapter lll, discussion
will be restricted to the transformation from sphere to plane. Some
generality will be achieved, however, by the introduction of oblique
spherical coordinates (cartographic coordinates) in place of normal
spherical coordinates; by this artifice the analyses that follow will be

valid regardless of the location of the tangent point.

Transformation to oblique spherical coordinates from normal ‘spherical

coordinates

Oblique spherical coordinates, a-and § are the coordinates with
respect to some pole other than the north or south pole.
This is illustrated in Fig. 6 in which:

Fig. 6

N.P, s North Pole;

0 (¢o, Ao) is the tangent
point of an oblique
projection;

¢, A are the normal spherical
coordinates of point P;

o, § are the oblique spherical
(cartographic) coordinates

of point P with respect to

a pole at 0.

Exercise: Prove that the two systems are related by:

(1) sin 6 sin o = cos ¢ sin AA

(2) sin 6 cos a = sin ¢ cos 9, = c€os ¢ sin $, cOS AX V-1

(3) cos § = sin ¢ sin 9, * cos ¢ cos ¢ cos A

If necessary refer to a text on spherical trigonometry such as

Schaum's notes (pp. 168-172) to verify your proof.
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General properties of azimuthal projections

As azimuthal projections are symmetric about the tangent point

the mathematical relationships can be conveniently expressed in polar
coordinates.

Fig. 7
(a) (b)
X
TANGENT PLANE N.P
= X
% P - 4
C)VSQ& ] 1
CARTOGRAPHIC o /N XN A
PARALLEL Y= |
~a ! -
53& Y ~Y
S
Q
LS
SR
vgf&gb
Ny
c§)
«
Q¢
(,V'
In Fig. 7(b)
X =r cos a' Y=rsino' V-2
a' =0 r = f(s) iv-3
in which f(8) varies for different projections.
Note:
(1)

The images of cartographic meridians are straight lines, i.e. o
is constant.

(i1)  The images of cartographic parallels are circles, i.e
constant.

. 8 is

(iii)

The images of the cartographic meridians and parallels intersect
perpendicularly.

Expressions for a and b (Tissot's Indices):

Fig. 8
(a)

(b)

B
X xp
CARTOGRAPHIC | Rsind
PARALLEL R
5
$ Do

Nvia
~5iHAvE9
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Applying the definition of length distortion factor in |-2a to Fig. 8

pre!
_ 1 dr ~
3= 5P, T RdS V-ka
1
bai 2 _rdal . 1V-b
PP, Rsin ddo
Exercise: Show that for all azimuthal projections P=0.
Gnomonic Projection
The perspective centre is the centre of the sphere.
FIG. 9 al =«
r = R tan § IV-5a
1 dr_1 R _ 1
8% R " 35 T R cos?s ~ TosZs 1V=3b
_ r da' _ R tan & _ 1
® = R Sindde " Rsins - o5 8 1V-5¢
I's the projection equal-area? No.
ab # 1 .
Area distortion factor?
axb=— ' ! IV ~5d

cosZ8 ' cos 6  cos38

Is the projection conformal? a # b

Maximum distortion in angle?
1 1

Aw — -
. ey _b-a _cos & cos?8 _cos 8- _ _. .28 V-
sin (=) =355 7 T 1 cos oeT T tant g o 1Wmoe
cos 8 528

Note: The most important property of the gnomonic projection is that
a great circle on the sphere maps as a straight line on the projection.

Such an image is called an orthodrome.
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Stereographic Projection

The perspective centre is diametrically opposite the

tangent point.

o' = q
IV-6a
R r = 2R tan §/2
C
R
a = % . 2% - %. R = ! IV-6b
cos28/2  cos28/2
b = r - 2R tan 6/2 _ 1 IV-6c
. Rsin 6 *
R sin & cos?25/2
Similarly, as for the gnonomic projection
p=20 and AE] =0 .
I's the projection equal-area? No. ab # 1
Area distortion factor?
axbs= ! X ! = ! . 1V-6d

cos28/2 cos?8/2  coss/2

Is the projection conformal? Yes. a=b
Exercise: Starting with X = r cos o' and Y = r sin o'
show that
1 1

my & = and My = ———————
cos?2§/2 cos?5/2
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Orthographic Projection

Fig. 11
Pl
~\P
/
/
R
4
y
a' = a
| r = R sin § 1Y-7a
| | X =rcosa' ; Y =r¢r sin o'
| ]
i ! o' = o
LA |
X = R sin § cos a Y = R sind sino
fé = R cosf§ cosa g5 = R cos$ sino
fa = =R sind sina 9y = R sind cosa
2 2 2 2
m2 _ f6 * 9 m2 _ fa * 9y
! R2 2 R2 sin26
2 R 2
_ R2 coszé cosza + R2 coszd sin2a - R? sin26 sinza + R251n25 cos o
R2 R2 sin2 8
R2 sin26(sin2a + cosza)
m, = cos § =
! R2 sin2 §
1V-7b
m2= 1
By substitution it can be shown that p = 0, hence m o= a,
m, = b.
I's the projection equal - area? No.
What is the area distortion factor? cos §
What is the maximum angular distortion?
It is given by:
Aw
. €, _b~a _ 1-cos ¢ ’ IV-Tc
sin ( 70 = b+a 1+ cos ¢



Lambert's True Area Projection

n
o
v\

oP
opP

2Rsin §/y

What is the condition for a true area projection? a x b =1

. _ dr - r
Thus if a = Ras and b = §25E523
dr r _

&+ b %35 Wemms  t
i.e. r dr = R2 sin § a6

fr dr = R? [ sin § 4§

%—rz = -R2 cos § + C
For § = 0, r = 0, thus C = R?
and %-rz = -R? cos § + R2 = R%(1l-cos §)

r2 = 2R? (1-cos 6)
R IV-8a
r= ZR/fl:gggé_,= 2R sin 6/2

OP' = QP=2 x(R sin §/2)

X = r cos o y =r sin a
X = 2R sin §/2 coso Y = 2R sin §/2 sino
1 L )
f= 2R cos §/2 coso g4= 52R cos §/2 sina
fa= -2R sin §8/2 sina fa= 2R sin 6/2 cosa
5 _ R%cos?8/2 cos?a + R%cos?8/2 sinZa n? = 4r2sin?8/2 sinZ0+4R%sin?5/2 cos?o
1 R? 2 RZ sin®§
4R% sin?s/2
L = cos 8/2 = 4RZ sin?5/2 cos?s)2
S S IV-8b
2 cos §/2

By substitution it can be shown that p = 0
Is the projection equal area? Yes

Is the projection conformal? No

What is the maximum angular distortion? b-a _ sec §/2-cos §/2

b+a = sec §/2+cos §/2

Is it a genuine projection?

True Meridian Projection

For the projection to have zero length distortion on the meridian
a must be equal tovunity. Given this condition show that:
l. r =RS IV-%a
2. Area distortion factor is &§/sin §

. . R . 6 -sin §
3. Maximum angular distortion is T Fsin S IV-9b
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CHAPTER V

ANALYS1S OF DISTORTION IN CONICAL PROJECTIONS

The conical family of projections are illustrated and the
characteristics of some representative examples are presented in
Roblin (pp. 26-33) and in many other texts. As for the previous
chapters, it will be assumed that the reader has referred to a
descriptive text and only the analytical expressions for distortions
will be discussed here.

Also, as for zenithal projections the cartographic coordinates
(8,a) will be used.

For "Genuine' conical projections the images of cartographic
meridians are straight lines which are convergent to one point and the
images of cartographic parallels (8§ = const) are concentric circles.

By virtue of this similarity the Tissot's indices, a and b, are the

same as for zenithal projections (see Fig. 8 and equations IV-4a and b)
in which

5= dr . p = Fdo!
R sin § do

rn
b R sin &

IMAGE OF §, PARALLEL
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General equations of ''genuine'' conical projections

a''=na o< n < |
V-1
ro= f(§)
alM I's defined as the value of o' for o= 2n
Thus a' :ta=a'y: 2w
1
v a'M o oM _
a-..z_ﬁ..a,hencen T V-2
For one standard parallel:
from fig. 14(b) a'M - 2n R sin 60
. ro
2n R sin 60 R sin 50
‘~, ol = T-—ww—-——-\-“ - . a,henceg = — V-3
() [¢)

For tangent come:
o = R tan 60

R sin §
¢]
= m’g;- .0 = COS 50 .0 , hence n = cos 50 V-4

Distortionless meridian projection on tangent cone

i 1 v Condition for distortionless meridians:
Fig. 15
&

TP = TP' : TP =R (60—6)
r=r-TP'=r - TP
o o
re=ro- R(ao-c)

o)

Equations of the projection:

i=
]

cos §
o

- - V-
o R(GO §)

=
i

where r = R tan §
o e}

For the cartographic pole, 6=0, and r = ro” Rao

(i.e. The pole maps as a circle)

Exercises: (1) Show that a = 1, i.e. that the meridian is
distortionless.
(2) Show th:t== sin 8 + (6-60) cos §
sin ¢

n
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Distortionless meridian projection when the pole is mapped as a point

Equations of the projection:
sin §
al = 2
$§
o

r=r= R(8_=6) = r_-RS_+ RS = RS

To find Tissot's Indicatrices:

Condition: o= TV = TO

where TO = RSO

dl
ol = = g
27
21 R sin 60
| -
But o M "
[¢)
2n R sin &
o's e O
RS . 2nm ’
[¢)
sin 60
Hence n= ———
o

2" K5 " Rds -
} r da'_ RS sin 60 ) 8 sin 60
Rsind '"do Rsing " 3§ T §sin 6
o o

Is this projection equal-area? No

What is the area distortion factor?

What is the maximum angular distortion?

V-7
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Equal-area projection

Condition: a.b =1

le dr_ _r
"Y' Rd§ " R sin § ' da
But we define o! = no

hence da' = nda

n r dr 1

Thus RZsin & d6

Integration gives

n/ rdr=R2% sin & d§

and %-n r2 = -R2 cos & + C R?

in which CR? is an arbitrary constant,

which gives r =-R'/?§ JC - cos 8 V-8
and along with o' =na defines any equal-area conical projeétion

n, and ¢ are constants which may be derived to satisfy any two

conditions of our choice

e.g. (1) Pole to be mapped as a point

(2) Parallel 6, ~mapped without distortion (one std. parallel)

From (1) when & =10, r=0 0=R‘/§‘/E—:l

hence € = |

From (2) and V-3 for one std. parallel n =

Thus the equations for the equal-area projection with one

standard parallel and in which the pole is mapped as a point are:

R J/% J1 - cos §

R sin ¢ V-9
'=na=~—*-——° o
r
(o]

-
i

Exercise: Show that a.b = 1
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Alber's equal-area projection with two standard parallels

Fig. 1
9 7 Given R, 5] and 62
21 R sin él
o', =
M r]
v o
From V-2 ~Eﬂ-= n
m

For one standard parallel
R sin 6|= nor

Similarly, for the second

standard parallel

\ Rsind =nr
AN S, 2 2

\ad Thus, we have two conditions

for finding the unknown

constants n and c:

Squaring:

5in25‘= 2n (C-cos 51)

sin?s.= 2n (C-cos &

2 2)

sin26‘ C-cos 6] l-cosz6I C-cos §
2 = i.e. 2 = T-cos ¢
sin 62 C-cos 62 1-cos 62 2

By cross multiplication:

- 25 - 2 -
C-C cos 6' cos 62 + cos 6] cos 62

- 28 o 2
C-C cos 52 cos al+ cos 5] cos 62

28 mrme28 Vo - 28 meme?
C(cos 8,-cos 6]) cos §,-cos 8+ cos &, cos®8,-cos?s, cos §,

" = " + cos 6] cos 6, (cos 62-cos 6])

(cos 8,-cos 61) (1+ cos 6‘ cos 62)

+ cos 6’)

= Tcos 62-cos 6]) (cos 62

To get n, subtract V-10b from V-10a:
l-c0526‘= 2nC-2n cos §,
l-c05262= 2 nC-2n cos §,
28 m 2 = -
cos?8,-cos? &,= 2n (cos §,=cos 6])

cos 62+ cos 6‘
n = 5

Hence: cos 62+ cos 6)
a' = 5 .o

2R
ycos 5‘+ cos 62

I+ cos 6]cos § '
- cos §

cos 6I+ cos 62

R sin § = n R/~ C-cos §
! n 1

R sin §,=n RV/- C-cos §
2 n

2

V-10a

V-10b

V=11
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To find a and b: a = b r da

dr Lo r do
Rd§ ’ R sin § ° da
r =R /_i:fc""-‘&?sfa'

R l./le, sin & d§
2 n - cos

dr

R sinsds 1 _ 1 sins
8= 7% ' T-cos 8§ " Rds Vin * VC-coso

RY %-/C-cos § cos 62+ cos 6]
¥ TR sin 8 7

but cos 62+ cos 6‘ = n
_ v 2n Y/ C=cos &

sin §
a.b =1

To show that the parallel defined by 6] is standard (i.e. b = 1)

b /2n /C-cosS ¥2n /C-cos 3§,
= 7sTn 8 stn g,
/cos 82+cos EI //ﬁ+ cos §,cos §,
=77 2 7 cos 6]+ cos 62 T cos 6!
sin 6]
o //4+ cos § cos §,-cos 8, (cos §,*cos 8,)
=y ocos §2+cos 61 ¥ cos é]+ cos 62
sin 61
/T+ cos 8, (cos 8, -cos §,-cos 6,) v | - cosZs
_ 1 2 1 2’ _ LI
; sin 6 sin §
1 1
Note: In this discussion of Alber's projection it was assumed that §

1
and 8, were given., It may be that we want to choose 8, and 8, to satisfy

some condition, e.g. the condition that the angular distortion at the
upper and lower ends of the map should be equal to each other and also
equal to the angular distortion in the central part of the map.

If §' is the cartographic latitude of the top and §'" the
cartographic latitude of the bottom of the map then the condition specified
above will be satisfied when

§,- 8 / o g8
cOs 22 ‘ =/JCOS _L_Z__G_._

s+ 8!
2 1 Ccos -y

Jeos =

The proof for this can be found in T.R. No. 5, D.S.E., Map
Projections by G. Konecny, pp. 29-3k,
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Conformal conical projections

For conformality a =b

- dr b = nr
a8 = Rd5 ’ R sin §
H dr dé
ence T = M3
féz- = 4nr+c
r
ds  _ .sin28/2 + cos?2§/2
Istns =/ stno/z cos 572 4 9/2
_ ,sin §/2 cos §/2
= feos sz 982 % Iz 4872

-%n cos 8/2 + &n sin &§/2 + ¢ = 4n tan &§/2 + ¢

&n r = n+n tan §/2 + &n ¢
r=c (tan 6/2)" ) General equations
of conformal vV-1h
and a'=n a \ conical projections.

Conformal projection on tangent cone

with one standard parallel

Fig. 18 \Y/ From V-4 for tangent cone:
n=cos 8§ and r =R tan §_ .
o o o
For r = o
© = cos &
S R tan 8 C(tan 60/2)
éF R tan §
g i.e. ¢c = o and
. . ’
& (tan 5 _,. )08 S
" o/2
» R tan 6 cos &
ro= o3 (tan &/2) o
(tan 60/2) o
a' =cos §_ a . V-15
o

For the pole:

Timr =20
“ *, the pole maps as a point.
§ > o
Exercise:
sin § cos §
Show that Q= dr o (tan §/2) o
Rd§ sin § (tan & )cos 60
o/2
b nr sin 60 . (tan 6/2)°°5 60

"Rsind sins

cos &
(tan 60/2) [
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Conformal conical projection

with two standard parallels

(Lambert's conformal)

Fig. 19 v Condition for standard parallels:
Sphere Plane
"‘ 21 R sin 6‘ = M r‘ 21 n
- = =
. 21 R sin 62 = M= r2 2t n .
L”
But for conformal projection
r =c¢ (tan 8/2)"
= . . - n
For r=r;: 2n R sin g, c(tan 61/2) 21 n
vV-16
n
For r = ry 27 R sin 62 = c(tan 62/2) « 21 n
. n
o sin 6‘ (tan 6!/2)
Dividing: TR =
2 (tan 62/2)
n sin Gl - 4n sin 62
n= V=17
Ln tan 6]/2 - n tan 62/2
R sin 6‘ R sin 62
and from V-16 ¢ = == = v-18
’ n(tan 6]/2) n(tan 62/2)

By using a series of these the world, except for polar regions, can be

mapped conformally.
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CHAPTER VI

NON-GENUINE PROJECTIONS

In non-genuine projections:

(1) The images of meridians and parallels do not intersect
perpendicularly.

(2) The meridians and parallels are not the directions of
extreme distortion., Thus the simplified expressions (Ch. I1) for
computing distortions cannot be used; it is necessary to use the general

expressions developed in Ch. I.

There is no limit to the number of non-genuine projections that
one can devise. Bearing in mind that these projections are not con-
formal their usefulness to surveyors is limited. Nevertheless countless
non-genuine projections have been developed and a few have been found
to be useful; Bonne's projection is one of these. It is analyzed here
to illustrate the flexibility and the problems that arise in the use
of a non-genuine projection. 1t can be classified as a pseudo-
conical projection.

Fig. 20
(a) (b)
X
A
I
o'z N
3
]
Yo' P
Xp'
MID ANOTHER

MERIDIAN MERIDIAN

ANOTHER
MERIDIAN
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Bonne's Projection

As illustrated and described tn Roblin, p. 31 in this projection

the sphere is mapped onto the tangent cone and

(1) The images of the parallels are concentric circles
without distortion in length.
(2) The mid-meridian is standard.

For simplicity we will use geographic rather than cartographic

coordinates.

For the tangent cone ro = R cot ¢° Vi-1
For standard parallels (i.e. all of them) RA cos¢ = rao' vi-2
For the standard mid-meridian r=rot R(¢O - ¢) vi-3

Thus the equations of Bonne's projection are:

= - . LS B.—S.P—.s__i
r r°+R(¢° ¢) 3 o . A
i.e. X = ro = I cos a' 3 Y=rsina' Vi-b
%é- = = cos o' %%-= sin o'
X .
o = rosin al %g‘ =r cos o' : Vi-5
L. 5! (r°+R¢°-R¢)('sin ¢)-cos ¢(-R)
3 3% (r +ho_—Re)? JRA
TotRogRe

r . 0 = ' R
Y = [-r sin ¢ + R cos ¢] 2

da' _ R cos ¢

N r

3X b 3X 2!
f¢ =57 - ‘%‘* o g%‘ = - cosa'(-R)+ r sin a'[R cos¢ =-r sin ¢] %é
= R[cos a'-A sin o'(sin ¢- 5—5%5—90]
93X ar , X o’ .
fx =37 5—>+ R §;-= 0+ r sina'x B~E%§-$-= R sin a' cos ¢
= 98Y 3r 3y 3ol _ . R

9¢ 3T Tt T o sin a'(=R)+ r cos a'[-r sin ¢ + R cosé] s

i

“RI[sin a'+ A cos a'(sin ¢ = E—Egif)ﬂ
=

_ oY or R4 da’ R
=T Tt a7 =0+ rocosal x5 % =R ocos al cos ¢
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,1:2 + g2
m‘ = -_?-—2—-—1 = \/] +. 7)2(5.“1 ¢ - R__E%S_i)z
R

f f. +g,. g
p = 2 I S it SV d&i%ﬁ.ﬁ._ sin ¢) vi-7
R2 sin ¢

f% + gf V/Ezcosz¢(sin2a' + cos2a')
S S -
R%cos? ¢ RZ cos?¢

Hence we get

mﬁ = [1+A2(sin¢ ~ E—Egi—iéz]coszA + sin2A - 22 (sing - 5-—Egé-ﬁ-)sinA cosA

RCOS‘,’)

Let q = A(sin¢g - -

mZ = (cos?A # sin2A) + q2cos?A - 2q sinA cosA

dmﬁ

il 2q2 cosA sinA - 2q(cos?A - sin2A)

= =qlsi - ==
qésin ZAE 2q cos ZAE 0

-2

- which yields
Aes[n ¢ - L‘%—s__.(t)

tan 2AE = - 2/q =

A, and AEI + 90°

El

Exercise: Show that Bonne's projection is an equal-area projection,

i.e. show that:

Ifk 9y - f¢ gxl = R2 cos ¢





